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1. Introduction

In this paper, we study the oscillatory behavior of all
solutions of nonlinear second order difference equations with
a superlinear neutral term of the form

A(and (yu+ puy& ) + @t =0, n>no (1.1)

where ng is a positive integer, subject to the following condi-
tions:

(H)) a>1and B > 0 are quotient of odd positive integers;

(Hy) {an}, {pn}, {gn} for n > ny are positive real sequences
such that lim,,_,. p, =0, and } . L < oo

n=ng ap

(H3) k€ Nand /¢ € Ny.

Let 1 = max{k, £{—1}. By a solution of equation (1.1),
we mean a real sequence {y,} defined for n > no — n, that
satisfies equation (1.1) for all n > ng. A nontrivial solution of
equation (1.1). A nontrivial solution of equation (1.1) is said
to be oscillatory if its terms are neither eventually positive nor
eventually negative, and otherwise it is called nonoscillatory.
Equation (1.1) is said to be oscillatory if all its solutions are
oscillatory.

Recently, there has been a lot of interest in studying the
oscillatory and asymptotic behavior of solutions of various
classes of second order nonlinear difference equations, see
[1, 2, 10, 12] and the references contained therein. In [4,
6, 15—-18], the authors considered equation of the form (1.1)
and obtained criteria for the oscillation of (1.1) under the
conditions either

|
n=ny an
or
|
Y — < (1.3)
n=ng an

for the case 0 < a < 1. In [7, 9], the authors investigated the
oscillatory behavior of equation (1.1) when o > 1, under the
assumptions (1.2) and (1.3), respectively.
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In view of the above observations our aim in this paper is
to present some new sufficient conditions which ensure that
all solutions of equation (1.1) when the condition (1.3) holds
and our results are different from that of [7, 9]. For related
results concerning second order differential equations with
sublinear or superlinear neutral terms, we refer the reader to
[3, 8, 13, 14].

2. Main Results

In the following for convenience we denote

n = Yn+l7nygfka
=1
A, = —,
and
ak
P, = 1-M*"p, 4@ 20
n

for every constant M > 0 and n > n; > ny. For convenience,
for some 0 < ¥y < 1 and n > nj, we get

1+ -1
0=l RS,

We begin with a new oscillation result for equation (1.1) when
B>1

Theorem 2.1. Let assumptions (Hy) — (H3) and B > 1 be
hold. If

1

n
lim sup Z OsAst1 — =%,
oo s=n, dasAg g

2.1

then equation (1.1) is oscillatory.

Proof. Let {y, } be a nonoscillatory solution of equation (1.1),
say y, > 0, y,11-¢ > 0 and y,_x > 0 for n > n; for some
ny > ny. Itis easy to see that z, > 0 for n > n,, and equation
(1.1) becomes
AlanAz b =0 22
(an n)+Qny,,+],[ . (2.2)
Hence A(a,Az,) < 0 for all n > ny, which implies that a,Az,
is decreasing for all n > ny. Thus (I) Az, > 0 or (II) Az, <0
for all n > ny.
Now we consider Case (I). Since {z, } is a positive increas-
ing sequence, we have
Jim 20 = Jim (o i) = im vy
since lim,_.« p, = 0. Further there exists n3 > n; and a con-

stant d > 0 such that z, > d and y, > d for all n > n3. Using
the last inequality in (1.1), we obtain

AapAz,) +dPg, <0, n>n. (2.3)
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Summing (2.3) from n3 to n — 1, we have

n—1
anlAz, 7an3AZn3 +dﬁ Z gs <0, n>ns.

s=n3

(2.4)

But (2.1) implies that
Z qn =,
n=nj3

which together with (2.4) yields

lim a,Az, = —os.
n—eo
This contradicts the eventual positivity of a,Az,.
Next, we consider Case (II). Define the sequence {w,} by

anAz
Wy = i ”, n>np.
n

2.5)

Then w,, < 0 for n > ny, and the decreasing nature of a,Az,
implies that

anAz
Az, < 2= for s>n>n.

(2.6)
ds
Summing (2.6) from n to j — 1 > n, we obtain
=1y
Zj—Zn < apAzy Z — 1,
s=n Gs
which by letting j — oo, leads to
DA\ for n> m, 2.7)
n
or
wpA, > —1 for n>no. 2.8)
Now from (2.7) that
A (Zn) _ AnAz, — 72AA, _ AnanAz, + 2z, >0
Ay AnAn g apAnAn i
for n > ny, and thus
Zn In—k
— > — for n>ny+k. (2.9)
An Anfk

From the definition of z,,, we have
=z, — V" > 7, — ppz® >tk
Yn=2n — DPnYp—f = in — Pnlp_j, B =212

and using (2.9), we obtain

A% A%
nk o — (l — Dn ”_kz,‘f]) Zn. (2.10)

Yn 2 Zn— Pn A,? A,?

Since z,, is positive and decreasing, we get

Zn < 2Zpy =M >0 for n > ny. (2.11)
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Using (2.11) in (2.10), we obtain

> (1-m*! Ak, for n>ny. (2.12
Yn 2 Pn—yq ) %n=1EnZn or n>ny. (2.12)
n

Since {g—"} is positive and increasing, we get
n

%2%;:(1>0 for n > ny. (2.13)

Further, {A, } is positive and converging to zero, there exists
n3 > ny + k such that

0 <A} <d for n>nj. (2.14)
Hence by (2.13) and (2.14)
2 > AN n> s, (2.15)
By (2.12), from (2.2), we obtain
AlanAz,) = _‘]n}’fﬂ—é
< —anfH_[ZEH_[
< —qPP L n>m, (2.16)

where, we also used the decreasing nature of z, in the last
estimate. Now (2.16), in view of (2.15) leads to

A(anAZn) S _QnAELL-iY)(ﬁ_l)P'?+17[Zn+I
= —Qnzpt+1 for n>n;3. 2.17)
From (2.5) one obtains
Aw, = AlanAz) S w2
Zn+1 AnZn+1
2
< Alahdn) wy (2.18)
Zn+1 dan

where we have used again the decreasing nature of {z,,}. Com-
bining (2.18) and (2.17), we have

W2
Aw, < =0, — =, n>n;3.
a

n

(2.19)

Using (2.19), we get
AlAwy) =

Wn
= —— +Au1Awy,
dn

WAy, + Ay 1 Awy

2
Wy App1w
< —Po4u0,- B
a, a,
< Ap+10n + !
>~ —Ap+1¥n )
4anAn+1

and summing this resulting inequality from n3 to n and using
(2.8) yields

L 1
Z OsAsi1 — < An3 Wny — Apr1iwp
4a,A
s=n3 ss+1

S 1 +An3Wn3 < o0

for n > n3, contradicting (2.1). This completes the proof. [
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When 8 = 1, we have the following immediate corollary
from Theorem 2.1.

Corollary 2.2. Let assumptions (H;) — (H3) and B = 1 be
hold. If

= o0

. (2.20)
4aSA s+1

n
;}E)I;lo sup Z qus+l—[As+l -

s§=ni
then equation (1.1) is oscillatory.

Next, we present an oscillation criteria for the case 0 <
B <1

Theorem 2.3. Let assumptions (H;) — (Hz) and 0 < 8 < 1
be hold. If

n
limsup Y [Lg,PL, A — =, (221)

s=ny

4asAg

for some constant L > 0, then equation (1.1) is oscillatory.

Proof. Let {y, } be a nonoscillatory solution of equation (1.1),
say y, >0, yy+1—¢ > 0 and y,_4 > 0 for all n > n; for some
ny > ng. Proceeding as in the proof of Theorem 2.1, we
obtain two cases (I) Az, > 0 of (Il) Az, < 0 for all n > n;.
The proof of Case (I) is similar to that of Theorem 2.1. For
Case (II), we see that {z,} is positive and decreasing with
lim, ez, = lim;, e y,. Then we have either lim, .2, =
di >0 orlim,_,. 2, = 0. The first case implies that lim,, e y, =
dj. Thus, there exist d, > 0 and n, € N such that y, > d for
all n > ny. Then using this estimate in equation (1.1) and
arguing as in Case (I), we obtain a contradiction. For the other
case, there exists n3 € N such that

0<z,<k (2.22)

1
for all n > n3 and K = LF-T > 0. Now proceeding as in the
proof of Theorem 2.1 (Case (II)), we obtain (2.16) and then
using (2.22) yields

AlayAzy) < —quP, f+1—ézf+l
. B Zn+1
= —WFip

Zp+1
B Zn+1
< _ann+17[ﬂ

= _LQnP,ﬂr],anJrlv n>n;3.

The rest of the proof is similar to that of Theorem 2.1 and
hence is omitted. This completes the proof. O

3. Example

In this section, we present some examples to show the
importance of the main results. First we give an example for
the case § > 1.
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Example 3.1. Consider the second order neutral type differ-
ence equation

o

Al
A(n(n+l)A (yn+ ;’12">>+(n+1)5y2+1_220, n>1.

3.1

Here o0 > 1 is a quotient of odd integers, 3 = 3, the delays
k>1andl>0,anda, =n(n+1), p,= ,712 and ¢, = (n+1)°.
We set v = 1. It is easy to see that (Hy) holds. Further A, = %
MO{—]

andPnZIfm.Also
0. L ()
nAn+1 dapAns =n
Mo S
1— - —.
( (n+1—€)2°‘(n+1—€—k)°‘> 4n
Moreover

1
li WApi] — ————— | = oo,
ngrc}o <Q ! 4'anAn-'rl )

and therefore condition (2.1) of Theorem 2.1 is satisfied. Hence
the equation (3.1) is oscillatory.

Next we give an example for the case § = 1.

Example 3.2. Consider the second order neutral type differ-
ence equation

3

yf,,k +n+l

Al n(n+ 1A |y, + =5
n3 n

Yn+1—¢ :07 n Z L.

(3.2)

1, the delays k > 1 and ¢ > 0, and a, =

Here o0 = %, B
— _ n+l _ 1 .
= and q, = 5 =. We set Y= 5. It is easy

n(n"' 1), Pn

=
O

2
to see that (Hy) holds. Also A, = % and P, = 1 — M2
(n—k)3

Further

It

1 3 M

GuPpi1tApy— —— = — ————————.
nin+ n+ 4anAn+1 4n n(nJr 1 757]{)%

Therefore condition (2.20) of Corollary 2.2 is satisfied and
hence equation (3.2) is oscillatory.

Finally, we provide an example for the case 0 < 8 < 1.

Example 3.3. Consider the second order neutral type differ-
ence equation

« 1
A (2"A (yn+ y;j)) a2y =0, > 1. (33)

Here oo > 1and B = % and the delays k > 1 and ¢ > 0, and
ap,=2", pp= 2% and g, = n2". We set y= 1. It is easy to see
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o MOC—]

that condition (Hy) holds. Also A,, = 2,1%1,
Further

1 (1 M ! 1
— —In _ - ) _Z
4‘anAn+1 on+l—{—ak 4’

and this tends to infinity for any constant L > 0. Therefore con-
dition (2.21) of Theorem 2.3 is satisfied and hence equation
(3.3) is oscillatory.

anPf+] ,[AnJr 1=

4. Conclusion

In this paper, we present some new oscillation criteria
for the equation (1.1). The obtained results simplifies the
known results in the literature in the sense that we need only
one condition instead of two conditions required in [7, 9, 11]
for the oscillation of all solutions of equation (1.1). Further
the results presented in this paper extend and generalize the
results known [4-6, 15-18] for the case 0 < o < 1 to the case
o> 1.
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