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In this paper, we study the existence of solutions for a coupled system of functional integro-differential equations.
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1. Introduction

During the past few years, some investigators have es-
tablished a lot of useful and interesting coupled system of
functional equations, in order to achieve various goals; see
[1-6], and the references cited therein.

In this paper, we are concerned with the coupled system of
functional integro-differential equations
%:fl(tvDay(t)’Dﬁx(t))’ IG(O,T],
(1.1)

D — f(1,D%(1),DPx(r), 1€ (0,T],

2. Preliminaries

In this section, we giving the following definitions and
theorems which used in our results:

Definition 2.1. [7] The fractional order integral of order o
of f € L' is defined by

ot —s a—1
) = [

b T(a) f(s)ds.

Definition 2.2. [7] The Caputo fractional-order derivative
DY of order o € (0,1] of the absolutely continuous function
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f(z) is given by

d T(t—s5)"% d

DEF) =12 s 0 = [

dr Jy T —a) a5’ 4

Definition 2.3. [8] A mapping H : E — E is called com-
pletely continuous (compact) if H is continuous and H(Y) is
relatively compact for every bounded subset of Y.

Theorem 2.4. [8, Arzela-Ascoli Theorem] Let E be a compact
metric space and C(E) be the Banach space of real or complex
valued continuous function normed by

1]l = supy(z)].
teE

IfA = {y,} is a sequence in C(E) such that {y,} is uniformly
bounded and equi-continuous, then Ais compact.

Theorem 2.5. [9, Kolomogorov Comoactness Criterion The-
orem] Let @ C L,(0,1), 1 < p < oo If

o Qs bounded in L,(0,1),
e x, — x as h — 0 uniformly with respect to x € Q,

then Q is relatively compact in L,(0, 1), where

xp(t) = %/{Hhx(s)ds.

Theorem 2.6. [10, Schauder Fixed Point Theorem] Let E be
a Banach space and Q be a convex subset of E, and T : Q — Q
is compact, continuous map, Then T has at least one fixed
point in Q.

Next section, we present our main results by proving the
existence of at least one continuous and integrable solutions.

3. Main Results

Consider the initial value problem of the coupled system
of functional integro-differential equations (1.1) with the con-
dition (1.2).

o Let DBx(t) = u(r), D*y(t) = v(¢) in (1.1), we obtain

u(t) = Jy 420 fuls,v(s).u(s))ds, 1€ (0.T],
v(t) = J3 Sler (s, v(s),u(s))ds, 1€ (0,7],
(3.1

where

x(t) = x(0) +1'""Pu(r), 1e€(0,T],
(3.2)

(1) =y(0)+1'"%(r), 1€(0,T],
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o Let & =n(1), ¥ = w(r) in (1.1), we obtain
n(t) = filt,I'" o), 1" Pn()), +€(0,1],

o(t) = fo(t,I' o), Pn()), 1€(0.T],
(3.3)

where

x(t) = x(0) + [y n(s)ds,

(1) =y(0)+ fy o(s)ds,

t€(0,T],
3.4
t€(0,T].

3.1 Continuous solution

We discuss the existence of at least one continuous solu-
tion (u,v), u,v € C[0,T] of the coupled system of functional
integral equations (3.1), under the following assumptions:

1. f;:[0,T] x R? = R,i = 1,2 satisfy Caratheodory con-
dition i. e f; are measurable in ¢ for any u,v € R and

continuous in u,v for almost all ¢ € [0,7]. There exist
two functions m;(t) € L'[0,T], such that

[fi(t,vu)| <mi(t).

sup I' Py (1) < M,
1€(0,7]

sup I'"%my (1) < M.
t€[0,7T]

Let X be the Banach space of all order pairs (u,v) with the
norm

[, v)llx = llullc+[[vllc = sup [u()|+ sup |v(r)].
t€[0,T] t€[0,T]
Definition 3.1. By a solution of the coupled system of func-

tional integral equations (3.1), we mean a function (u,v),
u,v € C|0,T) that satisfies (3.1).

Theorem 3.2. Let the assumptions (1)-(2) be satisfied, then
the coupled system of functional integral equations (3.1) has
at least one continuous solution (u,v), u,v € C[0,T].

Proof. Define the operator A associated with the coupled
system of functional integral equations (3.1) by

1 (f—g) B
A(u,v) = (/0 (ft‘(l—)ﬁ)fl (s,v(s),u(s))ds,

ot (t —S)ia
) m—oc)fz“’v@)vu(s))ds).

Let Qr = {(u,v) € R? : [Jul] < ry, |V]] < r2,[[(u,v)]] <
ri+ry=r}, where r=M|+M,.
Then we have, for (u,v) € Q,

t(r—s) B
Alu,v) = ( /0 g(l—)ﬁ) Fi(s,v(s),u(s))ds,

t (t—s)—OC
/0 1“(1—05)f2(svv(5)7u(5))ds>,
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But

)
't (l‘—s)fﬁ
S/o ra-p)"

Hence

s &z%ﬁ
e
/0 iﬂ(_ ) )\fz(s (s),

5)7¢

(r—
S/O I'l—a)

<M.

fi(s,v(s),u(s))ds||c <M. 3.5)

And

f2 S, v ( ))ds| <

u(s))|ds

my(s)ds

Hence
||/0t (rf(]i);;fZ(S,v(s),u(s))dch < M.

From (3.5) and (3.6), we get
A, v)[|x < My +M>.

(3.6)

This prove That A : Q, — Q,, and the class of function {A, (u,v
is uniformly bounded in Q.
Let#,t, € (0,T] such that |r, —#;| < 8, then

A(u(t2),v(t2)) —Alu(tr),v(t)) =

(t—s)P
</o r(i—p) N1 uls)ds.

/0’2 (;2(1 _S) af2(57V(S),u(s))ds)

a)

(t; —s)~ P
- (" a2y st

I(
/0 (Ii](]_j) afZ(sv V(S),M(S))ds)

a)

_ (t—s)7 P ol

B </0 r(1-p) Ji(s,v(s),
$)B

_/ (t—s)~ Fi(s,v(s),u(s))ds,

Jo (

5)~¢

(
I
(1)

/o ?(usa) Fals: ) u(s>)ds)

u(s))ds

)
f( () (S)ds

But
|/t2 hos) f1 s,v(s),u(s))ds
_/n (Q(;S)ﬁ) fi(s,v(s),u(s))ds|
|/tl tllsg fi(s:v(s),u(s))ds
§) B
+/z1 (1?(1 )/3) Ji(s,v(s),u(s))ds
$)B
_/0 (lil(l )ﬁ) fi(s,v(s),u(s))ds|
</ (tZ—T) ﬁl p
—Jy ( )fl(sv() ())|S
s)~B
S/n (1?(1_)3) my (s)ds.
Hence
2 (fz—s)*ﬁ
H/ f1 5,v(s),u(s))ds
_/0 (;1(1 S)ﬁ) fi(s;v(s),u(s))dsllc
t (4 — s)B
S‘/tl (lt“z(l—)ﬁ) my(s)ds.
And
>} |/t2 th— S ot ’u(s)ds

_/0” (ll;l(l—j)a;fo(S’V(s)’u(s))dsl

= |/tl _afz(svv(s)au(S)ds
(¢
(

(1 —s)

)
_a)fzsv

—a)

)~
)~

N

( ),M(S))ds
(s,v(s)

2
r(i- Vs

t
1"1(1 (s),u(s))ds|
(ta—s)~

(1 (
2

|fa(s,v(s),u(s))|ds

(n—s)"
CT(l—a)

my(s)ds.

“f
A
s/tl
<

Hence

H./O'tz (122(1—S);Cf2(s V(S)
ot —s)"*

7/0 T(l—a )fz(s (),
g (t —5)" ¢

= ~/tl 1—‘2(1 —a)

u(s)ds

u(s))ds||c

my(s)ds.
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(3.7)

(3.8)

3.9)
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From (3.7) and (3.8), we get

lA(u(t2),v(t2)) — A(u(tr),v(t1))|lx
(n—s)"F
< [ gy
t2 l‘zfs e
+/1 gy s

This mean that the class of functions { A(u,v)} is equi-continuous
in Q,.
Let v, — v and u,, — u, then from continuity of the two func-
tions f;, we obtain fi(r,v,(¢),u(t)) — fi(t,v(t),u(t)) and
H (v (t),un(t)) = fa(2,v(2),u(t)) asn — o
(r—s)F
n—soo

8=

/Ot ();;fz(s, v (s), Mn(s))ds)
(t—s)P
B)

T(i—-B)
— S)*OC
0 F(l—oc)fz(sa""(s)v“n(s))dS)

lim A(up,v,) = lim
n—yoo

fl (S,Vn(S), un(S))dS,

fl (S7Vﬂ(s)7un(s))d57

Using assumptions (1)-(2) and Lebesgue dominated conver-
gence Theorem [8] we obtain

it (p— ) B
tim A = ([ g At
[ sty
= A(u,v)

Then v,, — v,u, — u = A(uy,vn) — A(u,v) as n — . This

mean that the operator A is continuous.

Then by Schauder fixed point Theorem 2.6 there exist at least

one solution (u,v), u,v € C[0,T] of the coupled system of

functional integral equations (3.1). The proof is completed.
O

3.2 Integrable solution

We discuss the existence of at least one integrable solution
(n,®), N, € L'[0,T] of the coupled system of functional
integral equations (3.3), under the following assumptions:

I f;:[0,T] x R> = R,i= 1,2 satisfy Caratheodory condition
i. e f; are measurable in 7 for any 17, @ € R and contin-
uous in 1, ® for almost all # € [0, T]. There exist two
functions a;(t) € L'[0,T] and two positive constants
b; > 0, such that

[fi(t;m, @) < ai(t) +bi(In] +[o]).

1 (b2+b1)k< 1.
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Let Y be the Banach space of all order pairs (17, @) with the
norm

T T
[0l = Il + @l = [ In)lds+ [ o(s)lds

Definition 3.3. By a solution of the coupled system of func-
tional integral equations (3.3), we mean a function (1, ®),
n,® € L0, T] that satisfies (3.3).

Theorem 3.4. Let the assumptions (I)-(1) be satisfied, then
the coupled system of functional integral equations (3.3) has
at least one integrable solution (1, ®), n,® € L'[0,T].

Proof. Define the operator A associated with the coupled
system of functional integral equations (3.3) by

A1, 0) = (f1 (t,zl-“wo),ﬂ—ﬁn<r>>,fz<r,11—“w<r>7ﬂ-ﬁn<r>>).

Let 0, = {(n,0) € R*: HnHH < le,||w|| < o, ||, 0] <
+

p1+p2 = p}, where p_%_

Let (u,v) € Qp, then

A(.0) = (01001 Pn©).flr 0.1 Pn(0) ).
But
(1%, P 1)
<lan(0) 4 [

!
/
0

(t—s)"P
I'(1-B)

Integrating the above inequality from O to 7' and making the

change of variable we have

[ 6.1 <00 S n@nast < [ far(s)as
+1// ’_Yao; s)dsd

+b1// t_sﬁin Ydsdt

n(s)ds,

T T
<||a1||L1+b1/0 /(r’ o(s)drds
_ B
+b1// U )ﬂ)" s)dtds
l-a 1-
< +b1r((T2)_a)||w||Ll sl
Hence
A0 (0]
l-a 1-B
<ol -+ 1 0l + 01— Il

(3.10)
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And

o). P )
<l 40 [

b T(1= o(s)ds
1

o
0

(t=s)"P

Integrating the above inequality from O to 7" and making the
change of variable we have

[ 0. P nast < [ laats)ias
+b// ’_SaO; s)dsd
+b2// t_sﬁ[;

n(s)dsdt

T pT (I—S -
<ol +02 [ g 0(sdds
(t—s)7B
+b2/ / ———~—1n(s)dtds
-B)
(T)‘ * (1) P
< _ —_ .
— ||a2||L1 +b21—*(2_ a) ||a)HLl +b2 l—*(z_ﬁ) ||n||L1
Hence
I—-o 1-B
||f2(tvl (D(l‘),l n(t))”Ll
)l—tx (T)l—ﬁ
< _ _— .
< Nzl +baiy =g 0l + b2y s
3.11)
From (3.10) and (3.11), we get
|A(n, @)|ly
(1)« ()P
< NS S
— ||al||L1 +b1 F(2f (X) ”(DHLl +b1 F(Zfﬁ) ||T]||L1
)l—oc (T)l—ﬁ
el +b2 s 0l + b2 —gs Il
< larllpr + [lazllr + (b1k +b2k) (p1 + p2) = p,

1 o 1-B
where, k = max{FT2 oc)’I(“(Z) ﬁ)}

This prove That A 0p — 0Op, and the class of function
{A,(n, ®)} is uniformly bounded on Q,,.

Let Q be bounded subset of O, and A : @, — Q). Then A(Q)
is also bounded on Q.
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Let (n,®) € Q, then

(A(nvw))h*A(naw) =
(1 (0.1 %a(0). 1"y (1))d6

h

il

( (e o), 1P )%fz(t,ll‘“w(t),ll_ﬁn(t)))

= (h/, (6,1 %w(r), 1" Pn(r))de
_fl(talliaw(txlliﬁn(t))a
%/thz(&ﬂ‘“w(t),ll‘ﬁn(t))de

—fz(t,Il_aw(t),Il_Bn(t))).

(0.1 %0().1' P ()6 )

But

t+h

/oT* (18,1 %o(r),I'" Pn(r))
— fit,I'"%0(t),I'" Pn(t)))d6|dt
S/OT%/;H 18,1 %), 1" Pn(r))
— filt, 1" %0(t),1'" Pn(r))|d6d:.

Since fi € L'[0,T], It follows that

1 [t+h
L RRTICR A OR TO)

— filt,I'"%0(t),I'" Pn(1)|d6 -0 as  h—0,

And

T 1 [tt+h

L e o). P
= foe, 1" 0(0), 1" P (1)) d6|dr

T 1 ptth l—a 1B
<[5 ] ner 0. )
— (6,10 (t),1'" P (t))|d6d:.

Since f € L'[0, T], It follows that

t+h
L NIRRT GRS T0)
— f(t, 1" %0t),1'" Pn(1)|d6 — 0 as
then (A(u,v)), —

tively compact.
Hence A is compact operator.

h—0,

(A(N,)) uniformly. Hence A(Q) is rela-
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(n,0)
_ hm(ﬁ(rﬂ“ ou(1). 1P (1),

Let {(1,, @)} C Q) and (1, @,) —

lim A(n,, ®,)

n—yoo

St a0, (1). 1P, <>>)=A<n,w>.

Then @, — ®,N, — N = ANy, ®,) — A(N,®) as n — oo
This mean that the operator A is continuous operator. Then
by Schauder fixed point Theorem 2.6 there exist at least one
solution N, ® € L'[0, T] of the coupled system of functional
integral equations (3.3). The proof is completed. U

3.3 The coupled system of functional
integro-differential equations

Theorem 3.5. Let the assumptions of Theorem 3.2 be satisfied,

then there exist at last one solution (x,y), x,y € C'[0,T] of

the initial value problem of the coupled system of functional

integro-differential equation (1.1) with the nonlocal condition

(1.2).

Proof. The solution of the coupled system of functional integro-
differential equation (1.1) is given by

)P

x(t) = x(0) + fy ilgyu(s)ds, 1€ (0,T),
y(t) ( )+f0 F1 oc V(s)ds7 € (0>T]7
Using the nonlocal condition(1.2), we get
5P
x(1) = x(0) + i B u(s)as,
y()) =y(0)+ o T v(s)ds,
and
B
Y awe(te) = x(0) Ty ap + Yoy ar fg B2 u(s)ds,
Yi biy(ny) = y(O0)Xi_ b+ i b fy” (S)d&
since,
Y ax(n) =xo—x(0), Y biy(n))=yo—y0),
k=1 J=1
then
B
xo —x(0) =x(0) X1, ax + Yo ax [o* T" ) 5 u(s)ds,
Yo =3(0) =y(0) Xi_y bj+ X b; fy” v(s)ds,
and
n n —s) P
(14 iy ad)x(0) = xo — Eiy ae Jo* ?{(17)13) u(s)ds,
(14X, 6)3(0) = yo — Xy by fy (L v(s)ds.
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= — X —l—Il_But
T+Y)_ac ®)

1 " Tk
ak/
0

1 ZZ:] dag k=1
+Il_a t
Eij V( )

1 n '/ﬂj (nj_s)fa
L+Y5 b 570 T(1-a)

(t—s)7P

mu(s)ds,

v(s)ds.

Where u(z),v(t) is defined by the coupled system of functional
integral equation (3.1). Then from Theorem 3.2, we can
deduce the existence of at least one solution of (x,y), x,y €
C'[0,T] the problem (1.1) and (1.2). The proof is completed.

O

Theorem 3.6. Let the assumptions of Theorem 3.4 be satisfied,
then there exist at last one solution (x,y), x,y € AC[0,T] of
the initial value problem of the coupled system of functional
integro-differential equation (1.1) with the nonlocal condition
(1.2).

Proof. The solution of the coupled system of functional integro-
differential equation (1.1) is given by

x(r) = x(0) Jrf(; n(s)ds € (0,71,
y(t) = y(0) + Jy w(s)ds, 1€ (0,T],
Using the nonlocal condition(1.2), we get
(%) = x(0) + Jg* n(s)ds
(1)) = ¥(0) + [ @(s)ds,
and
i aex(t) = x(0) Xr ax + X4y ax [o* n(s)ds,
L by(1)) = () Ly b+ Xiy b fy” o(s)ds,
since,
Y ax(m) =x0-x(0), Y by(n;) =30 -(0),
k=1 j=1
then
xo —x(0) = x(0) Yioiak+ Y ax fork n(s)ds,
Yo —=y(0) = Y(O) Xy b+ Xi_y bj fo @(s)ds,
and

(1+ X5 a)x(0) =x0— Xj_ ax Jo* 0

=yo—XYj_1bj fonj o(s)ds

(s)ds,

(1+Xj-16))y(0)
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X(t) 1 +Zk 1ak / n

1+Zk lakZ / n

1 t
(1) = mm / w(s)ds

/m

where 1(¢), 0(¢) is defined by the coupled system of func-
tional integral equation (3.3). Then from Theorem 3.4, we
can deduce the existence of at least one solution of (x,y),
x,y € AC[0, T] the problem (1.1) and (1.2). The proof is com-
pleted. O

1+Z

4. Conclusion

In this paper, we proved the existence of at least one con-
tinuous solution of the coupled system of functional integro-
differential equations with the nonlocal condition , under cer-
tain conditions.

Also, under other assumptions, we proved the existence of
at least one absolutely continuous solution the coupled system
of functional integro-differential equations with the nonlocal
condition.
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