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Abstract
In this paper we establish a common fixed point theorem for four weakly compatible self maps with (E.A)property
of a G-metric space.
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1. Introduction
Several researchers [2,3,4,9,10,11] generalized metric spaces

in different ways. Among all these the G-metric space given
by Zead Mustafa and Brailey Sims [10,11]is interesting.

G.Jungck [5,6] first introduced compatible mappings and
later Jungck and Rhoades [7] introduced the notion of weakly
compatible mappings as a generalization of weakly com-
muting mappings given by Sessa [8]. Recently, Aamri and
Moutawakil [1] introduced the concept of (E.A) property.

In present paper we prove a common fixed point theorem
for four weakly compatible self maps with (E.A) property in
a G-metric space.

2. Preliminaries

Definition 2.1. [11] Let X be a non empty set and
G : X3→ [0,∞) be a function satisfying
(G1) G(x,y,z) = 0 if x = y = z
(G2) 0 < G(x,x,y) for all x,y ∈ X with x 6= y

(G3) G(x,x,y)≤ G(x,y,z) for all x,y,z ∈ X with z 6= y
(G4) G(x,y,z)=G(σ(x,y,z)) for all x,y,z∈X where σ(x,y,z)
is a permutation of the set {x,y,z} and
(G5) G(x,y,z)≤ G(x,w,w)+G(w,y,z) for all x,y,z,w ∈ X
Then G is called a G-metric on X and the pair (X ,G) is called
a G- metric space.

Lemma 2.2. [11] Let (X ,G) be a G-metric space then
G(x,y,y)≤ 2G(y,x,x) for all x,y ∈ X

Definition 2.3. [11] Let (X ,G) be a G-metric Space. A se-
quence {xn} in X is said to be G-convergent if there is a x0 ∈X
such that to each ε > 0 there is a natural number N for which
G(xn,xn,x0)< ε for all n≥ N.

Definition 2.4. [11] Let (X ,G) be a G-metric Space. A se-
quence {xn} in X is said to be G-Cauchy if for each ε > 0
there exists is a natural number N such that G(xn,xm,xl)< ε

for all n,m, l ≥ N.

Note that every G-convergent sequence in a G-metric
space (X ,G) is G-Cauchy.

Definition 2.5. [11] A G-metric space (X ,G) is said to be G-
complete if every G-Cauchy sequence in (X ,G) is G-convergent
in (X ,G)

Definition 2.6. Let f ,g be two self maps mappings of a metric
space

(
X ,G

)
. The pair ( f ,g) is said to be weakly compatible,

if G( f gx,g f x,g f x) = 0 whenever G( f x,gx,gx) = 0.
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That is the mappings f and g are said to be weakly compatible
if they commute at their coincident points.

Definition 2.7. Let f and g be two self maps of a G-metric
space (X ,G). We say that f and g satisfy the property (E.A) if
there exists a sequence {xn} in X such that
lim
n→∞

gxn = lim
n→∞

f xn = t for some t ∈ X.

Example 2.8. [1] Let X = [0,∞). Define f ,g : X → X by
f x = x

4 and gx = 3x
4 for all x ∈ X

Consider the sequence xn =
1
n .

Clearly lim
n→in f ty

f xn = lim
n→in f ty

gxn = 0

Then f and g satisfy (E.A) property

Example 2.9. Let X = [2,∞). Define f ,g : X → X by
f x = x+1 and gx = 2x+1 for all x ∈ X
Suppose that property (E.A) holds; then there exists a se-
quence {xn} in X satisfying lim

n→in f ty
f xn = lim

n→in f ty
gxn = t for

some t ∈ x.
Therefore lim

n→in f ty
xn = t−1 and lim

n→in f ty
xn =

t−1
2

Then t = 1, which is a contradiction since 1 /∈ X.
Hence f and g do not satisfy (E.A) property

Clearly weakly compatible and property (E.A) are
independent of each other

Example 2.10. Let X = [0,∞). Define f ,g : X → X by
f x = 3x−2 and gx = x2 for all x ∈ X
Then f ,g satisfy the property (E.A) for the sequence
xn =

1
n +1,n≥ 1. But f and g are not weakly compatible since

they coincide at the points 1 and 2 but they do not commute at
2

Definition 2.11. A function φ : (R+)5→R+ which is contin-
uous and increasing in each co-ordinate with φ(t, t, t, t, t)< t
for every t ∈ R+ is called an Implicit relation
The set of all implicit relations is denoted by Φ

3. Main Results
Theorem 3.1. Let f ,g,h, and p be selfmaps of a G-metric
space(X ,G) satisfying the following conditions

(i) f (X)⊆ h(X) and g(X)⊆ p(X)

(ii) one of f (X),g(X),h(X) and p(X) is closed subset of
X.

(iii) G( f x,gy,gy)

≤ φ

(
G(px,hy,hy),G( f x, px, px),G(hy,gy,gy),

G(px,gy,gy),G( f x,hy,hy)
)

for every x,y ∈ X and φ ∈Φ

(iv) The pairs ( f , p)and (g,h) are weakly compatible

(v) The pairs ( f , p) or (g,h) satisfies the property (E.A)

Then f ,g,h and p have a unique common fixed point in X

Proof. We first prove the existence of a common fixed point
in one of the two cases of the condition (v) and the other case
follows similarly with appropriate changes. Here we prove
in case (g,h) satisfies the property (E.A). Then there exists a
sequence {xn} in X such that
lim
n→∞

gxn = lim
n→∞

hxn = z for some z ∈ X

Since g(X)⊆ p(X), there exists {yn} in X such that
lim
n→∞

gxn = lim
n→∞

pyn = z
We now prove lim

n→∞
f yn = z

Let lim
n→∞

f yn = l and if l 6= z then G(l,z,z) 6= 0
From (iii)of the Theorem 3.1,we have

G( f yn,gxn,gxn)

≤ φ

(
G(pyn,hxn,hxn),G( f yn, pyn, pyn),G(hxn,gxn,gxn),

G(pyn,gxn,gxn),G( f yn,hxn,hxn)

)
on letting n→ ∞ we get

G(l,z,z)

≤ φ

(
G(z,z,z),G(l,z,z),G(z,z,z),G(z,z,z),G(l,z,z)

)
= φ

(
0,G(l,z,z),0,0,G(l,z,z)

)
≤ φ

(
G(l,z,z),G(l,z,z),G(l,z,z),G(l,z,z),G(l,z,z)

)
< G(l,z,z)

which is a contradiction since l = z
Hence we have lim

n→∞
f yn = z.

Suppose p(X) is closed subset of X then there exists u in X
such that pu = z
Therefore we have
lim
n→∞

f yn = lim
n→∞

gxn = lim
n→∞

hxn = lim
n→∞

pyn = z = pu
Now from (iii)of the Theorem 3.1,we have

G( f u,gxn,gxn)

≤ φ

(
G(pu,hxn,hxn),G( f u, pu, pu),G(hxn,gxn,gxn),

G(pu,gxn,gxn),G( f u,hxn,hxn)

)
on letting n→ ∞ we get

G( f u,z,z)

≤ φ

(
G(z,z,z),G( f u,z,z),G(z,z,z), G(z,z,z),G( f u,z,z)

)
= φ

(
0,G( f u,z,z),0,0,G( f u,z,z)

)
≤ φ

(
G( f u,z,z),G( f u,z,z),G( f u,z,z), G( f u,z,z),

G( f u,z,z)
)

< G( f u,z,z)
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which is a contradiction hence f u = z
Therefore f u = pu = z
Since f (X)⊆ h(X), then there exists a point v in X
such that f u = hv = z.
Now we claim that gv=z.
If gv 6= z then G(z,gv,gv)> 0
From (iii)of the Theorem 3.1,we have

G( f u,gv,gv)

≤ φ

(
G(pu,hv,hv),G( f u, pu, pu),G(hv,gv,gv),

G(pu,gv,gv),G( f u,hv,hv)
)
.

G(z,gv,gv)

≤ φ

(
G(z,z,z),G(z,z,z),G(z,gv,gv),

G(z,gv,gv),G(z,z,z)
)

= φ

(
0,0,G(z,gv,gv),G(z,gv,gv),0)

)
< φ

(
G(z,gv,gv),G(z,gv,gv),G(z,gv,gv),

G(z,gv,gv),G(z,gv,gv)
)

< G(z,gv,gv)
which is a contradiction,hence gv = z,thus hv = gv = z.
Since the pair ( f , p) is weakly compatible then
f pu = p f u implies f z = pz.
We now show that f z = z.
If f z 6= z then G( f z,z,z)> 0.
From(iii) of the Theorem 3.1, we have

G( f z,gv,gv)

≤ φ

(
G(pz,hv,hv),G( f z, pz, pz), G(hv,gv,gv)

, G(pz,gv,gv),G( f z,hv,hv)
)

G( f z,z,z)

≤ φ

(
G( f z,z,z),G( f z, f z, f z), G(z,z,z),G( f z,z,z)

, G( f z,z,z)
)

= φ

(
G( f z,z,z),0,0,G( f z,z,z),G( f z,z,z)

)
≤ φ

(
G( f z,z,z),G( f z,z,z),G( f z,z,z),

G( f z,z,z),G( f z,z,z)
)

< G( f z,z,z)
which is a contradiction,hence f z = z,
thus f z = pz = z.
Proving that z is common fixed point of f and p.
Since the pair (g,h) is weakly compatible then
ghv = hgv implies gz = hz.

We now prove that gz = z
If gz 6= z then G(z,gz,gz)> 0
From(iii) of the Theorem 3.1, we have
G( f z,gz,gz)

≤ φ

(
G(pz,hz,hz),G( f z, pz, pz),G(hz,gz,gz),

G(pz,gz,gz),G( f z,hz,hz)
)

G(z,gz,gz)

≤ φ

(
G(z,gz,gz),G(z,z,z),G(gz,gz,gz),G(z,gz,gz),

G(z,gz,gz)
)

= φ

(
G(z,gz,gz),0,0,G(z,gz,gz),G(z,gz,gz)

)
≤ φ

(
G(z,gz,gz),G(z,gz,gz),G(z,gz,gz), G(z,gz,gz),

G(z,gz,gz)
)

< G(z,gz,gz)
which is a contradiction,hence gz = z,
thus gz = hz = z.
Proving that z is common fixed point of g and h.
Showing that z is a common fixed point of f ,g,h and p.
The proof is similar in the other cases of the condition (ii)
with appropriate changes.
Uniqueness:Let w be the another common fixed point of
f ,g,h and p.
If z 6= w then G(z,w,w)> 0
From (iii)of the Theorem 3.1,we have
G(z,w,w)
= G( f z,gw,gw)

≤ φ

(
G(pz,hw,hw),G( f z, pz, pz), G(hw,gw,gw),

G(pz,gw,gw),G( f z,hw,hw)
)

≤ φ

(
G(z,w,w),G(z,z,z),G(w,w,w), G(z,w,w),G(z,w,w)

)
= φ

(
G(z,w,w),0,0,G(z,w,w),G(z,w,w)

)
≤ φ

(
G(z,gz,gz),G(z,gz,gz),G(z,gz,gz),G(z,gz,gz),

G(z,gz,gz)
)

< G(z,gz,gz)
which is a contradiction,hence w = z.
Therefore z is the the unique common fixed point of f ,g,h
and p.

Corollary 3.2. Let f ,g and p be self maps of a G-metric
space(X ,G)
satisfying the following conditions

(i) f (X)⊆ p(X) and g(X)⊆ p(X)

(ii) one of f (X),g(X) and p(X) is closed subset of X.
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(iii) G( f x,gy,gy)

≤ φ

(
G(px, py, py),G( f x, px, px),G(py,gy,gy),

G(px,gy,gy),G( f x, py, py)
)

for every x,y ∈ X and φ ∈Φ

(iv) The pairs ( f , p)and (g, p) are weakly compatible

(v) The pairs ( f , p) or (g, p) satisfies the property (E.A)

Then f ,g and p have a unique common fixed point in X

Proof. On taking h = p in the Theorem 3.1, the corollary
follows.

Corollary 3.3. Let f and p be self maps of a G-metric space
(X ,G) satisfying the following conditions

(i) f (X)⊆ p(X)

(ii) one of f (X) and p(X) is closed subset of X.

(iii) G( f x, f y, f y)

≤ φ

(
G(px, py, py),G( f x, px, px),G(py, f y, f y),

G(px, f y, f y),G( f x, py, py)
)

for every x,y ∈ X and φ ∈Φ

(iv) The pair ( f , p) is weakly compatible

(v) The pair ( f , p) satisfies the property (E.A)

Then f and p have a unique common fixed point in X

Proof. On taking h = p and f = g in the Theorem 3.1, the
corollary follows

References
[1] M.Aamri and D.El Moutawakil, Some New common

fixed point theorems under strict contractive conditions,
J.Math.Anal.Appl,270(2002),181-188.

[2] B.C.Dhage, Generalized metric space and mapping with
fixed point,Bull.Cal.Math.Soc,84, (1992),329-336.

[3] S.Gahler, 2- metrische Raume and ihre topologische
struktur, Math.Nachr,26, (1963), 115-148.

[4] S.Gahler, Zur geometric 2-metriche raume, Revue
Roumaine de Mathmatiques pures et Appliquees,11,
(1966), 665-667.

[5] G.Jungck, Common fixed points for non-continuous non-
selfmaps on non metricspaces, Far East J.Math. Sci, 4
,No.2(1996),199-215

[6] G.Junck, Compatible mappings and Common fixed
points, Int j of Math and Math.Sci, 9, No.4(1986),771-
779.

[7] G.Junck and Rhoads. B.E, Fixed point for set valued
functions with out continuity,Indian j pure Appl. Math.Sci,
29, (1998),227-238.

[8] S.Sessa, On a weak commutativity condition of
mappings in fixed point considerations ,Publ.Inst
math.Debre,62,(1982),149-153.

[9] S.Sedghi,N.shobe and H.Zhou, A Common fixed point
theorem in D∗-metric spaces,Fixed point Theorey Appl,
(2007),1-3.

[10] Zead Mustafa and B.Sims, some remarks concerning D-
metric spaces,Proc. of the Int conference on Fixed point
theory and Appl,(2003),189-198.

[11] Zead Mustafa and B.Sims A new approach to genar-
alized metric spaces,J.of Non linear and convex
analysis,7,(2006),289-297.

?????????
ISSN(P):2319−3786

Malaya Journal of Matematik
ISSN(O):2321−5666

?????????

439

http://www.malayajournal.org

	Introduction
	Preliminaries
	Main Results
	References

