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Estimation of certain integrals with extended
multi-index Bessel function
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Abstract

This article is refers to the study of the generalized multindex Bessel functions, which play a ubiquitous role
in wide range of diverse fields such as acoustic field, electromagnetism, heat, hydrodynamics, wave motion,
elasticity and optical science. Here we aim at presenting an extension of generalized multi-index Bessel function
and established some interesting integral transforms involving the extended generalized multi-index Bessel
function, which are expressed in terms of generalized Wright hypergeometric function ,%¥,[-| and Fox H-function.
We also point out their relevance with known results.
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function ,W[x], also called Fox-Wright function (see [20],
[21]) is defined as
1. Introduction

The Bessel function has gained importance and popularity r¥x] = ¥ [ ((?? ’ ?li] ;’ o 8/”;/“)).; x] (1.1
due to its applications in the problem of wave propagation, 1hEL )y eeees Rorats s
cylindrical coordinate system, heat conduction in cylindrical _ v F(n +71k), .. . T(% + 15k) xj (1.2)

object and static potential etc. In the recent years, some gen-
eralizations (unification) and number of integral transforms
of Bessel functions have been given by many mathemati-
cians and physicist as well as engineers for example: Choi
et al. [3], Kiryakova [7], Kamarujjama and Khan [§8], Khan
et al. [9], Kamarujjama et al. [10], Khan et al. [12] and
Khan and Ghayasuddin [13]. Recently, Choi and Agarwal
[4] introduced and studied various properties of generalized
multiindex Bessel function and then discussed an interesting

5 T 4 6k), . T+ L) k!

_ gylr _ (1—71771)7---7(1_7ra7r)

_Hml[ x‘ 0,1),(1=11,11),0s (1 =15, 1)) |
(1.3)

1,r
where HM 41

Vi, 1, -+ 1L € R and the series absolutely converges

[x] denotes the Fox H-function [6], coefficients

unified integrals formulas involving the generalized multiin-
dex Bessel function. Motivated by the above-mentioned work,
in the present paper, we establish extension of generalized

forall x € C when 1 +Y5_, 1} — Y17 >0.

When i =,.....= ¥, =1,[; =,....,= [, = 1 in (1.1), Fox-
Wright function reduces to simpler generalized hypergeomet-



Estimation of certain integrals with extended multi-index Bessel function — 207/212

ric function ,Fy[Xx] (see [21])
> x (1.4)

W PF (Vs oo Vs lty ooy 13 X).
yeer T(D)s

(1.5)

Now we introduce and studies the extension of general-
ized multiindex Bessel, is called extended multiindex Bessel
function as follows:

Definition 1.2 Let j, B;, 7, 8, b, ¢ € C (j=1,2,....m) be
such that 7| R(a); > max{0;R(k) — 1} ;k > 0,R(B), >0,
R(y) > 0 and R(§) > 0, then

(aj)rm'}/vc

USIPIOEDY (©)" (V)in

o meN.
n=0 nlr(a,nw, + L2)(8),
f=

(=2)",

(1.6)
Here (1), is the Pochhammer symbol defined (for A € C) by

B 1 (n=0)
Wn—{ AA+1), . s(A+n—1) (nEN)

_ (A +n)

TA) AeCzZy)

(1.7)

and Z, denotes the set of non positive integers and I'(1) is
the familiar Gamma function.

We enumerate the connections and special cases of ex-
tended generalized multiindex Bessel function with other fam-
ilies function in the literature of special functions ie., Bessel-
maitland function, generalized Wright hypergeometric func-
tion, Fox-H function, generalized multiindex Mittag-Leffler
function [18].

(i) If we put k=0, b=c=m=1, a;=06 =1, B; = v and replace
zby 72 /4 in (1.6), we get

2 14
15 @)= (Z> Iv(2), (z,veC;R(V)>0), (1.8)
where J(z) is Bessel function of order v [17].
(ii) If we put k=0, m=1, §=b=c=1 in (1.6), we get

JOCI .1

s (@ =T5@2), (z€Cu>0), (1.9)

where ngl (z) is the Besel-maitland function [19].

(iii) If we put & = 1 and b=c=-1 in (1.6), we obtained

jlms «1 j)ms
Bty @) =BT (@) = Eyal(1: Bl (1.10)
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where Ey ¢ [(j, Bj)1,m] is the multiindex Mittag-Leffler func-
tion [18].

(iv) Connection with Fox-Wright function ,%¥[z]:

(@j)m,v:€ _ F(a) (’)/7 k) (17 1) —
B8O = T 2¥met | (g b gm0y |7

(1.11)

(v) Connection with Fox H-function:

I(8)

L'(y)

1,2 C| (17%]()’(071)
23 [V (0,1), (452 — Bja)p (1-8,1) |
(1.12)

(aj>m-'}’,C
(B, (2)

Also we recall here the following interesting and useful results
as follows:

1. Oberhettinger [15] established the result (1.13) for 0 <
R(p) < R(c)

g)P I'(2p)I'(c—p)
2/ T(o+p+1)
(1.13)

/ WP (u+a+ u2+2au)7cdu:26a7°<
0

2. MacRobert [14] obtained the result (1.14) for R(p) > 0,
R(o) > 0; a and b are non zero constants and 0 < u < 1.

Lo - o 1 I(p)I'(o)
p—1l¢q1_,No—1 _ pP—0C .,
/0 u (=)t b1 =)l P du = e T )
(1.14)
3. Edward [5] established the result (1.15)
1 . . o I(p)L(o)
P(1_\P—1¢1_,No0-1/71__ l-p—oc —
/o/ou (1=v)P7 (1—u)° (1 —uv) dudv T(p+o)
(1.15)

provided R(p) > 0and R(c) >0

2. Main results

Here, we investigate some integral formulas of generalized
miltiindex Bessel function, which are expressed in terms of
Fox-Wright and Fox H-functions.

Theorem 2.1. Let aj, B, v, 6, p, 0, T, b, c € C (j=1,2,....m)
be such that Y| R(a) j > max{0;R(k) — 1} ;k >0, R(B),; >
0 with R(y) >0, R(6) > 0, R(7) > 0 and u> 0, then follow-
ing relation holds true

/ uP Y (u+a+u?+2au)~°
0

anmmc

w
d
(B d ((u+a+\/m>f> !
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_apicr(zp)r(é) Wy (’)/,k),(G—p,T),
T2y V" (o+p+1,1),(0,7),
(6+1,7),(1,1) | ow
(8,1), (B + 15, o)y } @1

Proof. First we indicate the L.H.S of (2.1) by /; and then
using (1.6) and interchanging the order of integration and
summation, we get

Z _ ) (}/)kn EWb
S (%n+ﬁj+%) o)

/ WP Nu+a+ Vi +2au)" T du. (2.2)

0

In view of the conditions given in Theorem 1, we can apply
the integral formula (1.13) to the integral of (2.2) and obtain
the following expression:

PO (0 W) TCp(o+m—p)

P75 1 Nagn+ B+ 142) (8), 1O TR
j=1

: 2.3)

now using (1.7) and interpreting the above result with the help
of (1.1), we get the desired result (2.1). This is the completes
proof of Theorem 1. |

Remark 2.2. Form=1, k=0, =1=1, =V, a; =1, and

. 2
w is replaced by — ",
of Choi etal. [3].

(2.1) coincides with the known result

Theorem 2.3. Let aj, Bj, v, 8, p, 6, ©b, c € C(j=1,2,....m)
be suchthat Y| R(a) ;> max{0;R(k) — 1};k >0, R(B),; >
0 withR(y) > 0, R(t) >0, R(8) > 0 and u> 0, then follow-
ing relation holds true

/ uP = (u+a+u?+2au)~°
0

J(a./)m’%c ( uw ) du
Bidnb 3\ (4 4 a+V/u? + 2au)*

(1 _Y7k)7
0,1),(c+p,27),
ool

Bj, o))t

@ TRAINE) s [ow
- 2p711"(,},) 4mts |7,

(1-2p,7),(0,
(1-0,7),(1-8,1), (

2.4)

Proof. We using (1.6) and (1.13) and apply the same ar-
guments as in the proof of Theorem 1, we achieve the desired
result (2.4) of Theorem 2. O
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Theorem 2.4. Let o, B, 7, 6, p, 0, T, b, c€ C(j=1,2,......m)
be suchthat ¥} | R(at); > max{0;R(k) — 1};k>0, R(B); >
0 with R(y) > 0, R(6) > 0, R(7) > 0 and u> 0, then follow-
ing relation holds true

/01“"*‘0 — 1) Autp(1—u) P

(0))m-.c ( Cow(l=w) ) _ T(p)r(s)
ks \ Gt (1 —)F ) "~ 20 uoT(y)
(7.0),(0,7).(1,1) e

Xﬂ]’"”[ (6+p,7), (3, )(B, L ) uf}

(2.5)

Proof. Denoting the left hand side of (2.5) by I, and
using (1.6) and interchanging the order of integration and
summation, we get

_ i (=) (Dta ()"

b 11 (@t B+ 4 (9)n

/ uP=! (1 _ M)G-H'n—l [Aquu(l o u)]—p—((ﬂ—n‘r)du'
0

(2.6)
In view of the conditions given in Theorem 3, we can apply

the integral formula (1.14) to the integral of (2.6) and obtain
the following expression:

(©)" (Vn (w)" I'(p)l'(o+1n)
+152) (8), [(oc+1tn+p)’

__Tp) i
lp.ucwrn ~ ﬁ F((Xjn—kﬁj
2.7)

Now, using (1.7) in (2.7) and after simplification, we get

_ Tere) ¢
AP.uO'JrTVIF(’Y) n=0 ﬁ F(ajn+ﬁj

I'(y+kn)I'(c + tn)
1+b)

1 cw
(o + i+ p)T(6 1) <uf) ' 28)

Finally, solving the above result with the help of (1.1), we get
the desired result (2.5) of Theorem 3. O

Remark 2.5. Ifwe set m=1, k=0, § = 1=b=1, c=-1 and w is
replaced by w* /4 in (2.5), we get the known result of Khan et
al. [12].

Theorem 2.6. Let oj, Bj, v, 8, p, 0, T, b, c € C (j=1,2,....m)
be suchthat Y| R(a) j > max{0;R(k) — 1};k >0, R(f),; >
0 with R(y) > 0, R(8) >0, R(t) > 0 and u> 0, thenfollow—
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ing relation holds true

/01””‘1“—u>“‘1W+u<1—u>J-P—G
( /)m: y MT(l—u)T
i ((xuw(l - u>>2f> o
_ T [cw (1—7,k),
AP (y) 4m+4 [ (Ap)7|  (0,1),

(1-p,7),(1-0,7), (0,
(1-0+4p,27),(1-8,1),(5

(2.9)

Proof. We using (1.3), (1.6) and (1.14), apply the same
procedure as in the proof of Theorem 3, we get the desire
result (2.9) of Theorem 4. O

Theorem 2.7. Let o), Bj, v, 0, p, 0, T, b, c € C (j=1,2,...m)
be suchthat Y| R(a) j > max{0;R(k) — 1} ;k >0, R(B),; >
0 with R(y) > 0, R(8) > 0, R(t) > 0 and u> 0, v> 0, then
following relation holds true

/1 /1 WP (1=)P~ (1 =)' (1 — uv) ! =P=°
0 JO

(@), 7, ¢ (wut(1—u)® I(s)
J(B,j-)m,k,h,a ( dudv = )

(1 —uv)?® I(y)
W { (v:4),(p,7),(0,7),(1,1) Cew
" (0 4p,27),(8,1), (B + L2, o)y '

Proo. Denoting the left hand side of (2.10) by I3, then
using (1.6) and interchanging the order of integration and
0 [T '(ejn+ [3/

summation, we get
/ / MerTn
l+b
j=1

i (©)" (M
(] _v)p+rn 1(1 _ M)GJrrnfl(] —uv

)17P76+2mdudv.
(2.11)

In view of the conditions given in Theorem 5, we can apply
the integral formula (1.15) to the integral (2.11), we get the
following expression:

:i (©)" (Nin (W)" [(p+tn)T(c + tn)
S Clagn+ 8+ 5 (3), TOF27EP)
(2.12)

Now using (1.7) in (2.12) and after simplification we get

_ '(8) i I(y+kn)['(p+tn)I'(c + tn)
F( n=0

7) nr(a,n+ﬁ, +122) (5 +n)

1 cw
Forwra (i) =
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S |

Finally, solving the above result with the help of (1.1), we get
the desired result (2.10) of Theorem 5. O

Remark 2. If we set m=1, k=0, § = 7=b=1, c=-1 and w is
replaced by w? /4 in (2.10), we get the known result of Khan
and Ghayasuddin [13].

3. Applications

In this section, we give some applications of our main
results by taking suitable values of the parameters of extended
multiindex Bessel function.

1. If we set 6 = b =1 and c=-1 in (2.1), we evaluate the
following result:

Corollary 3.1. Let o), Bj, v, p, 0, T, € C (j=1,2,...,m) be
such that 3} R(ot) j > max{0;R(k) — 1};k>0, R(B); >0
with R(y) > 0, R(7) > 0 and u> 0, then following relation
holds true

/mup_l(u+a+ u? +2au)~°
0
st )= 22000
(BiJmk (u+a+\/m) 2P-1T(y)
X1 (}/,k),(c—p,’l',(c-i-l,f), _K
PR (o4p+1,7),(0,7), B+ o) | aF |
(3.1)
where J '"’ [z] is the multiindex Bessel function [4].

Remark 3.2. For m=1 and 6 = t© =1, (3.1) coincides with
the known results of Abouzaid et al. [2].

2. If we set k=0, m=1, 6 =b =1, and c=-1in (2.1), we
get following result:

Corollary 3.3. Let ay, By, p, 0, T, € C be such that R(ot)| >
0; R(B); >0 withR(y) >0, R(t) > 0 and u> 0, then fol-
lowing relation holds true

/ WP (u+a+
0

u? +2au)”°

g% ( w )du(ﬂ’_ar(2p)
B\ utatvid+2any )™ T 2
(G—p7r),(6+177>7 —K
><2le+2|: (G+p+1,7),(6,1)7([314-17(11)'1" atl’
3.2)

3. If we set k=0, 6 = 1, b=-1 and c=-1 in (2.1), we get
following result:

Corollary 3.4. Let aj, Bj, p, 0, 7, € C (j=1,2,...,m) be such
that Y7 R(a); > 0; R(B); > 0 with R(y) >0, R(7) >0
and u> 0, then following relation holds true
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/ uP = (u+a+ Vu2 +2au)~°
JO

aP=°T(2p)
2p-1

E(“j)m]’ w du =
(ﬁj)rmk (u+a+1’u2+2au)r

(6-p.7).(c+1,7),

xz‘Pm+2[ (c+p+1,17),(0,7),(Bj, )T

WT] . (33)
a

Remark 3.5. If we set k=y=1, t=0 =c=1b=-1 and «,
is replaced by 1/ o in (3.3), we get the known result of khan
etal [11].

4. If we setb=6 = 1 and c=-1 in (2.4), we get the following
result:

Corollary 3.6. Let aj, B, 7, 6, p, 0, ©b, c € C(j=1,2,...m)
be suchthat Y| R(a) j > max{0;R(k) — 1} ;k >0, R(B), >
0 with R(y) > 0, R(z) >0, R(8) > 0 and u> 0, then follow-
ing relation holds true

/ WP N u+a+vVu?+2au)"°
0

(0)myy u
B ((u-l—a—l—\/W) )
_ @I (2p) JmE {w (1—v,k),
2 T0(y) 3 a] (0.1). (0 +p,21),
(1_2P7T)a(671)7
(1_077)7(%_ﬁjaaj)rln :|

(3.4)

5. If we put 6 =b =1 and c=-1 in (2.5), we get the
following result:

Corollary 3.7. Let o), Bj, v, p, 0, 7, € C (j=1,2,......m) be
such that ) R(t) ; >max{0 R(k) —1}3k>0, R(B);
with R(y) > 0, R(7) > 0 and u> 0, then following relation
holds true

[ 00 p( )P0
(@)m.Y w(l—u)
Tt (et e )
SRR N
APpor(y) 2 " (o +p,1),
(3.5)

6. If we set b=c=0=1 in (2.9), we get the following result:
Corollary 3.8. Let aj, B, 7, 8, p, 0, 7, b, c € C (j=1,2,...,m)

be suchthat 7 R(a)j > max{0;R(k) — 1} ;k >0, R(B); >
0 with R(y) > 0, R(0) > 0, R(7) > 0 and u> 0, then follow-
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BJ+1 o)t ‘}

ing relation holds true

/01"”*%1—u>f’*1[xu+u<1—u>r*’*"

(o)) (1-u) _T()r—r

Tk ((Aquu( ))Zf)d”_ 1T (y)

H1,3 |: w (]_')/7]()7(]—’)71),(1—6,7)

33 | )| (0,1),(1—04p,27), (—Bj, )"
(3.6)

7. If we put 6 = 1, b=-1, and c=I in (2.5), we get the
following result:

Corollary 3.9. Let «j, B, 7, p, 0, T, € C (j=1,2,..,m) be such
that ¥)" | R(a)j > max{0;R(k) — 1};k >0, R(B); > O with
R(y) >0, R(t) > 0 and u> 0, then following relation holds
true

/01""‘1(1—u)“—l[zuw(l—u)r*’—“

(@), w(l —u)* _ T(p)r(s)
i (Gt w ) = e
(Y’k)7(c’r)7 7&
X 2‘Pm+1 |: (G-I—P,T),(ﬁj,aj)T ‘ ‘u,T:| . (37)

8. If we put k=0, m=1, § = b =1 and c=-1 in (2.5), we
get the following result:

Corollary 3.10. Ler oy, By, p, 0, T, € C be such that R(ot); >
OR(B)1 > 0withR(y) >0, R(t) > 0 and u> 0, then follow-

ing relation holds true

[0 (1w

n w(l —u)* . L(p)[(5)
“”V((zuwu—u))f)d APUET(7)
(0,7), w
><I\Pm+1 |: (G-l-p,T), (Bl;a])rln ‘LLT:| . (3.8)

9. If we set 6 = b =1 and c=-1 in (2.10), we get the
following result:

Corollary 3.11. Let aj, B, v, p, 0, T € C (j=1,2,....m) be
such that Y5° | R(a) ; > max{0;R(k) — 1}k >0, R(B),; >0
with R(y) > 0, R(t) > 0 and u> 0, v> 0, then following
relation holds true

1 lup(l—v)p_l(lfu)c_l(lfuv)l_p_c
b
J(aj)mw(vV(biT(l—u)T)dudv

(Bj)mv k _ uv)zf
_ { (1K), (p,7), (0, 7),
T(y) > """ | (o+p,27), (B + 42,07
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10. If we set k=0, m=1, 6 = b =1 and c=-1 in (2.10),
yields following result:

Corollary 3.12. Let oy, By, p, 0, T € C be such that R(ot); >
0, R(B)1 >0withR(y) >0, R(t) > 0and u> 0, v> 0, then
following relation holds true

/ol/lup(l_V)pil(l—u)cfl(l—uv
ut(1—u)?
Jn ((1—”)) dudy
_ Ly 1{ (7:k), (p,7), (0, 1),
" (0'+P72T)»(l31+1»051)'1"

)lfpfc

W} |
(3.10)

11. If we set § = ¢ = 1 and b=-1 in (2.10), we get the
following result:

Corollary 3.13. Let o), Bj, v, p, 0, T € C (j=1,2,....m) be
such that Y| R(at); > max{0;R(k) — 1};k >0, R(B); >0
with R(y) > 0, R(t) > 0 and u> 0, v> 0, then following
relation holds true

1 1
//uP(1—v)lH(l—u)Gfl(l—uv)FP*G
0 Jo
(0)m, ¥ (l_u)
Eqsf)m ( = )d dv

uy )
(G 7,
m+1 G+p 2T

Bj, )t

_W}

(3.11)

4. Concluding note

In the present paper, we have investigated a new exten-
sion of generalized multiindex-Bessel function and find their
connection with other functions scattered in the literature
of special function. Certain class of unified integrals in-
volving EGMBF are expressed in terms of Wright hyperge-
ometric function and Fox H-function. Extended generalized
multiindex-Bessel function (EGMBF) is the special case of
2m-parametric Mittag-Leffler function [1], generalized multi-
index-Bessel function [4], Multi-index Mittag-Leffler func-
tion [7] and Mittag-Leffler type function [16] by specializing
the suitable values of parameter involved. Also extended gen-
eralized multiindex-Bessel function are expressed in terms of
Meijer-G function [6] and generalized hypergeometric func-
tion ,F; [21]. Therefore the results presented in this paper are
easily converted in terms of a similar type of new interesting
integrals with different arguments.
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