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1. Introduction

Fuzzy differential equations is investigated by many re-
searchers [1-3, 5-7, 14, 15]. Because fuzzy differential equa-
tions are a suitable tool for modeling science and engineering
problems in which uncertainties. Fuzzy differential equations
can be studied by different approach. The first approach is
Hukuhara differentiability. The second approach is general-
ized differentiability [17]. Two-point boundary value prob-
lems have four different solution using the generalized differ-
entiabilty. The third approach is to generate the fuzzy solution
from the crips solution [7, 8, 11, 13].

In this paper is studied the fuzzy boundary value problem
according to the noniterative method and according to the gen-
eralized differentiability. Comparison result and relationship
between them are given. It is seen on the example.

2. Preliminaries
Definition 2.1. [I8] A fuzzy number is a function u : R —

[0, 1] satisfying the properties normal, convex fuzzy set, up-
per semi-continuous on R and cl{x€R | u(x) > 0} is com-
pact,where cl denotes the closure of a subset.

Let Ry denote the space of fuzzy numbers.

Definition 2.2. [/7] Let ueRg. The a-level set of u, denoted
L% 0<a<l,is

[u]* = {xeR | u(x) > 0}.

The notation, denotes explicitly the a-level set of u. The
notation, [u]* = [ug,t| denotes explicitly the a-level set of
u.We refer to u and u as the lower and upper branches of u,
respectively.

Remark 2.3. [10, 17] The sufficient and necessary conditions
Jor [uy,ug) to define the parametric form of a fuzzy number
as follows:

u,, is bounded monotonic increasing (nondecreasing) left-
continuous function on (0, 1] and right-continuous for o = 0,
Uq 18 bounded monotonic decreasing (nonincreasing) left-
continuous function on (0, 1] and right-continuous for o = 0,
Uy <Ug,0< < 1.

Definition 2.4. [17] For u,veRg and A € R, the sum u+
v and the product Au are defined by [u+v]* = [u]* + [v]%
where means the usual addition of two intervals (subsets) of
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R an 7Lf[1[g % means the usual product between a scalar and a (i) If f and f‘ are (1)-differentiable then [’a and f o are
suoset o, . . . . " o /" —
The metric structure is given by the Hausdorff distance differentiable functions and [f (t)} - [J:a (1), fa (t)} ’
(ii) If f is (1)-differentiable and f is (2)-differentiable

, ! " o
then f  and f are differentiable functions and [ f (t)} =
b _7// P 7

Y fa®).f, @)
D(u,v) = S‘[lopl]maXHEa — Vgl |[la —Val} ) (iii) If f is_ (2)-differentiable andf is (1)-differentiable

ac|0, , 1/ " o
then f  and f are differentiable functions and [ f (t)} =

DZRFXRF%R_Q_U{O},

Definition 2.5. [18] If A is a symmetric triangular numbers

with supports |a,a), the a—level sets of [A]%* is fal(t) ,J::; )|,
e { (a a> <a a> ] (iv) If fand f are (2)-differentiable then fla and 7:1 are
= + — a,if — aj. " a " -~ -
¢ ¢ differentiable functions and {f (t)} = {Lx () (t)} .

Definition 2.6. [12, 17, 19] Let u,v € Rp. If there exists

w € Rp such that u = v+w, then w is called the Hukuhara 3. Findings and Main Results
difference of fuzzy numbers u and v, and it is denoted by
w=ucm. Consider the solutions of the following problem
Definition 2.7. [4, 12, 17] Let f : [a,b] — Rr and ty € [a,b] .We L:= %,
say that f/is Hukuhara differentiable at ty, if there exists an
element f (ty) € R such that for all h > 0 sufficiently small,
Af(o+h)e f(to), f(t0) S f(to — h) and the limits
Lu+u=[g(t)]*, 3.1
h to—h /
/O EWEF0) o F@)SFl0h)
h—0 h h—0 h p p
u(0)=1[o]™, u(1) = [y]", (3.2)

Definition 2.8. [17] Let f : [a,b] — Rp and ty € |a,b] .We
say that f is (1)-differentiable at ty, if there exists an element
f (t0) € Rp such that for all h > 0 sufficiently small near to
0, exist f (to+h)© f (to), f (to) © f (to — h) and the limits

- fo+h)efl) . flo)ofo—h)
}llg(l) A = }lllg(l) A =/ (o), is fuzzy function,
and f is (2)-differentiable if for all h > 0 sufficiently small [o]% = [(pa,ﬁa} and [y]% = [wa,wa}
near to 0, exist f (to) © f (to+h), f (to—h) © f (to) and the - -
limits are symmetric triangular fuzzy numbers.
im0 O ftot+h) . flto—h)©f(t) _ 7 (1y). The Solution According to the Noniterative Method
h—=0 —h h—0 —h [9] Let look for the solution of the problem (3.1)-(3.2) as
Theorem 2.9. [16] Let f : [a,b] — Rr be fuzzy function,
where [f (1)]* = [Jja (1), fa (t)} ,for each a € [0,1]. w(t) =up (1) +Auy (1), (3.3)
. I . ] _ . . 7 . _
@D 11is (1) dlﬁ‘erelntlallee therlz Lx @d fo are differen where A is a constant to be determined.
tiable functions and [f (t)} = [Lx (), fq (t)} ) Substituting the equation (3.3) in (3.1), we have

(ii) If f is (2)-differentiable then f  and fo are differen-

. . R uy (1) + () = [g(0)]*,
tiable functions and [f (t)} = [fa (t)7£oc (t)} .

Theorem 2.10. [16] Let f : [a,b] — R be fuzzy function,

where [ (1) = [£,, (1), (0)] . for each & € [0,1], fis (1)-
differentiable or (2)-differentiable. From the first boundary condition, we have

782 X

Uy (1) +up (1) = 0.
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) (0) = 0,u5 (0) = 1,

the unknown constant A is identified. Then, from the second
boundary condition,

w (1) +Auz (1) = [y]*

(W]* —ui (1)
up (1)

is obtained. Then, fuzzy initial value problems

uy (1) +u (1) = [g(1)]*
u1 (0) =[] (34)
u (0)=0
and
uy (1) +up (1) =0
u(0) =0 3.5)
u (0) =1

is solved. The solution of the problem (3.4) is

Uy (t) = c1(o)cost +ca(0) sint +u,q (1),

Ui (1) = c3 (o) cost +cy (o) sint +Tipg (1),

[y ()% = w1 (1) 71 (1)],

where

[up ()] = [ty () Taper (1)]

is the solution nonhomogeneous fuzzy differential equation
in (3.4). Using the initial conditions, the coefficients ¢; (&),
c(a), c3(0), ca (o) are obtained as
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c3 (OC) = 605 —Upa (0) ) €4 (OC)

The solution of the problem (3.5) is

Uy, () = ay (a)cost +ay (o) sint,

U (t) = az (a)cost +aq (o) sint,

[ (1)) = [aq (1) ,Ti2ec (1))

Using the initial conditions, the coefficients a; (o), az (o),
a3 (&), a4 (o) are obtained as

[us (£)]* = [sint,sint].

Since
_ W mw ()
w)
o [(94 e ©) cos() +u,6 (1]
o= sin(1) e (0)
71, = Yo~ (9 —u,,as i(l?()l))cos(l) + i (1)] 7 0)
A1 = Ao R

is found. Since the solution of the problem (3.1)-(3.2)

u(t) =uy (t)+Aup (2),
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the lower and the upper solutions the fuzzy problem (3.1)-(3.2)
are

(1) = (9, =1pa(0))cos(t)+ (it (0) ) sin ()
ity (1) + A sin (1),

Tat) = (o~ Tpu(0))cos(t) + (0, (0)) sin ()
FHipg (1) +Agsin(t).

Substituting A, and A are in the lower and the upper
solutions, the solution problem (3.1)-(3.2) is obtained as

ua(1) = (@~ tq (0)) cos() (3.6)
I ﬁO))COS(l)*ﬁpa(l) sin(2)
sin(1)

+Hp0! (t)a

g (t) = (@y—TUpa(0))cos(t) 3.7
Vo~ (@4 —Upa (0))cos(l) —tpa (1) .

+ psin(l) L sin (7)

+iipa (1),
[ (£)]* = [ug (1) 1 (8)] (3.8)

The Solution According to the Generalized Differen-
tiability

Let find the solution of the problem (3.1)-(3.2) according to
the generalized differentiability, where (i,j) solution means
that y is (i)-differentiable, y is (j) differentiable. (i,j=1,2)

For the (1,1) and (2,2) solutions
Using the generalized differentiability for (1,1) and (2,2) solu-
tions, we have

El(;(t)‘FEa(l) :ga (I)
{ ug (0) zga,ga(lf: v, (3.9)

{ g (1) + Tl () = 8o (£)
©

_ T _ 3.10
Ug :(Pwuoc(l):llfa ( )

From (3.9) and (3.10), the lower and the upper solution is
found as

ug (1) = by (o) cos (1) +ba (@) sin (1) +upy (1),
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lig (1) = b3 (a)cos (1) +bs () sin(t) +Tpa (1),

[ ()] = [ug (1) 1 (1))

where u,,, () and ¢ (t) are the nonhomogeneos solutions
of the differential equations in (3.9) and (3.10). Using the
boundary conditions, the coefficients are obtained as

b ((X) :fa “Upo (0)7

v, — (9, e (0)) cos(1) ~ 1 (1)
ba (@) == ( : sin(1) : ’

b3 (&) = 9o —Upa (0),

Vo~ (@g —Upa (0))cos(l) —tpg (1)

ba () = sin(1)

Then for (1,1) and (2,2) solutions, the solution of the
problem (3.1)-(3.2) is

u(®) = (9,0 (0)) cos) G.11)
+W0¢ — (60{ _MP(XSI(I?()I))COS(l) _ﬁpa (1) sin (f)
i)y (t),
Ao (t) = (Pg—Tpa(0))cos(t) (3.12)
Vo — (9q —Upa (0))cos(1) —upa (1) .
+ £ sin(1) L sin (¢)
+iipg (1),
[ (1)) = [ug (1) 70 (1)]. (3.13)

For the (1,2) and (2,1) solutions
Using the generalized differentiability for (1,2) and (2,1) solu-
tions, we have

"

Uy, (t)'i_ﬂoc (t) =&, (t)7
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From here,

(4) "

Uy (t) — Uy (t) =8a (t) _ga (t)7

_(4) " _

g (1) =t (1) =8, (1) =84 (1)

are obtained. That is, we have

@ .
g (1) —tg (1) =& () —¢ () + 1 —a
{ za(O)—gf,gau):wa , (3.14)
=) — "
g (1) —ua(t)=g (1)—g@)—1+
{ ﬁa(o)zajﬁa(l)iwa “ (3.15)

From (3.14) and (3.15), the lower and the upper solution
is found as

ug(t) = cr(a)e +er(a)e™ —cs(a)sin(r)(3.16)
—ca (@) cos (1) +upyg (1),
Ug (1) = ci(a)e +cr(a)e " +c3(a)sin(r)(3.17)

s () cos (1) + Tipa (1),

[ (1)) = [ug (1) 70 (1)], (3.18)
where u

U,q (1) and Uy (¢) are the nonhomogeneos solutions
of the differential equations in (3.14) and (3.15). Using the
boundary conditions, the coefficients are obtained as

e (9 + P~ 1y (0) ~1pa 0))

C1 (Ot) = 2(6_871) 7
—e\ @y T P e (0) ~T1pc (0)

“ (a> - (7 2(e—1p7 e) ! )7

3 (o) = Pa— 2y +EP;‘ (0) ~ttpa (0)7
(Va_ﬂa—’—ﬂﬂa(l)_ﬁpa(l))

e = 2sin (1)

(604 — @, U (0) —Tpq (0)) cos (1)

- 2sin(1) -
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Conclusion 3.1. The solution (3.6)-(3.8) according to the
noniterative method is the same as the solution (3.11)-(3.13)
according to the generalized differentiability for the solutions
(1,1) and (2,2).

Example 3.2. Consider the following problem

" o

w (t)+u(t)=[*]", (3.19)

ul)=[-1+a,1—al,u(l)=[a,2—a]. (3.20)

Firstly, let find the solution according to the noniterative
method. Then, since

u(t) =u (t)+Auz (1),

we have

) (t) +u (1) = [12]”
{ u1(0)=1[—1+a,1—a}7u’1(0):0 ’ (3.21)
y (1) +uz (1) =0
{ u2(20)=0,u;(o -1 (3.22)
2= [o,2 — ] —u; (1) )

The solution of the equation in (3.21) is

g (1) = c1 (@) cost +cp () sint +1* =3+ a,

g (t) = c3(a)cost +cq (@) sint +12 — 1 — @,

[ ()% = w10 (1) , T (1))

Using the initial conditions, the coefficients are found as

Cl (OC) =C3 (OC) = 2,

(&) (OC) =C4 (OC) =0.

The solution of the equation in (3.22) is

Uy (1) =aj (a)cost +ay (o) sint,

U (t) = asz (a)cost +aq (o) sint,
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[u2 (1)) = [t (¢) o2 (1)] -

Using the initial conditions, the coefficients are found as

aj (OC) =ay (OC) =1.

Then, from (3.23)

[@,2—0o]—[2cos(1) =2+ a,2cos (1) — o]
[sin(1),sin(1)]

l:

)

—2cos(1)+2
sin (1)

2(1—cos(1))

=A= sin (1)

A

Consequently, the solution of the problem (3.19)-(3.20) is

2(1—cos(1))

S Vsint+12—-3+a, (3.24)
sin (1)

Uy (1) =2cost +

2(1—cos(1))
sin (1)

i (t) =2cost + sint+1>—1—a, (3.25)
()] = [ug (1), (1)]-

Secondly, let find the solution according to the generalized
differentiability. For the solutions (1,1) and (2,2),

(3.26)

Ug (1) +ug () =12 —1+a,
Uy (O) =-1 + 0, Uy (1) =

i, (1) +1ig (1) =12+ 1 —a,

{

are solved. Then for the solutions (1,1) and (2,2), the solution
of the problem (3.19)-(3.20) is

2(1—cos(1))

, sinf +12 —3+a (3.27)
sin(1)

Uy (1) =2cost +

sint+1>—1—a (3.28)

(3.29)
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For the solutions (1,2) and (2,1),

wy (1) +1ig (1) =2+ 1+a,
uy, (0)=—-1+a,u,(1)=c,
g (0)=1-0a,lg({) =2—a

that is

Uy (1) —ug (1) =312 —a,

Uy, (0) =-1 +a’ﬂa(1) =qQ,

) (1) +1a (1) = 1- +a,

{

are solved. Then for the solutions (1,2) and (2,1), the solution
of the problem (3.19)-(3.20) is

2(e -1 2(1—

Uy (1) = (671_6 )e’—l— e(il_ee)e*t—l—tz—3+oc (3.30)
2(e7 -1 2(1—

ug (t) = i*l—e)et+ e(il_ee)e*t—l—tz—l—oc (3.31)

[ ()] = [ug (1) i (1)) -

The solution (3.24)-(3.26) according to the noniterative
method is the same as the solution (3.27)-(3.29) according
to the generalized differentiability for the solutions (1,1) and
(2,2). Also, all of the solutions are a valid a—Ilevel set.

(3.32)
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