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Certain subclasses of bi-univalent functions
involving the Poisson distribution associated with
Horadam polynomials
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Abstract

In this paper, we introduce three new subclasses of the function class X of bi-univalent functions involving the
Poisson distribution associated with Horadam polynomials. Furthermore, we obtain estimates on the first two
coefficients of functions in these new subclasses. Also, Fekete-Szegd inequalities of functions belonging to these

subclasses are founded.
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1. Introduction

Let A denote the class of the functions f of the form

fl@)=z2+) ad" (1.1)
n=2

which are analytic in the open unit open disk U= {z:z €
C,|z| < 1}, and let S be class of all functions in A which are
univalent and normalized by the conditions

f0)=0=F£(0)—1

in U. It is well known that every function f € S has an inverse
71, defined by

S H(fR) =z (z€),

and |
S =w (Iw < ro(f)sro(f) > 1)

where

fﬁl(w) =w+aw? + (Za% —3a3)w3

—(5a3—5a2a3 +a4)w4+--~ ) (1.2)

A function f € A is said to be bi-univalent in U if both f(z)
and f~!(z) are univalent in U. Several open problems and
conjectures involving bounds of the coefficients of the func-
tions in Z/, can be found in the earlier work studied by Lewin
[10], he studied the class of bi-univalent functions and derived
that |az| < 1.51.

In 2010, Srivastava et al. [14] revived the study of bi-univalent
functions by their pioneering work on the study of coefficient
problems. Several authors have introduced and investigated
subclasses of bi-univalent functions and obtained bounds for
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the initial coefficients (see [4], [5], [1], [2], [3]). However,
for the coefficient estimate problem for each of the following
Taylor-Maclaurin coefficients |a,|(n = 3,4,...) is still an open
problem.

For two functions f and g, analytic in U, we say that the
function f is subordinate to the function g in U, written as
f(z) < g(z), (z€U), provided that there exists an analytic
function (that is, Schwarz function) w(z) defined on U with

w(0)=0 and |w(z)|<1forall zeU,

such that f(z) = g(w(z)) forall z € U.
Indeed, it is known that

f(z) <8(z) (z€U) = f(0)=¢(0) and f(U) C g(U).

Recently, Horcum and Kocer [8] considered Horadam
polynomials 4, (x), which are given by the following recur-
rence relation

hn(x) = pxhy—1(x) + ghy—2(x), (neN>2), (1.3)

with i1 = a, hy = bx, and h3 = pbx® + aq where (a,b, p, q are
some real constants) .
The characteristic equation of recurrence relation (1.3) is

1* — pxt —q=0. (1.4)

This equation has two real roots;

_ px+/px?44q
=——,

o

and

B px—/px*+4q
5 .

Remark 1.1. for particular values of a,b, p and q, the Ho-
radam polynomial h,(x) leads to various polynomials, among
those, we list a particular cases of Horadam polynomials
sequence here

e [fa=b=p=gqg=1, the Fibonacci polynomials se-
quence is obtained

F,(x) =xF_1(x)+ F—2(x), Fi(x) =1, B(x) =x.

o [fa=2,b=p=q=1, the Lucas polynomials sequence
is obtained

Ly—1(x) =xLy_2(x)+Ly—3(x), Lo(x) =2, L;(x) =x.

o I[fa=qg=1,b= p=2, the Pell polynomials sequence
is obtained

Py (x) =2xP,—1(x)+ P,—2(x), p1(x) =1, Py(x) =2x.

o [fa=b=p=2,9g=1, the Pell-Lucas polynomials
sequence is obtained

On-1(x) =2x0n 2(x) +Qp—3(x), Qo(x) =2, O1(x) = 2x.
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o [fa=1,b=p=2,q= —1, the Chebyshev polynomials
of second kind sequence is obtained

Un—1(x) =2xU,—2(x) + Uy—3(x), Up(x) =1, Ui (x) =2x.

e [fa=b=1,p=2,q= —1, the Chebyshev polynomials
of First kind sequence is obtained

Ty (x) =2xT,—2(x) + T,—3(x), To(x) =1, T1 (x) = x.

o [fx =1, The Horadam numbers sequence is obtained
hn_l(l) thn_z(l) +C]hn_3(]), ho(]) =a, h](l) =b.

For more information associated with these polynomials
sequences can be found in ([6], [7], [9], [11]).
Note that, the above polynomials, the families of orthogonal
polynomials and other special polynomials as well as their
generalizations are potentially important in a variety of disci-
plines in many of sciences, specially in mathematics, statistics
and physics.

Remark 1.2. [7] Let Q(x,z) be the generating function of the
Horadam polynomials hy(x). Then

Q(x, Z) _ a—+ (b — ap)Xt _ hn ()C)Z’171~
=1

1.5
1 — pxt — gt? (1.5)

n

A variable x is said to be Poisson distributed if it takes the
values 0,1,2,3, ... with probabilities

—m —m —m

e e

e
—-m
2 ,m 31 gasey

e ,ml—!,m

respectively, where m is called the parameter. Thus

n_,—m
Pax=r)=""—r=012,...
.

Recently, Porwal [12] introduced a power series whose coeffi-
cients are probabilities of Poisson distribution

= (n

We note that, by ratio test, the radius of convergence of the
above series is infinity. Also, by using the above series they
obtained some interesting results on certain classes of analytic
univalent functions.

In 2016, Porwal and Kumar [13] introduced a new lin-
ear operator I(m,z) : A — A by using the convolution (or
Hadamard product), and defined as follows

I(m,z)f = K(m,z) *f(Z)

o mnfl
K("LZ):Z—FZ 71)'e7'”z”, (m>0,ze).
n=2 :

0 mnfl
=z+ Z mefmanz", (m > O, zE U),
n=2 :

where * denote the convolution (or Hadamard product) of two
series.
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Lemma 1.3. Ifh € p then |ci| < 1, for each k, where p is the
Samily of all functions h analytic in U for which R{h(z)} > 0,
then

h(z) = 1+Clz+6222+c3z3+... zeU.

The object of the present paper is to introduce new sub-
classes of ¥ involving the Poisson distribution associated with
Horadam polynomials 4, (x). Estimates on the initial coeffi-
cients and the Fekete-Szegd inequalities for certain subclasses
of bi-univalent functions defined by means of Horadam poly-
nomials are obtained.

2. Coefficient Bounds for the Function
Class S5 (u,m,x)

We begin with introducing the function class Sy (i, 1, x)
corresponding to I(m,z) f(z) by means of the following defi-
nition.

Definition 2.1. A function f € ¥/ given by (1.1) is said to
be in the class Sy (W,m,x), if the following conditions are
satisfied:

z[l(m,z) f(z)]
I(m&)f(z) < Q(xyz) +1—«a 2.1
and
UCADH DI Qrw)+1—a 2.2)

1(m,w)g(w)

where the real constants a,b, p and q are some real constants,
Q(x,z) is given by (1.5) and g(w) = f~1(z) is given by (1.2).

We first state and prove the following result.

Theorem 2.2. Let the function f € ¥/ given by (1.1) be in the
class Sy (1, m,x). Then

|bx|+/e™|bx|

las| < a - 2.3)
V|m[(b—me=mp)bx2 —me~magq]|
2 ([embx]?  em|bx

|a3§m<[ - ] + 2|m> (2.4)

and for some N € R,

2
a3 —na;| <
e |bx| . |(b—me~" p)bx®—me "agq|
=) Af [T—pf < b2
&"|bx?|1—p| . i |(b—me ™" p)bx> —me "agq| *
|(b—me~"™p)bx2—meMagq| if ‘l ‘u| z mb2x%
(2.5)
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Proof. Let f € ¥’ be given by the Taylor-Maclaurin expan-
sion (1.1). Then, for some analytic functions ¥ and & such
that ¥(0) = ®(0) =0, |y(z)| < 1 and |[®(w)| < 1, z,we U
and using Definition 2.1, we can write

=0o(xd(z)+1-a

and

wlI(m, w)g(w)]

T wgls) O YENFI—e

or, equivalently,

= 1+hy(x) —a+hy(x)®(z) + h3(x) [@(2)]* +--- (2.6)

and

!

wll(m,w)g(w)]
I(m, w)g(w)

=1+hy(x) —a+hy(x)y(w) +hs(x) [ww)P+---. (2.7

From (2.6) and (2.7), we obtain

2

= 1+ h@X)piz+ @) p+X)pE+- (2.8)

and

!

wlt(m,w)g(w)]
1(m,w)g(w)

= 1+ hy(x) prw + [h2(x)g2 + h3 (x) g7 1w

+o. (29
Notice that if

|D(2)| = |priz+p2? +p32 +..| <1 (z€U)
and

W)l = lgiw+gw’ +g3w’ +..| <1 (wel),

then
lpil <1 and |q| <1 (ieN).
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Thus, upon comparing the corresponding coefficients in (2.8)
and (2.9), we have

me "a, = hy(x)py (2.10)

me " [ma3 — aﬂ =hy(x)p2+h3 (x)p% 2.11)

—me "ay = hy(x)q (2.12)

me™ " [3a% — ma3] =hy(x)q2+h3 (x)q%. (2.13)
From (2.10) and (2.12), we have

P1=—q1 (2.14)
and

2m*e a3 = 3 (x)(p? +q3). (2.15)
If we add (2.11) and (2.13), we get

2me "a3 = hy(x)(p2+q2) + h3(x)(pT +41).  (2.16)
By substituting (2.15) in (2.16), we reduce that

_ me "h3(x) } 2
2me™ " |1 — ——=—= a5 =hy(x +q2), (2.17)
|: [hz(x)}z 2 2( )(p2 612)
=
13 (x)(p2+ q2)
2 2
= 2.18

27 Jmem [62x2 — me="(pbx? + aq)]’ (2.18)

which yields

|bx|+/e™|bx]

Clg‘ < .
il me )b —me Tag]

By subtracting (2.13) from (2.11) and in view of (2.14), we
obtain

2

2mPe a3 —4me a5 = hay(x)(p2 — q2) +h3(x) (pT — q1)-

(2.19)

In view of (2.14) and (2.15), equation (2.19) becomes

dme™"a3 o (x)(p2 —q2)
a= 2mZe—m 2m2e—™M (2.20)

Hence using (2.14) and applying (1.3), we get desired inequal-
ity (2.4).
From (2.20), for n € R, we get,

ha(x)(p2 — q2)
2m2eMm

[ ()P (1 =) (p2+92)
2me="[(hy(x))% — me~"™h3(x)]

2
az—na;=
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=hy(x) {<®(n,x) + m;g_) P2+ (®(n7x) - Zmzle_) 92] :

where

[ ()2 (
2me="|(ho(x))?

1-n)
—me~"h3(x)]

®(n’x> =

So, we conclude that

|k m
laz —na3| < - Imzz(x>| 100 <5,
= Lmelemy| om0 = L

This proves Theorem 2.2.

3. Coefficient Bounds for the Function
Class K3 (u,m,x)

Definition 3.1. A function f € X' given by (1.1) is said to
be in the class K5 (u,m,x), if the following conditions are
satisfied:

L+ T <@ +1-a oY
and
. w[l(m,w)g(W)]N <Qx,w)+1—a (3-2)

where the real constants a,b, p and q are some real constants,
Q(x,z) is given by (1.5) and g(w) = f~(z) is given by (1.2).

Theorem 3.2. Let the function f € ¥/ given by (1.1) be in the
class K3 (u,m,x). Then

|bx| /€™ |bx|

a] < (3.3)

2] V2m[(b —2me="p)bx2 — 2me"™aq]|

a3 < 1 ([e"bx 2+ " |bx| (3.4)
1=m\ | 2m om |’ '

and for some 1 € R,

2
las —na;| <
e"|bx| if |1 _ | < |b2x% —2me™" (pbx*+-aq))
6m? ’ HI= 3mb2x?
" |bx?|1—p| 11 > |b2x2 —2me~" (pbx>+aq)| *
|b2x2 —2me =" (pbx%+aq)| ’lf| _u| = 3mb2x2

(3.5)

00%%
< 000,
Seezz
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Proof. Let f € ¥’ be given by the Taylor-Maclaurin expansion
(1.1). Then, for some analytic functions ¥ and & such that
Y(0) =®(0) =0, |y(z)| < 1 and |P(w)| < 1, z,w € U and
using Definition 3.1, we can write

- =0(x,d(z7)+1—-«a

and

wll(m,w)g(w)]
[ (m, w)g(w)]

or, equivalently,

=oMxyWw)+1—a

- (3.6)

and

=1+hi(x) —a+h(x)y(w) +hs(x) [ww)]P+---. (3.7)

From (3.6) and (3.7), we obtain

(3.8)

and

2

=1+hx)pw+ [h(x)g +h(x)giw? +--- . (3.9)

Notice that if”

[@(2)| = P12+ p2Z +p3 +..| <1 (ze)
and

lW(w)| = lgw+gw’ +gaw’ +...| <1 (wel),

then
lpil <1 and |q:| <1 (i€N).

Thus, upon comparing the corresponding coefficients in (3.8)
and (3.9), we have
2me

May = hy(x)p1 (3.10)
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me™" [6maz — 4a%] = hy(x)p2 + h3(x) p? (3.11)

—2me "ay = hy(x)q; (3.12)

2me ™" [4a3 — 3maz| = h(x)q2 + h3(x)qj. (3.13)
From (3.10) and (3.12), we have

P1=—q1 (3.14)
and

8m’e a3 = 3 (x) (Pt +47)- (3.15)
If we add (3.11) and (3.13), we get

4me™" a3 = o (x)(p2 + @2) + 13 (x) (T +47).  (3.16)

By substituting (3.15) in (3.16), we reduce that

_ 2me ""h3(x)] ,
4 mil - —= =h 3.17
me |: [hQ(X)]z :| a Z(X)(PZ'HIZ)» ( )
=
h3(x)(p2+ o)
2 2
= 3.18
27 dmem [62x2 — 2me="(pbx? +aq)]’ (3.18)
which yields

|bx| /€™ |bx|

b—2me " p)bx? — 2me "aq]|

el <

By subtracting (3.13) from (3.11) and in view of (3.14), we
obtain

2

m azz

12mPe™ "a3 = hy(x)(p2—q2) + 3 (X) (T — ).

(3.19)

In view of (3.14) and (3.15), equation (3.19) becomes

12me””a§ ha(x)(p2 — q2)

12m2e—m 12m2e—m
Hence using (3.14) and applying (1.3), we get desired inequal-
ity (3.4).

From (3.20), for n € R, we get,

[ ()] (1 =1)(p2+q2)

az—12me™

a3 = (3.20)

ha(x)(p2 — q2)

—na? =
I [h2(x) — 2me="h3(x)) 12m2e—m
=) | (004 15 ) ot (On) - 15z ).
where
x))?(1—
@(T],x) — [hZ( )] (1 77)

dme—"[hy(x) — 2me—"hz(x)]

So, we conclude that

"hy (x) e
|a3—na%| < o ,0(n,x)| < lgmz
D)0, )| [O(n,2)| > 1

This proves Theorem 3.2.



Certain subclasses of bi-univalent functions involving the Poisson distribution associated with Horadam polynomials

4. Coefficient Bounds for the Function
Class SK;(u,m,x)

Definition 4.1. A function f € ¥ given by (1.1) is said to
be in the class SK.(u,m,x), if the following conditions are
satisfied:

I(m,2)f(2)] <Qx,2)+1-a 4.1)
and

[I(m,w)g(w)]/ <Qx,w)+1—a 4.2)

where the real constants a,b, p and q are some real constants,
Q(x,z) is given by (1.5) and g(w) = f~1(z) is given by (1.2).

Theorem 4.2. Let the function f € ¥ given by (1) be in the
class SK: (1, m,x). Then

|bx|+/e™|bx|

|a2‘§ —m 2 —m
V/|m[(3b — d4me="p)bx2 — dme~magq]|

a3 < 1 [ [embx 2+ 4¢™|bx|
3= om m 3m ’

and for some N € R,

4.3)

4.4)

a3 —na3| <

2™ |bx .
# JAf [l—pf <
"bx*|1-p

2|[(3b—4me " p)bx>—4me " agq]|
3mb2x2

2|[(3b—4me™" p)bx®> —4me™
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=1+4hy(x) —a+hy(x)y(w) +hs(x) [ww)P 4. (4.7

From (4.6) and (4.7), we obtain

!/

[1(m,2) f(2)]

= 1+h@)piz+[hx)p+ha(x)pil+--  48)
and

[£(m, w)g(w)]

= 1+ hy(x)prw+ [ha(x)g2 + h3 ()G IwW* +--- . (4.9)
Notice that if

[®(2)| = P12+ p2d +p3 +..| <1 (zeU)
and

(W) = lgiw+gw’ +gaw’ +..[ <1 (wel),
then

lpil <1 and |gi| <1 (i€N).

Thus, upon comparing the corresponding coefficients in (4.8)
and (4.9), we have

|(3b—4me—"p)bx2—4me "Maq| ,lf|l—[.t| = 3mb2x?

4.5)

Proof. Let f € ¥ be given by the Taylor-Maclaurin
expansion (1.1). Then, for some analytic functions ¥ and &
such that ¥(0) = ®(0) =0, |y(z)| < 1 and

|®(w)| < 1, z,w € U and using Definition 4.1, we can write

!

[1(m,2)f(2)] = o(x,P(z)) +1 -
and

[1(m,w)g(w)) = o(x, (W) +1 -«
or, equivalently,

!

[1(m,z) f(2)]

= 1+ hi(x) = a+ho(x)@(2) + h3 (x) [@(2)] + -+ (4.6)

and

!

[1(m, w)g(w)]

623

"ag]|
1 2me "ap = hy(x) py (4.10)
3 2 —m 2
Fmeay = hy(x)p2 + h3(x) p] 4.11)
—2me "ay = hy(x)q; 4.12)
3

6me a3 — Em2a3 = hy(x)q2 + I3 (x) g3 (4.13)

From (4.12) and (4.10), we have
P1=—q 4.14)

and
8m2e™ a3 = h3(x)(p + 7). (4.15)

If we add (4.11) and (4.13), we get

6me a5 = hy(x)(p2 +q2) + h3(x)(pT +41).  (4.16)
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By substituting (4.16) in (4.15), we reduce that

B dme "h3(x)]| ,
2me ™ |3— ———=—|a3=h 4.17
me |: [hz(x)]z :| ap 2(x)(172+112); ( )
=
13(x) (P2 + q2)
2 2
= 4.18
27 Jmem [362x2 — 4me—"(pbx* + aq)]’ (4.18)
which yields

|bx|+/ €™ |bx]

b —4me—"p)bx2 — dme"aq|

s TG

By subtracting (2.13) from (2.11) and in view of (4.14), we
obtain

2 2

hay(x)(p2— q2) +h3(x) (PT — q1)-
(4.19)

3me "az; —6me

In view of (4.14) and (4.15), equation (4.19) becomes
2

6me "a;
3m2e—m

m

ha (x)(p2 —612).

Amle (4.20)

az =
Hence using (4.14) and applying (1.3), we get desired inequal-
ity (4.4).
From (4.20), for n € R, we get,

ha (x)(p2 — q2)
3m26—m

[ ()] (1 = 1) (p2 +g2)
2me="[3(hy(x))? — dme="h3(x)]

2
azy—na; =

=hy(x) K@(n,x) + 3m2lem> P2+ <®(71»X) - 3mzlem) 6]2} ,

where

®("Lx) =

LSS}

2me~"[3(h2(x))

So, we conclude that

26’”|h (X)l mn
< el g
2m@)][O(n.5)] 0.2 > L

This proves Theorem 4.2.

Remark 4.3. By taking all particular cases of Horadam poly-
nomials sequence as shown in remark 1.1, and use the same
technique we will have a new results for these subclasses.
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