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1. Introduction

Fractional calculus is a subject involving non-integer order
derivatives and integrals. It has many applications in different
fields such as physics, chemistry, mechanics, engineering
etc. There have been many books on fractional differential
equations, we refer the reader to [7, 8, 10] and the references
cited therein. Many authors have studied some aspects of
fractional differential equations, such as the existence and
uniqueness of solutions to Cauchy type problems and the
stability of solutions.

Oscillation theory is one of the most important qualitative
properties of solutions of differential equations. Oscillatory
behavior of ordinary differential equations can be found in
the monographs [1-3] and the references cited therein. But,
in recent years, oscillation theory of fractional differential
equations have been developed rapidly, see [4-6, 9, 11, 12].

Recently, in [11], Zhou et al. discussed the existence of
nonoscillatory solutions of the following fractional differential

equation

D¥ [x(t) — cx(t — 7)] + i[’i(t)x(t —0;)=0,1>1,
i=1

where D denotes the Liouville fractional derivative of order
o € [1,+o0) on the half-axis.
In [12], Zhou et al. studied the existence of nonoscillatory
solutions of
m
DY [x(t) +ex(t — )] + Y P(t)Fi (x(t — 6;)) =0, t > 19,
i=1
where D¥ denotes the Liouville fractional derivatives of order
o > 0 on the half-axis.

Motivated by the above literature, in this paper, we estab-
lish some sufficient conditions for the existence of nonoscil-
latory solutions of neutral functional differential equation of
fractional order

(r(6)De(r) + C(0)x(t — 1)]')

LY BOF (o)) =g(0), 1210, (LD
i=1

where D? is Liouville fractional derivative of order o« > 0 on
the half-axis, C, P, g € C([tp,),R), r € C([ty,),R"), F; €
C(R,R), 7, 0; € RY fori=1,2,....m, m > 1 is an integer.

Letl = max {7, 0;}. By a solution of Eq.(1.1), we mean
<i<m

a function x € C([r; — I,),R) for some #; > 7o such that
(r(1)D*[x(t) + C1 (t)x(t — 71)]")’ exists on [t;,0) and Eq.(1.1)
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is satisfied for t > 1.

A nontrivial solution of Eq.(1.1) is called oscillatory if it
has arbitrarily large zeros, otherwise it is called nonoscillatory.
Equation (1.1) is called oscillatory if all of its solutions are
oscillatory.

In this paper, we obtain some sufficient conditions for
the existence of nonoscillatory solution of Eq.(1.1) by using
Krasnosel’skii’s and Schauder’s fixed point theorems.

2. Preliminaries

In this section, we provide some preliminary details which
will be used in the subsequent section.

Definition 2.1. [7] The Liouville fractional integral on the
half-axis is defined by

DE ) = g | =0 s

wheret € R and o, € [0,00).

Definition 2.2. [7] The Liouville fractional derivative on the

half-axis is defined by
(oo troas),

), [@] denotes the integer part of

(1)

1 d"

DY f(t) = m(—l)nﬁ

wheren=[a]+1, a € (0,
aandt € R.

In particular, if o« =n € N, then D' f(t) = (—1
and it has the property D*(D; * £(t))

Lemma 2.3. [1] (Arzela-Ascoli theorem) A subset E in

C(la,b],R) withnorm || f|| = sup |f(¢)| is relatively compact
t€a,b]
if and only if it is uniformly bounded and equicontinuous on

[a,b].

)nf(n
= f(t) for a > 0.

Lemma 2.4. [2] (Krasnosel’skii’s fixed point theorem) Sup-
pose X is a Banach space and Q is a bounded, convex and
closed subset of X. Let T, T> : Q — X satisfy the following
conditions:

(i) Tix+Thy e Qforanyx,y € Q,
(ii) T is a contraction mapping,
(iii) T is completely continuous.

Then Ty + T has a fixed point in Q, i.e., the equation Tix +
Trx = x has a solution in Q.

Lemma 2.5. [2] (Schauder’s fixed point theorem) Let Q be
a closed, convex and nonempty subset of a Banach space X.
Let T : Q — Q be a continuous mapping such that TQ is a
relatively compact subset of X. Then T has at least one fixed
point in Q. That is, there exists an x € Q such that Tx = x.
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3. Main Results

In this section, some sufficient conditions are established
for the existence of nonoscillatory solutions of Eq.(1.1) for
the following cases:

—1<e;1 <C(t) <0, —o < C(t) <cp < —1,
0<C(t)<e3<1,1<ea<C(t) <ocand C(r) = —1.

Theorem 3.1. Assume that —1 < ¢ < C(r) < 0 and that

/ / u)|duds < oo, i=1,2,. 3.1
1o 1‘0 S
and
/ / )| duds < oo, 3.2)
1 Jig T

Then Eq.(1.1) has a bounded nonoscillatory solution.

Proof. Because of conditions (3.1) and (3.2), we can
choose a t; > t( sufficiently large such that

1  (s—1)%
o 1)/; r(s)

I'lo+
S 1+
<), <Z|H<u>|M1+|g<u>>duds< =,
o \i=I
(3.3)
where M; = max {|F(fx)|:1<i<m}.
2Altep) o4
—F =3

Let C([to,),R) be the set of all continuous functions

with the norm ||x|| = sup |x(¢)| < eo. Then C([fp,*°),R) is a
>t

Banach space. We define a closed, bounded and convex subset

Q of C([tg,°°),R) as follows:
lo} .

Define two maps 7} and T» : Q — C([tg,0),R) as follows:

2(1+c1)

<x<
3 SXS

ﬂt>
3=

Q= {xx(t) € C([to,),R) :

I+ -Cx(t—1), t>1,
(Thx)(t) = { (Tlx)l(tl), 1 fh < ; <1,
L e (50
< (B PR o)
(Tox)(t) = B l(l))duds, t>1,
(Tax)(11), =t=n

“M,,
2;‘

; ‘a’uv
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For every x,y € Qand t > 11, we get get that
(Tix) (1) + (To) 1) lim |(Toxi) (t) — (T2x) (1) = 0. Thus, Tz. is continuous. N
1 = (s—1)@ In order to show that TZQ is relat1v§ly compact, it is
< l+c —Clo)x(t—1)+ / enough to show that the family of functions {Trx:x € Q}
Ia+1) r(s) is uniformly bounded and equicontinuous on [fo, ). The uni-
i formly boundedness is obvious. For the equicontinuity, by
/ (Z |Pi(w)| | Fi(x(u—07)) | + g(u)|> duds 1 evitan’s result [3], it is enough to show that, for any given
= € >0, [r1,%0) can be decomposed into finite subintervals in

< l4c— icl + ! / Gl such a way that all functions of the family have oscillation
3 F(a+1) r(s) less than € on each subinterval. By (3.1) and (3.2), for any
s [ m € >0, choose T > t; sufficiently large such that
[ X 1mol My + g0 ) duds
i=1
1 2 (s—0)* [ & £
4 l+c 4 / / P,(u)|M duds < —.
< l+a—za+——=3 Tar e vy (G Fle@] ) duds <3
and .
Fort; >t > T and x € Q, we obtain
(Tix) (1) + (Tay) (1)
1 = (s—1)* |[(T2x) (23) — (T2x) (12)|
> 1 —C(t)x(t—1)—
2 e =Clslt =) F(a+1)/ r(s) P B e 0
- Tla+1)Jy r(s)
/ Z'P )| |F(x(u— 01))| + g ()] | duds e
- < [ LIR@IIRGG— 0]+ lg(w)| | duds
> 1+ ! /w(s—f)"‘ oo\l
= T e S (s L1 /w (s—1)°
F((X + 1) t V(S)
/ Z|P ) M+ |g(u)| | duds
e attien <[ (2 IR~ )|+ |g<u>|> duds
C1 C1
> 1 — = .
= tha=—3 3 B 1 /w (s—1)®
Thus, (Tix)(¢)+ (Tay)(r) € Q for any x,y € Q. Now, for x,y € - Tla+1)Jy  r(s)
Q and ¢t > t;, we have s [ m
< [ LB M+ lg(u)] | duds
[(Tix) (1) = (Tiy) (1) < =C(0) [x(z = 7) = y(1 = 7)| oo\l
< el L e
This implies with the supremum norm that [la+1) r(s)
S m
1(Ti2) (1) — (To3) (1) | < =1 [x =] </ (; [Py ()| My + g<u>|> duds
i—
Since 0 < —c¢; < 1, which shows that 77 is a contraction e €
mapping on Q. Next, we have to show that 7; is completely < 2 + 2=
continuous. It is enough to show that 7, is continuous and
T>,Q is relatively compact. Forti <t <13 <T and x € Q, we have
First, we will show that T is continuous. Let x;(¢) be a
sequence in Q such that x; (1) — x(¢) as k — oo. Since Q is |(T2x) (13) — (T1x) (1)
closed, x = x(t) € Q. For t > 1, we have 1 5 (5 — 1)
e |
|(Toxi) (1) — (sz)(f)| la+1)Jy  r(s)

o

< ) /5():|P )lIFG a,.))+|g<u>|>duds

i=1

y —F(x(s—o; uds ! t(sft)
/():m ) FiCi(s = 00)) = F(x( ol>>|>dd 5l

IN

i o+ r(s)

Since |F;(xx(t — 0;)) — Fi(x(t — 0;))| — 0 as k — o for i = « i| )| My + |g(w)| | duds
1,2,...,m, by Lebesgue-dominated convergence theorem, we t

—_

i

14 X
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(s—1)°

1
e
X/zl (; |Pi(u)|M1+|g(u)|> d”}(t3—t2),

and hence there exists a § > 0 such that

[(Tax)(13) — (Tax)(f2)| < €, whenever 0 < 13 —t, < 8.
Also, fortg <1, <13 <t and x € Q, we can easily see that
[(T2x)(13) — (Tox) ()| = 0 < €.

Therefore, {Tox : x € Q} is equicontinuous on [fp,°) and hence
T,Q is relatively compact. Thus, by Krasnosel’skii’s fixed
point theorem, 7T1x + T>x = x has a solution in Q, which is
a bounded positive solution of Eq.(1.1). Hence the proof is
complete.

Theorem 3.2. Assume that —eo < C(t) = ¢, < —1 and that
conditions (3.1) and (3.2) hold. Then Eq.(1.1) has a bounded
nonoscillatory solution.

Proof. Because of conditions (3.1) and (3.2), we can
choose at; > 1,

t1+ 1 > 1+ max{o;}

sufficiently large such that

1 /°° (s—t—1)*

el (a+1) Jie r(s)

' 3 —c+1
X/ <Z |Pi(u)|Mz+|g(u)|> duds < — 2~

n+7t i=1

(3.4
where M, max (IE®)|:1<i<m)
_ C%+|) <x<—2c,

Let C([to,>),R) be the set of all continuous functions

with the norm ||x|| = sup |x(¢)| < . Then C([fy,°),R) is a
t>1

Banach space. We define a closed, bounded and convex subset

Q of C([tg,0),R) as follows:

o | x=x(t) € Clto,%0),R) : — 1) < x < 20y,
t>1

Define two maps 77 and 75 : Q — C([tg, ), R) as follows:
C%)x(ﬂrr), >,
fh<t<t,

e —1—
(Tix)(t) = { (T1x)(11),

1 f (s—1—1)%
C(HI(a+1) Ji+T  r(s)

X firve (X7 P(u)Fi(x(u— 07))
—g(u))duds,
(Tox)(11),

(Tax)(t) =

l2f17
o <t<1.
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For every x,y € Q and r > 11, we get

(Tix) (1) + (T2y) 1)
< Cz—l—ﬁx(t%-r)
*c<r>r<1a+ 5. : _:(s_)f)a
< (il P 1ol 1) |+ |g<u>|> duds
< _62_1+2_62F(;+1)/:T(S_:(S_)T)a
/1 » (Z IP(u)| Mo + |g(u)|> duds
< —op1-2rl_ 5,
and
(Tx) () + (Ta) (1)
> —cZ—1_$x(r+r)
ST o “:1;)’”“
< (Zl IP(u)||Fi(x cr,->>|+|g<u>|> duds
2 _02_1+C2F((X+1)/tjr (s_rt(;wa
X/zm (Z IPi(u |M2+|g(u)|> duds
o e ]
S
2

Thus, (T1x)(t) + (Tay)(¢) € Q for any x,y € Q. Now, for
x,y € Qandt > t;, we have

(T1y)(1)|

C(1)

1
—— [lx—yl.
e

|(T1x)(2) —

(t = 1) =yt = 7)|

<
This implies with the supremum norm that

I(7i00) = (BN < = [+
Since 0 < —é < 1, which shows that 7} is a contraction
mapping on Q.

Proceeding similarly as in the proof of Theorem 3.1, we
obtain that the mapping 7> is completely continuous. Thus,
by Krasnosel’skii’s fixed point theorem, 7ix+ T>x = x has a
solution in , which is a bounded positive solution of Eq.(1.1).
Hence the proof is complete.



Existence of nonoscillatory solutions for fractional neutral functional differential equation — 16/19

Theorem 3.3. Assume that 0 < C(t) < c¢3 < 1 and that con-
ditions (3.1) and (3.2) hold. Then Eq.(1.1) has a bounded
nonoscillatory solution.

Proof. Because of (3.1) and (3.2), we can choose a t; >ty
sufficiently large such that

il “rdfa

u)|Ms + |g(u )|> duds < 1—c3,

(3.5)

where M3 =  max

2(1—c3)<x<4
Let C([to,),R) be the set of all continuous functions
with the norm ||x|| = sup |x(¢)| < e. Then C([to,*=),R) is a
t>1g
Banach space. We define a closed, bounded and convex subset

Q of C([tg,0),R) as follows:

{|FF(x)|: 1 <i<m}.

Q={x=x(t) € C([tg,>0),R) : 2(1 —¢3)

Define two maps 7; ans T3 : Q — C([to,),R) as follows:

34c3—Ct)x(t—11), t>t,
(Tx)(r) = { (Tlx)3(t1), l fo < lt <1,
W <f,-(;(g Fi(s(u )
- ><l°1 " P(u)Fi(x(u— o
(T2x)(0) = —g(u);duds t>n,
(sz)(l1)7 o <t<t.

For every x,y € Qand t > 11, we get

(Thx) (1) + (T2y)(2)
< 343 —C(t)x(t—1)
1 (s—1)@
+F(a+1)/ o)

[ (R 1m0l A o)

+ \g(u)| )duds

< srar b [T
C
= STTa+1) ) r(s)
Xy m
x / Y|P ()| M3 + |g ()| | duds
1 i=1
< 34c+1—c3=4
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and

(Tix) (1) + (T2y) (1)
> 34c03—-C(t)x(t—1)

1 © (5—1)%
_r(a+1)/ r(s)

« [ (LI o))

+ |g(u)| )duds

1 = (s—1)”
> 3+C3_4C3_F(a+1)/z r(s)
/<Z|P )| M5+ |g(u )I)duds
> 3+ai—d4ci—(1-c)
= 2(l—c3).

Thus, (T1)x(t) + (T2)y(¢) € Q for any x,y € Q.

Proceeding similarly as in the proof of Theorem 3.1, we
obtain that the mapping 7; is contraction on Q and 75 is
completely continuous. Thus, by Krasnosel’skii’s fixed point
theorem, 77x+ T>x = x has a solution in €, which is a bounded
positive solution of Eq.(1.1). Hence the proof is complete.

Theorem 3.4. Assume that 1 < c4 = C(t) < oo and that con-
ditions (3.1) and (3.2) hold. Then Eq.(1.1) has a bounded
nonoscillatory solution.

Proof. Because of conditions (3.1) and (3.2), we can
choose a ] > 1y,

nH—+1t> to+max{c7,-}

sufficiently large such that

1 > (s—t—1)*
al(a+1) /t+r r(s)

s m
X / (Z |P,-(u)|M4+|g(u)|> duds <c4—1,
JH+T \ =1

(3.6)

where My = max

2(cq—1)<x<4cy
Let C([to,),R) be the set of all continuous functions
with the norm ||x|| = sup |x(7)| < e. Then C([fp,*<),R) is a
t>tg
Banach space. We define a closed, bounded and convex subset
Q of C([tp,0),R) as follows:

(F@) 1 <i<m).

Q={x=x(t) € C([to,°),R) : 2(ca — 1) <x<dca, t > 1p}.

Define two maps 7} and T : Q — C([tg,0),R) as follows:

3c4+1—
(Tix)(t1),

(T])C)(l):{ () (f—f'T)
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1 j (s—1—1)%
C(HI(a+1) Ji+1  r(

5)
X Jir o (K1 Pi() Fi(x(u — 07))

(T2x)(0) = —g(u))duds, t>1t,
(sz)(tl)a th<t<1t.
For every x,y € Q and t > 11, we get
(Tix)(1) + (Toy) (1)
< 3c4+17%x(t+1)
1 * (s—t—1)
S ONCES) /m o)
<[ (ErwiiAee-o))
n+t \ /=
et ) duds
1 w (s—t—1)%
= 3c4+1+c T(Oﬂ+1)/z+r r(s)
/1 . (2 Py ()| M + |g(u)|> duds
< 3est+1l4ca—1=4cq
and
(Tix)(1) + (T2y) (1)
> 3C4+1—%[)x(t+1)
1 © (s—1—1)°
S C(OD(a+1) /M r(s)
<[ (1 [P0 (e = 07)) |+ g<u>|> duds
L © (s—1—1)°
= St =4 o T /M o)
<[ (f|&<u>M4+|g<u>>duds
n+7 \ =
> 3C4+1—(C4—]) 22(6‘4—1).
Thus, (T71)x(t) + (T2)y(t) € Q for any x,y € Q.

Proceeding similarly as in the proof of Theorem 3.1, we
obtain that the mapping 7; is contraction on Q and 7> is
completely continuous. Thus, by Krasnosel’skii’s fixed point
theorem, 77x+ T>x = x has a solution in €, which is a bounded
positive solution of Eq.(1.1). Hence the proof is complete.

Theorem 3.5. Assume that C(t) = —1 and that conditions
(3.1) and (3.2) hold. Then Eq.(1.1) has a bounded nonoscilla-

tory solution.

Proof. Because of conditions (3.1) and (3.2), we can
choose a t; > 1y,

l‘l—l—TZl‘o—l—maX{G,‘}
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sufficiently large such that

= (s—1—j7)"

1 o
Ia+1) Z’ ./t+jr r(s)

Jj=1

(B

i=1

)| Ms + |g(u)|> duds < 1,
(3.7)
where Ms = fnax {IF;(x)| : 1 <i<m}.
Let C([to,),R) be the set of all continuous functions
with the norm ||x|| = sup |x(¢)| < eo. Then C([fp,*°),R) is a
>t

Banach space. We define a closed, bounded and convex subset
Q of C(Jtg,0),R) as follows:

Q={x=x(t) €C([tp,°),R):2<x<4,t>1}.
Define a mapping T : Q — C([to,),R) as follows:

(s=t=jn)*

3= ey T e 5
(Tx)(t) = X Jnje (Tt P@)F(x(u - 0))
78(”))duds, >,
(Tx)(t1), o <t<t.
For every x € Q and ¢ > t1, we get
7 o
(Tx)(t) < j);l/ﬂf e
/tw Zle u)| |Fi(x(u— o))
+|g(u)|)duds
= 3+F(O‘+1)j=2’1/t+jr r(s)
/zlﬂf (Z u)| Ms +[g(u >|> duds
< 4
and
(7 ot jn®
= g/ﬂr r(s)
/tw Z,I u)| |Fi(x(u— o))
+|g(u)| ) duds
IR Sl A Gl b2
- Fla+1) j; /t+jr r(s)
/tl+n (Z [Fi(u)| Ms + |g(u)|> duds
> 2.

Thus, TQ C Q. Next, we have to show that T is completely
continuous. It is enough to show that T is continuous and 77Q
is relatively compact.
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First, we will show that T is continuous. Let x;(r) be a
sequence in Q such that x;(¢#) — x(¢) as k — 0. Since Q is
closed, x = x(t) € Q. For ¢ > t;, we have

|(Tx) (1) - (Tx)( )
s—1—jT

oc+1 Z/ﬂri

X'/llJrir(Z‘Pi(u)l|E(xk(s—6i))

i=1

—Fi(x(s— ;)| )duds

—0;))—Fi(x(t—0;))| = 0 as k — oo for i =
m, by Lebesgue-dominated convergence theorem, we

Since |F;(x (¢
1,2,...,
get that
tlgrolo II(Tx)(¢) — (Tx)(¢)|| = 0. Thus, T is continuous.

In order to show that ZQ is relatively compact, it is
enough to show that the family of functions Tx:x € Q is
uniformly bounded and equicontinuous on [ty,0). The uni-
formly boundedness is obvious. For the equicontinuity, by
Levitan’s result [3], it is enough to show that, for any given
€ >0, [f,%0) can be decomposed into finite subintervals in
such a way that all functions of the family have oscillation
less than € on each subinterval. By (3.1) and (3.2), for any
€ > 0, choose K > t; sufficiently large such that

1 =

CEP A

(B

i=1

(s—t—jo)"

r(s)
)| Ms +|g(u )|> duds < ;

Fort3 > t, > K and x € Q, we obtain

[(Tx)(t3) = (Tx) (12)]
(s—1—j)*

r(s)

1 -
o+ 1) Z /tzﬂf
/ (ZIP
H+jT \ =1
OC+1 ;/tz+jf
/1+JT< —1

/
. In
1 > /°°
F(“"'l) n3+jT

/m (.DP

) Fi(x(s —03))[ + g(M)) duds

(s—t—jr)°

r(s)
u)| |Fi(x(s — oy))| + g(u)> duds

(s—t—jo)*

r(s)

IA

i=1

a+1 ]Z/erJ‘C

/f;,f (L

)| Ms + |g(u)|> duds

(s—t—jr)°

r(s)

)| Ms + g (u )I) duds

Fort; <1, <t3 <K and x € Q, we choose a sufficiently large
JeNsuchthatt) + jr > Kif j > J. Forx € Q

(Tx)(13) — (Tx)(12)]
¢ /ta+ff (s—1— jo)°
— Da+1) S ot r(s)

) [Fi(x(s = 03)) | + Ig(u)|> duds

S (Z|P

i=1

1 J /f3+1f (s—t—j7)*
Mot D) H e 10)

(e

1 = (BT (s—1— jT)%
INo+1) / r(s)

IN

)| Ms + |g(u)> duds

+ .
j=l+1/0tT

S (e

i=1

)| Ms + |g(u)> duds

(s—t—jo)°

r(s)

x /tl (f‘i 1P ()| M + |g(u)|> du}J(,3 o),

and hence there exists a § > 0 such that

IN

1
mm,l+,,-51<¥f‘i‘w{

[(Tx)(t3) — (Tx)(t2)| < €, whenever 0 <t3 — 1t < 6.
Also, fortg <1, < t3 <t and x € Q, we can easily see that
[(Tx)(t3) — (Tx)(r)| =0< e.

Therefore, {Tx : x € Q} is uniformly bounded and equicon-
tinuous on [fg, ) and hence TQ is relatively compact. Thus,
by Schauder’s fixed point theorem, Tx = x has a solution in
Q, which is a bounded positive solution of Eq.(1.1). Hence
the proof is complete.
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