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In this paper, we study the existence of solutions for a coupled system of functional integro-differential equations.

Keywords
Fractional order differential equations, functional equations, existence of solutions, integral solutions, continuous
solutions, fractional calculus.

AMS Subject Classification
26A33, 30E25, 34A12, 34A34, 34A37, 37C25, 45J05.

1,3Department of Mathematics, Faculty of Science, Al-Azhar University, Nasr City (11884), Cairo, Egypt.
2Department of Mathematics, Faculty of Science, Alexandria University, Egypt.
*Corresponding author: 1 elowaidy@yahoo.com; 2amasayed@alexu.edu.eg; 3redagamal@azhar.edu.eg
Article History: Received 23 May 2018; Accepted 24 September 2018 c©2018 MJM.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 774

2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 774

3 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 775

3.1 Continuous solution . . . . . . . . . . . . . . . . . . . 775

3.2 Integrable solution . . . . . . . . . . . . . . . . . . . . 777

3.3 The coupled system of functional
integro-differential equations . . . . . . . . . . . . . 779

4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 780

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 780

1. Introduction
During the past few years, some investigators have es-

tablished a lot of useful and interesting coupled system of
functional equations, in order to achieve various goals; see
[1–6], and the references cited therein.
In this paper, we are concerned with the coupled system of
functional integro-differential equations

dx
dt = f1(t,Dα y(t),Dβ x(t)), t ∈ (0,T ],

dy
dt = f2(t,Dα y(t),Dβ x(t), t ∈ (0,T ],

(1.1)

with the nonlocal condition

x(0)+
n

∑
k=1

akx(τk) = x0, ak > 0, τk(0,T ),

y(0)+
n

∑
j=1

b jy(η j) = y0, b j > 0, ηk(0,T ).

(1.2)

The existence of at least one solution (x,y), x,y ∈C1[0,T ] is
proved, under certain conditions.
Also, under other assumptions, The existence of at least one
solution (x,y), x,y ∈ AC[0,T ] of the problem (1.1)-(1.2) we
be proved.

2. Preliminaries
In this section, we giving the following definitions and

theorems which used in our results:

Definition 2.1. [7] The fractional order integral of order α

of f ∈ L1 is defined by

Iα f (t) =
∫ t

0

(t− s)α−1

Γ(α)
f (s)ds.

Definition 2.2. [7] The Caputo fractional-order derivative
Dα

a of order α ∈ (0,1] of the absolutely continuous function
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f (t) is given by

Dα
a f (t) = I1−α d

dt
f (t) =

∫ t

a

(t− s)−α

Γ(1−α)

d
ds

f (s)ds.

Definition 2.3. [8] A mapping H : E → E is called com-
pletely continuous (compact) if H is continuous and H(Y ) is
relatively compact for every bounded subset of Y.

Theorem 2.4. [8, Arzela-Ascoli Theorem] Let E be a compact
metric space and C(E) be the Banach space of real or complex
valued continuous function normed by

‖y‖= sup
t∈E
|y(t)|.

If A = {yn} is a sequence in C(E) such that {yn} is uniformly
bounded and equi-continuous, then Ā is compact.

Theorem 2.5. [9, Kolomogorov Comoactness Criterion The-
orem] Let Ω⊆ Lp(0,1), 1≤ p < ∞. If

• Ω is bounded in Lp(0,1),

• xh→ x as h→ 0 uniformly with respect to x ∈Ω,

then Ω is relatively compact in Lp(0,1), where

xh(t) =
1
h

∫ t+h

t
x(s)ds.

Theorem 2.6. [10, Schauder Fixed Point Theorem] Let E be
a Banach space and Q be a convex subset of E, and T : Q→Q
is compact, continuous map, Then T has at least one fixed
point in Q.

Next section, we present our main results by proving the
existence of at least one continuous and integrable solutions.

3. Main Results
Consider the initial value problem of the coupled system

of functional integro-differential equations (1.1) with the con-
dition (1.2).

• Let Dβ x(t) = u(t), Dα y(t) = v(t) in (1.1), we obtain


u(t) =

∫ t
0
(t−s)−β

Γ(1−β ) f1(s,v(s),u(s))ds, t ∈ (0,T ],

v(t) =
∫ t

0
(t−s)−α

Γ(1−α) f2(s,v(s),u(s))ds, t ∈ (0,T ],

(3.1)

where x(t) = x(0)+ I1−β u(t), t ∈ (0,T ],

y(t) = y(0)+ I1−α v(t), t ∈ (0,T ],
(3.2)

• Let dx
dt = η(t), dy

dt = ω(t) in (1.1), we obtain η(t) = f1(t, I1−α ω(t), I1−β η(t)), t ∈ (0,T ],

ω(t) = f2(t, I1−α ω(t), I1−β η(t)), t ∈ (0,T ],
(3.3)

where x(t) = x(0)+
∫ t

0 η(s)ds, t ∈ (0,T ],

y(t) = y(0)+
∫ t

0 ω(s)ds, t ∈ (0,T ].
(3.4)

3.1 Continuous solution
We discuss the existence of at least one continuous solu-

tion (u,v), u,v ∈C[0,T ] of the coupled system of functional
integral equations (3.1), under the following assumptions:

1. fi : [0,T ]×R2→ R, i = 1,2 satisfy Caratheodory con-
dition i. e fi are measurable in t for any u,v ∈ R and
continuous in u,v for almost all t ∈ [0,T ]. There exist
two functions mi(t) ∈ L1[0,T ], such that

| fi(t,v,u)| ≤ mi(t).

2.

sup
t∈[0,T ]

I1−β m1(t)≤M1, sup
t∈[0,T ]

I1−α m2(t)≤M2.

Let X be the Banach space of all order pairs (u,v) with the
norm

‖(u,v)‖X = ‖u‖C +‖v‖C = sup
t∈[0,T ]

|u(t)|+ sup
t∈[0,T ]

|v(t)|.

Definition 3.1. By a solution of the coupled system of func-
tional integral equations (3.1), we mean a function (u,v),
u,v ∈C[0,T ] that satisfies (3.1).

Theorem 3.2. Let the assumptions (1)-(2) be satisfied, then
the coupled system of functional integral equations (3.1) has
at least one continuous solution (u,v), u,v ∈C[0,T ].

Proof. Define the operator A associated with the coupled
system of functional integral equations (3.1) by

A(u,v) =
(∫ t

0

(t− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds,∫ t

0

(t− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

)
.

Let Qr = {(u,v) ∈ R2 : ||u|| ≤ r1, ||v|| ≤ r2, ||(u,v)|| ≤
r1 + r2 = r}, where r = M1 +M2.
Then we have, for (u,v) ∈ Qr

A(u,v) =
(∫ t

0

(t− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds,∫ t

0

(t− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

)
.
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But

|
∫ t

0

(t− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds| ≤∫ t

0

(t− s)−β

Γ(1−β )
| f1(s,v(s),u(s))|ds

≤
∫ t

0

(t− s)−β

Γ(1−β )
m1(s)ds

≤M1.

Hence

||
∫ t

0

(t− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds||C ≤M1. (3.5)

And

|
∫ t

0

(t− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds| ≤∫ t

0

(t− s)−α

Γ(1−α)
| f2(s,v(s),u(s))|ds

≤
∫ t

0

(t− s)−α

Γ(1−α)
m2(s)ds

≤M2.

Hence

||
∫ t

0

(t− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds||C ≤M2. (3.6)

From (3.5) and (3.6), we get

||A(u,v)||X ≤M1 +M2.

This prove That A : Qr→Qr, and the class of function {An(u,v)}
is uniformly bounded in Qr.
Let t1, t2 ∈ (0,T ] such that |t2− t1|< δ , then

A(u(t2),v(t2))−A(u(t1),v(t1)) =(∫ t2

0

(t2− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds,∫ t2

0

(t2− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

)
−
(∫ t1

0

(t1− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds,∫ t1

0

(t1− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

)
=

(∫ t2

0

(t2− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds

−
∫ t1

0

(t1− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds,∫ t2

0

(t2− s)−α

Γ(1−α)
f2(s,v(s),u(s)ds

−
∫ t1

0

(t1− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

)

But

|
∫ t2

0

(t2− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds

−
∫ t1

0

(t1− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds|

≤ |
∫ t1

0

(t1− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds

+
∫ t2

t1

(t2− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds

−
∫ t1

0

(t1− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds|

≤
∫ t2

t1

(t2− s)−β

Γ(1−β )
| f1(s,v(s),u(s))|ds

≤
∫ t2

t1

(t2− s)−β

Γ(1−β )
m1(s)ds.

Hence

‖
∫ t2

0

(t2− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds

−
∫ t1

0

(t1− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds‖C

≤
∫ t2

t1

(t2− s)−β

Γ(1−β )
m1(s)ds. (3.7)

And

|
∫ t2

0

(t2− s)−α

Γ(1−α)
f2(s,v(s),u(s)ds

−
∫ t1

0

(t1− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds|

≤ |
∫ t1

0

(t1− s)−α

Γ(1−α)
f2(s,v(s),u(s)ds

+
∫ t2

t1

(t2− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

−
∫ t1

0

(t1− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds|

≤
∫ t2

t1

(t2− s)−α

Γ(1−α)
| f2(s,v(s),u(s))|ds

≤
∫ t2

t1

(t2− s)−α

Γ(1−α)
m2(s)ds.

Hence

‖
∫ t2

0

(t2− s)−α

Γ(1−α)
f2(s,v(s),u(s)ds (3.8)

−
∫ t1

0

(t1− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds‖C

≤
∫ t2

t1

(t2− s)−α

Γ(1−α)
m2(s)ds. (3.9)
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From (3.7) and (3.8), we get

‖A(u(t2),v(t2))−A(u(t1),v(t1))‖X

≤
∫ t2

t1

(t2− s)−β

Γ(1−β )
m1(s)ds

+
∫ t2

t1

(t2− s)−α

Γ(1−α)
m2(s)ds.

This mean that the class of functions {A(u,v)} is equi-continuous
in Qr.
Let vn→ v and un→ u, then from continuity of the two func-
tions fi, we obtain f1(t,vn(t),un(t))→ f1(t,v(t),u(t)) and
f2(t,vn(t),un(t))→ f2(t,v(t),u(t)) as n→ ∞

lim
n→∞

A(un,vn) = lim
n→∞

(∫ t

0

(t− s)−β

Γ(1−β )
f1(s,vn(s),un(s))ds,∫ t

0

(t− s)−α

Γ(1−α)
f2(s,vn(s),un(s))ds

)
=

(
lim
n→∞

∫ t

0

(t− s)−β

Γ(1−β )
f1(s,vn(s),un(s))ds,

lim
n→∞

∫ t

0

(t− s)−α

Γ(1−α)
f2(s,vn(s),un(s))ds

)
.

Using assumptions (1)-(2) and Lebesgue dominated conver-
gence Theorem [8] we obtain

lim
n→∞

A(un,vn) =

(∫ t

0

(t− s)−β

Γ(1−β )
f1(s,v(s),u(s))ds,∫ t

0

(t− s)−α

Γ(1−α)
f2(s,v(s),u(s))ds

)
= A(u,v).

Then vn→ v,un→ u⇒ A(un,vn)→ A(u,v) as n→ ∞. This
mean that the operator A is continuous.
Then by Schauder fixed point Theorem 2.6 there exist at least
one solution (u,v), u,v ∈ C[0,T ] of the coupled system of
functional integral equations (3.1). The proof is completed.

3.2 Integrable solution
We discuss the existence of at least one integrable solution

(η ,ω), η ,ω ∈ L1[0,T ] of the coupled system of functional
integral equations (3.3), under the following assumptions:

I fi : [0,T ]×R2→R, i = 1,2 satisfy Caratheodory condition
i. e fi are measurable in t for any η ,ω ∈ R and contin-
uous in η ,ω for almost all t ∈ [0,T ]. There exist two
functions ai(t) ∈ L1[0,T ] and two positive constants
bi > 0, such that

| fi(t,η ,ω)| ≤ ai(t)+bi(|η |+ |ω|).

II (b2 +b1)k < 1.

Let Y be the Banach space of all order pairs (η ,ω) with the
norm

‖(η ,ω)‖Y = ‖η‖L1 +‖ω‖L1 =
∫ T

0
|η(s)|ds+

∫ T

0
|ω(s)|ds

Definition 3.3. By a solution of the coupled system of func-
tional integral equations (3.3), we mean a function (η ,ω),
η ,ω ∈ L1[0,T ] that satisfies (3.3).

Theorem 3.4. Let the assumptions (I)-(II) be satisfied, then
the coupled system of functional integral equations (3.3) has
at least one integrable solution (η ,ω), η ,ω ∈ L1[0,T ].

Proof. Define the operator A associated with the coupled
system of functional integral equations (3.3) by

A(η ,ω)=

(
f1(t, I1−α

ω(t), I1−β
η(t)), f2(t, I1−α

ω(t), I1−β
η(t))

)
.

Let Qp = {(η ,ω) ∈ R2 : ||η || ≤ p1, ||ω|| ≤ p2, ||(η ,ω)|| ≤
p1 + p2 = p}, where p =

‖a1‖L1+‖a2‖L1
1−(b2k+b1k) .

Let (u,v) ∈ Qp, then

A(η ,ω)=

(
f1(t, I1−α

ω(t), I1−β
η(t)), f2(t, I1−α

ω(t), I1−β
η(t))

)
.

But

| f1(t, I1−α
ω(t), I1−β

η(t))|

≤ |a1(t)|+b1

∫ t

0

(t− s)−α

Γ(1−α)
ω(s)ds

+b1

∫ t

0

(t− s)−β

Γ(1−β )
η(s)ds,

Integrating the above inequality from 0 to T and making the
change of variable we have∫ T

0
| f1(s, I1−α

ω(t), I1−β
η(t))ds| ≤

∫ T

0
|a1(s)|ds

+b1

∫ T

0

∫ t

0

(t− s)−α

Γ(1−α)
ω(s)dsdt

+b1

∫ T

0

∫ t

0

(t− s)−β

Γ(1−β )
η(s)dsdt

≤ ‖a1‖L1 +b1

∫ T

0

∫ T

s

(t− s)−α

Γ(1−α)
ω(s)dtds

+b1

∫ T

0

∫ T

s

(t− s)−β

Γ(1−β )
η(s)dtds

≤ ‖a1‖L1 +b1
(T )1−α

Γ(2−α)
‖ω‖L1 +b1

(T )1−β

Γ(2−β )
‖η‖L1

Hence

|| f1(t, I1−α
ω(t), I1−β

η(t))||L1

≤ ‖a1‖L1 +b1
(T )1−α

Γ(2−α)
‖ω‖L1 +b1

(T )1−β

Γ(2−β )
‖η‖L1 .

(3.10)
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And

| f2(t, I1−α
ω(t), I1−β

η(t))|

≤ |a2(t)|+b2

∫ t

0

(t− s)−α

Γ(1−α)
ω(s)ds

+b2

∫ t

0

(t− s)−β

Γ(1−β )
η(s)ds,

Integrating the above inequality from 0 to T and making the
change of variable we have

∫ T

0
| f1(s, I1−α

ω(t), I1−β
η(t))ds| ≤

∫ T

0
|a2(s)|ds

+b2

∫ T

0

∫ t

0

(t− s)−α

Γ(1−α)
ω(s)dsd

+b2

∫ T

0

∫ t

0

(t− s)−β

Γ(1−β )
η(s)dsdt

≤ ‖a2‖L1 +b2

∫ T

0

∫ T

s

(t− s)−α

Γ(1−α)
ω(s)dtds

+b2

∫ T

0

∫ T

s

(t− s)−β

Γ(1−β )
η(s)dtds

≤ ‖a2‖L1 +b2
(T )1−α

Γ(2−α)
‖ω‖L1 +b2

(T )1−β

Γ(2−β )
‖η‖L1 .

Hence

|| f2(t, I1−α
ω(t), I1−β

η(t))||L1

≤ ‖a2‖L1 +b2
(T )1−α

Γ(2−α)
‖ω‖L1 +b2

(T )1−β

Γ(2−β )
‖η‖L1 .

(3.11)

From (3.10) and (3.11), we get

||A(η ,ω)||Y

≤ ‖a1‖L1 +b1
(T )1−α

Γ(2−α)
‖ω‖L1 +b1

(T )1−β

Γ(2−β )
‖η‖L1

+‖a2‖L1 +b2
(T )1−α

Γ(2−α)
‖ω‖L1 +b2

(T )1−β

Γ(2−β )
‖η‖L1

≤ ‖a1‖L1 +‖a2‖L1 +(b1k+b2k)(p1 + p2) = p,

where, k = max{ (T )
1−α

Γ(2−α) ,
(T )1−β

Γ(2−β )}.
This prove That A : Qp → Qp, and the class of function
{An(η ,ω)} is uniformly bounded on Qp.
Let Ω be bounded subset of Qp and A : Qp→Qp. Then A(Ω)
is also bounded on Qp.

Let (η ,ω) ∈Ω, then

(A(η ,ω))h−A(η ,ω) =(
1
h

∫ t+h

t
f1(θ , I1−α

ω(t), I1−β
η(t))dθ ,

1
h

∫ t+h

t
f2(θ , I1−α

ω(t), I1−β
η(t))dθ

)
−
(

f1(t, I1−α
ω(t), I1−β

η(t)), f2(t, I1−α
ω(t), I1−β

η(t))
)

=

(
1
h

∫ t+h

t
f1(θ , I1−α

ω(t), I1−β
η(t))dθ

− f1(t, I1−α
ω(t), I1−β

η(t)),

1
h

∫ t+h

t
f2(θ , I1−α

ω(t), I1−β
η(t))dθ

− f2(t, I1−α
ω(t), I1−β

η(t))
)
.

But ∫ T

0
|1
h

∫ t+h

t
( f1(θ , I1−α

ω(t), I1−β
η(t))

− f1(t, I1−α
ω(t), I1−β

η(t)))dθ |dt

≤
∫ T

0

1
h

∫ t+h

t
| f1(θ , I1−α

ω(t), I1−β
η(t))

− f1(t, I1−α
ω(t), I1−β

η(t))|dθdt.

Since f1 ∈ L1[0,T ], It follows that

1
h

∫ t+h

t
| f1(θ , I1−α

ω(t), I1−β
η(t))

− f1(t, I1−α
ω(t), I1−β

η(t))|dθ → 0 as h→ 0,

And ∫ T

0
|1
h

∫ t+h

t
( f2(θ , I1−α

ω(t), I1−β
η(t))

− f2(t, I1−α
ω(t), I1−β

η(t)))dθ |dt

≤
∫ T

0

1
h

∫ t+h

t
| f2(θ , I1−α

ω(t), I1−β
η(t))

− f2(t, I1−α
ω(t), I1−β

η(t))|dθdt.

Since f2 ∈ L1[0,T ], It follows that

1
h

∫ t+h

t
| f2(θ , I1−α

ω(t), I1−β
η(t))

− f2(t, I1−α
ω(t), I1−β

η(t))|dθ → 0 as h→ 0,

then (A(u,v))h→ (A(η ,ω)) uniformly. Hence A(Ω) is rela-
tively compact.
Hence A is compact operator.
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Let {(ηn,ωn)} ⊂ Qp and (ηn,ωn)→ (η ,ω)

lim
n→∞

A(ηn,ωn) = lim
n→∞

(
f1(t, I1−α

ωn(t), I1−β
ηn(t)),

f2(t, I1−α
ωn(t), I1−β

ηn(t))
)
= A(η ,ω).

Then ωn → ω,ηn → η ⇒ A(ηn,ωn)→ A(η ,ω) as n→ ∞.
This mean that the operator A is continuous operator. Then
by Schauder fixed point Theorem 2.6 there exist at least one
solution η ,ω ∈ L1[0,T ] of the coupled system of functional
integral equations (3.3). The proof is completed.

3.3 The coupled system of functional
integro-differential equations

Theorem 3.5. Let the assumptions of Theorem 3.2 be satisfied,
then there exist at last one solution (x,y), x,y ∈ C1[0,T ] of
the initial value problem of the coupled system of functional
integro-differential equation (1.1) with the nonlocal condition
(1.2).

Proof. The solution of the coupled system of functional integro-
differential equation (1.1) is given by

x(t) = x(0)+
∫ t

0
(t−s)−β

Γ(1−β ) u(s)ds, t ∈ (0,T ],

y(t) = y(0)+
∫ t

0
(t−s)−α

Γ(1−α) v(s)ds, t ∈ (0,T ],

Using the nonlocal condition(1.2), we get
x(τk) = x(0)+

∫ τk
0

(τk−s)−β

Γ(1−β ) u(s)ds,

y(η j) = y(0)+
∫ η j

0
(η j−s)−α

Γ(1−α) v(s)ds,

and
∑

n
k=1 akx(τk) = x(0)∑

n
k=1 ak +∑

n
k=1 ak

∫ τk
0

(τk−s)−β

Γ(1−β ) u(s)ds,

∑
n
k=1 b jy(η j) = y(0)∑

n
k=1 b j +∑

n
k=1 b j

∫ η j
0

(η j−s)−α

Γ(1−α) v(s)ds,

since,

n

∑
k=1

akx(τk) = x0− x(0),
n

∑
j=1

b jy(η j) = y0− y(0),

then
x0− x(0) = x(0)∑

n
k=1 ak +∑

n
k=1 ak

∫ τk
0

(τk−s)−β

Γ(1−β ) u(s)ds,

y0− y(0) = y(0)∑
n
j=1 b j +∑

n
j=1 b j

∫ η j
0

(η j−s)−α

Γ(1−α) v(s)ds,

and
(1+∑

n
k=1 ak)x(0) = x0−∑

n
k=1 ak

∫ τk
0

(τk−s)−β

Γ(1−β ) u(s)ds,

(1+∑
n
j=1 b j)y(0) = y0−∑

n
j=1 b j

∫ η j
0

(η j−s)−α

Γ(1−α) v(s)ds.

Hence

x(t) =
1

1+∑
n
k=1 ak

x0 + I1−β u(t)

− 1
1+∑

n
k=1 ak

n

∑
k=1

ak

∫
τk

0

(τk− s)−β

Γ(1−β )
u(s)ds,

y(t) =
1

1+∑
n
j=1 b j

y0 + I1−α v(t)

− 1
1+∑

n
j=1 b j

n

∑
j=1

b j

∫
η j

0

(η j− s)−α

Γ(1−α)
v(s)ds.

Where u(t),v(t) is defined by the coupled system of functional
integral equation (3.1). Then from Theorem 3.2, we can
deduce the existence of at least one solution of (x,y), x,y ∈
C1[0,T ] the problem (1.1) and (1.2). The proof is completed.

Theorem 3.6. Let the assumptions of Theorem 3.4 be satisfied,
then there exist at last one solution (x,y), x,y ∈ AC[0,T ] of
the initial value problem of the coupled system of functional
integro-differential equation (1.1) with the nonlocal condition
(1.2).

Proof. The solution of the coupled system of functional integro-
differential equation (1.1) is given by x(t) = x(0)+

∫ t
0 η(s)ds, t ∈ (0,T ],

y(t) = y(0)+
∫ t

0 ω(s)ds, t ∈ (0,T ],

Using the nonlocal condition(1.2), we get
x(τk) = x(0)+

∫ τk
0 η(s)ds,

y(η j) = y(0)+
∫ η j

0 ω(s)ds,

and ∑
n
k=1 akx(τk) = x(0)∑

n
k=1 ak +∑

n
k=1 ak

∫ τk
0 η(s)ds,

∑
n
k=1 b jy(η j) = y(0)∑

n
k=1 b j +∑

n
k=1 b j

∫ η j
0 ω(s)ds,

since,

n

∑
k=1

akx(τk) = x0− x(0),
n

∑
j=1

b jy(η j) = y0− y(0),

then 
x0− x(0) = x(0)∑

n
k=1 ak +∑

n
k=1 ak

∫ τk
0 η(s)ds,

y0− y(0) = y(0)∑
n
j=1 b j +∑

n
j=1 b j

∫ η j
0 ω(s)ds,

and 
(1+∑

n
k=1 ak)x(0) = x0−∑

n
k=1 ak

∫ τk
0 η(s)ds,

(1+∑
n
j=1 b j)y(0) = y0−∑

n
j=1 b j

∫ η j
0 ω(s)ds.
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Hence

x(t) =
1

1+∑
n
k=1 ak

x0 +
∫ t

0
η(s)ds

− 1
1+∑

n
k=1 ak

n

∑
k=1

ak

∫
τk

0
η(s)ds,

y(t) =
1

1+∑
n
j=1 b j

y0 +
∫ t

0
ω(s)ds

− 1
1+∑

n
j=1 b j

n

∑
j=1

b j

∫
η j

0
ω(s)ds,

where η(t),ω(t) is defined by the coupled system of func-
tional integral equation (3.3). Then from Theorem 3.4, we
can deduce the existence of at least one solution of (x,y),
x,y ∈ AC[0,T ] the problem (1.1) and (1.2). The proof is com-
pleted.

4. Conclusion
In this paper, we proved the existence of at least one con-

tinuous solution of the coupled system of functional integro-
differential equations with the nonlocal condition , under cer-
tain conditions.

Also, under other assumptions, we proved the existence of
at least one absolutely continuous solution the coupled system
of functional integro-differential equations with the nonlocal
condition.

References
[1] J. Banas, On the superposition operator and integral so-

lutions of some functional equation, Nonlinear Anal.,
12(1988), 777–784.

[2] A. Boucherif, A First-Order Differential Inclusions with
Nonlocal Initial Conditions, Applied Mathematics Letters,
63(2002),409–414.

[3] A. Boucherif and Radu. Precup, On The Nonlocal Initial
Value Problem For First Order Differential Equations,
Fixed Point Theory, 4 (2003), 205–212.

[4] A. M. A. El-Sayed, R. O. El-Rahman and M. El-Gendy,
Existence of solution of a Coupled system of differen-
tial equation with nonlocal conditions, Malaya J. Mat.,
2(2014), 345–351.

[5] A. M. A. El-Sayed, F. M. Gaafar and H. H. G. Hashem,
On the maximal and minimal solutions of arbitrary-orders
nonlinear functional integral and differenatial equations,
Math. SCI. RES. J., 8(2004), 336–348.

[6] A. M. A. El-Sayed and M. R. Kenawy, Existence of at
least one continuous solution of a coupled system of
urysohn integral equations, JFCA., 5(2014), 166–175.

[7] I. Podlubny, Fractional Differential Equations, Academic
Press, 1999.

[8] A. N. Kolomogorov and S. V. Fomin, Introductory Real
Analysis, Dover Puble. Inc., 1975.

[9] J. Dugundji and A. Granas, Fixed Point Theorem, Mono-
grafie Mathematyczne, PWN, Warsaw, 1982.

[10] K. Goeble and W.A. Kirk, Topics in Metric Fixed Point
Theory, Cambridge University Press, (1990).

?????????
ISSN(P):2319−3786

Malaya Journal of Matematik
ISSN(O):2321−5666

?????????

780

http://www.malayajournal.org

	Introduction
	Preliminaries
	Main Results
	Continuous solution
	Integrable solution
	The coupled system of functional integro-differential equations

	Conclusion
	References

