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Effect of constant heat source / sink on single
component Marangoni convection in a composite
layer bounded by adiabatic boundaries in presence
of uniform & non uniform temperature gradients
R. Sumithra1, R.K. Vanishree2 and N. Manjunatha 3*

Abstract
The Single component Marangoni convection is investigated in a composite layer, comprising of an incompressible
single component fluid saturated porous layer over which lies a layer of same fluid with constant heat sources in
both the layers. This composite layer is subjected to linear, parabolic and inverted parabolic temperature profiles.
The upper boundary of the composite layer is free and the lower boundary is rigid and both the boundaries are
adiabatic. A closed form solution is obtained for the thermal Marangoni numbers, which is an expression of
various parameters. Effects of the physical parameters like porous parameter, Internal Rayleigh numbers in both
the layers and thermal ratio on the thermal Marangoni Number investigated for all the three temperature profiles.
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1. Introduction
The Marangoni convection in a composite layer, subjected

to additional effects has been given a lot of attention due to
its applications in a variety of engineering and geophysical

problems. The growth of crystals by various methods, oil re-
covery in petroleum industry and energy storage are some of
other important application of the problem, where controlling
convective instabilities is important, such instabilities can be
controlled by maintaining a non uniform temperature gradi-
ents across the composite layer. These gradients are obtained
by uniformly distributed internal heat sources or by injecting
/ removal of the fluid at one of the boundaries or by uniform
heating and cooling at the boundaries.

Shivakumara et al. [8] has investigated the onset of surface-
tension-driven space convection in a two layer system com-
prising an incompressible fluid-saturated porous layer over
which lies a layer of same fluid by using regular perturbation
technique. It was found that the depth ratio has a profound
effect on the stability of the system. Liancum Zheng et al.
[2] studied the Marangoni convection driven by a power law
temperature gradient. They discussed the effects of various
parameters on the velocity and temperature fields. Sumithra
and Manjunatha [9] studied analytically the surface tension
driven magneto convection in a composite layer bounded by
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adiabatic boundaries. The different methods for modulation
of Marangoni convection and Marangoni induced interface
deformation in non-isotherm liquid films are studied by Ta-
tiana [10]. Li and Yoda [11] have studied the Marangoni
convection in a voltaic liquid film subjected to a horizontal
temperature gradient confined in a rectangular cavity. Re-
cently, Abdullah et al. [1] investigated the Marangoni con-
vection in water-alumina nano fluid heated from below using
a model which includes the effects of Brownian and thermo-
pheric diffusions. They found that larger sized nano particles
are unstable compared to nano particle of smaller average
size. Giannetti et al. [4] investigated the numerical simu-
lation of Marangoni convection within absorption aqueous
Li-Br. They formulated a numerical model of the fundamen-
tal governing equations of vapour absorption in present of
variable surface tension. Sankaran and Yarin [6] have studied
the evaporation-driven thermocapillary Marangoni convec-
tion in liquid layers of different depths. They found that the
velocity of thermocapillarity driven motion of tiny particles
toward the cooler was predicted and found to be in reason-
able agreement with the experimental result. Mahanthesh and
Gireesha [3] studied the thermal Marangoni convection effects
in Magneto-Cosson liquid flow through suspension of dust
particles using Runge-Kutta-Fehlberg method. They found
that the rate of heat transfer can be enhanced by suspending
dust particles in a base liquid. Experimental and analytical
tools have been used to study the effect of thermal Marangoni
flux on the enhancement of oil recovery during immiscible
injection in a matrix-fracture system by Abolhosseini et al.
[5]. Siddheshwar and Vanishree [7] studied the Lorenz and
Ginburg-Landau equations for thermal convection in a high-
porosity medium with heat source. They showed that heat
source has a significant influence on the heat transport.

In the present paper the composite layer is maintained by
uniformly distributed internal heat source in both fluid and
porous layers. Also, the composite layer is subjected to non
uniform temperature gradients.

2. Formulation of the problem

Consider a horizontal single component, fluid saturated
isotropic densely packed porous layer of thickness dm un-
derlying a single component fluid layer of thickness d with
heat sources Q and Qm respectively. The lower surface of the
porous layer rigid and the upper surface of the fluid layer is
free with surface tension effects depending on temperature.
A Cartesian coordinate system is chosen with the origin at
the interface between porous and fluid layers and the z-axis,
vertically upwards. The basic equations governing such a
system are,

O.−→q = 0 (2.1)

ρ0[
∂
−→q

∂ t
+(−→q .O)−→q ] =−OP+µO2−→q (2.2)

∂T
∂ t

+(−→q .O)T = κO2T +Q (2.3)

Om.
−→qm = 0 (2.4)

ρ0[
1
ε

∂
−→qm

∂ t
+

1
ε2 (
−→qm.Om)

−→qm] =−OmPm−
µ

K
−→qm (2.5)

A
∂Tm

∂ t
+(−→qm.Om)Tm = κmO

2
mTm +Qm (2.6)

Where −→q velocity vector, ρ0 fluid density, t time, µ fluid vis-
cosity, P pressure, T temperature, constant heat source Q , κ

thermal diffusivity of the fluid, ε is the porosity , K permeabil-
ity of the porous medium, A =

(ρ0Cp)m
(ρ0Cp) f

ratio of heat capacities,
Cp specific heat, κm thermal diffusivity of the porous layer,
Qm is constant heat source for porous layer and the subscripts
’m’ refer to the porous layer and ’f’ refer to the fluid layer.

The basic state of fluid and porous layer is quiescent, have
the following solutions

−→q =−→qb = 0,P = Pb(z),T = Tb(z) (2.7)
−→qm =−→qmb,Pm = Pmb(zm),Tm = Tmb(zm) (2.8)

The temperature distributions Tb(z) and Tmb(zm) are found to
be

Tb(z) =
−Qz(z−d)

2κ
+

(Tu−T0)h(z)
d

+T0

in 0≤ z≤ d

 (2.9)

Tmb(zm) =
−Qmzm(zm +dm)

2κm
+

(T0−Tl)hm(zm)

dm
+T0

in −dm ≤ zm ≤ 0

(2.10)

where T0 =
κdmTu +κmdTl

κdm +κmd
+

ddm(Qmdm +Qd)
2(κdm +κmd)

is the inter-

face temperature and h(z) and hm(zm) are temperature gradi-
ents in fluid and porous layer respectively and subscript ′b′

denote the basic state.
We superimpose infinitesimal disturbances on the basic state
for fluid and porous layer respectively

−→q =−→qb +
−→q ′,P = Pb +P′,T = Tb(z)+θ (2.11)
−→qm =−→qmb +

−→qm
′,Pm = Pmb +P′m,

Tm = Tmb(zm)+θm (2.12)

Where the prime indicates the perturbation. Introducing (2.11)
and (2.12) in (2.1) - (2.6), operating curl twice and eliminate
the pressure term from equations (2.2) and (2.5), the resulting
equations then non dimensionalised.

The dimensionless equations are then subjected to normal
mode analysis as follows[

W
θ

]
=

[
W (z)
θ(z)

]
f (x,y)ent (2.13)

[
Wm
θm

]
=

[
Wm(zm)
θm(zm)

]
fm(xm,ym)enmt (2.14)

with O2
2 f + a2 f = 0 and O2

2m fm + a2
m fm = 0, where a and

am are the wave numbers, n and nm are the frequencies, W
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and Wm are the dimensionless vertical velocities in fluid and
porous layer respectively and obtain the following equations
in 0≤ z≤ 1

(D2−a2 +
n

Pr
)(D2−a2)W = 0 (2.15)

(D2−a2 +n)θ +Wh(z)+R∗I (2z−1)W = 0 (2.16)

in −1≤ zm ≤ 0

(D2
m−a2

m)Wm = 0 (2.17)
(D2

m−a2
m +Anm)θm +Wmhm(zm)

+R∗Im(2zm +1)Wm = 0 (2.18)

where
Pr is the prandtl number, R∗I =

RI

2(T0−Tu)
, R∗Im =

RIm

2(Tl−T0)
,

RI is the internal Rayleigh number for fluid layer and RIm is
the internal Rayleigh number for porous layer.
Assume that the present problem is satisfies the principle
of exchange instability, so putting n = nm = 0. We get in
0≤ z≤ 1 and −1≤ zm ≤ 0 respectively

(D2−a2)2W = 0 (2.19)
(D2−a2)θ +Wh(z)+R∗I (2z−1)W = 0 (2.20)

(D2
m−a2

m)Wm = 0 (2.21)
(D2

m−a2
m)θm +Wmhm(zm)

+R∗Im(2zm +1)Wm = 0 (2.22)

3. Boundary Conditions
The boundary conditions are nondimensionalized and then

subjected to normal mode expansion and are

D2W (1)+Ma2
θ(1) = 0,

W (1) = 0,Wm(−1) = 0, T̂W (0) =Wm(0),

T̂ d̂2(D2 +a2)W (0) = (D2
m +a2

m)Wm(0),

T̂ d̂(D3W (0)−3a2DW (0)) =−βDmWm(0),
Dθ(1) = 0,θ(0) = T̂ θm(0),

Dθ(0) = Dmθm(0),Dmθm(−1) = 0 (3.1)

where

T̂ =
Tl−T0

T0−Tu
is the thermal ratio, M =−∂σt

∂T
(T0−Tu)d

µκ
is the

thermal Marangoni number, β =
d2

m

K
is the porous parameter

and d̂ =
dm

d
is the depth ratio.

4. Method of Solution
The solutions W and Wm are obtained by solving (2.19)

and (2.21) using the boundary conditions (3.1)

W (z) = A1[coshaz+a1 sinhaz+a2zcoshaz+a3zsinhaz](4.1)
Wm(zm) = A1[a4 coshamzm +a5 sinhamzm](4.2)

where

a1 =
βam cotham

2a3d̂
,a2 =−1− (a1 +a3) tanha,

a3 =
a2

m−a2d̂2

ad̂2
,a4 = T̂ ,a5 = T̂ cotham.

4.1 Linear temperature profile
Here taking

h(z) = 1 and hm(zm) = 1 (4.3)

Substituting equation (4.3) into (2.20) and (2.22), the tempera-
ture distributions θ and θm are obtained using the temperature
boundary conditions, as follows

θ(z) = A1[c1 coshaz+ c2 sinhaz+g1(z)](4.4)
θm(zm) = A1[c3 coshamzm + c4 sinhamzm +g1m(zm)](4.5)

where
g1(z) = A1[∆1−∆2 +∆3−∆4],g1m(zm) = A1[∆5−∆6]

∆1 =
(2E1z+E2z2)

4a
(a1 coshaz+ sinhaz)

∆2 =
E2z
4a2 (coshaz+a1 sinhaz)

∆3 =
(6a2z2E1 +4a2z3E2 +6E2z)

24a3 (a3 coshaz+a2 sinhaz)

∆4 =
(E1z+E2z2)

4a2 (a2 coshaz+a3 sinhaz)

∆5 =
(2E1mzm +E2mz2

m)

4am
(a5 coshamzm +a4 sinhamzm)

∆6 =
E2mzm

4a2
m

(a4 coshamzm +a5 sinhamzm)

E1 = R∗I −1,E2 =−2R∗I ,E1m =−(R∗Im +1),
E2m =−2R∗Imc1 = c3T̂ ,c2 =

1
a (c4am +δ3−δ2),

c3 =
δ8

δ9
,c4 =

δ6

δ7
,δ1 =−A1[∆7 +∆8 +∆9 +∆10]

∆7 =
(2a2E1 +E2(a2−1))

4a2 (cosha+a1 sinha)

∆8 =
E2 +2E1

4a
(a1 cosha+ sinha)

∆9 =
(3a2−3)E1 +(2a2−3)E2

12a2 (a2 cosha+a3 sinha)

∆10 =
(a2E1 +E2(a2 +1))

4a3 (a3 cosha+a2 sinha)

δ2 = A1[
(2a2a1−aa2)E1 +(a3−a)E2

4a3 ]

δ3 = A1[
2E1ma5

4am
− a4E2m

4a2
m

]

δ4 =−A1[∆11 +∆12]

∆11 = [
E2m−2E1m

4
− E2m

4a2
m
](a4 cosham−a5 sinham)

∆12 = [
2E1m−E2m

4am
](a5 cosham−a4 sinham)

δ5 = δ1− (δ3−δ2)cosha
δ6 = δ4aT̂ sinha+δ5am sinham
δ7 = am coshamaT̂ sinha+a2

m coshasinham
δ8 = δ4 cosha−δ5 cosham
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δ9 =−acoshamT̂ sinha−am coshasinham
From the boundary condition (3.1)1, the thermal Marangoni
number for the linear temperature profile is as follows

M1 =
−Λ1

a2(c1 cosha+ c2 sinha+Λ2 +Λ3)
(4.6)

where
Λ1 = ∆13 +∆14
∆13 = a2(cosha+a1 sinha)+a2(a2 cosha
∆14 = 2asinha)+a3(a2 sinha+2acosha)

Λ2 = (
E2 +2E1

4a
)R1−

E2

4a2 R2

R1 = (a1 cosha+ sinha)
R2 = (cosha+a1 sinha)
Λ3 = ∆15−∆16

∆15 =
(4a2E2 +6a2E1 +6E2)

24a3 (a3 cosha+a2 sinha)

∆16 =
(E2 +E1)

4a2 (a3 sinha+a2 cosha)

4.2 Parabolic temperature profile
For the parabolic temperature profile

h(z) = 2z and hm(zm) = 2zm (4.7)

Substituting (4.7) into (2.20) and (2.22), The temperature
distributions θ and θm are obtained using the temperature
boundary conditions is as follows

θ(z) = A1[c5 coshaz+ c6 sinhaz+g2(z)](4.8)
θm(zm) = A1[c7 coshamzm + c8 sinhamzm +g2m(zm)](4.9)

where
g2(z) = A1[∆17−∆18 +∆19−∆20]
g2m(zm) = A1[∆21−∆22]

∆17 =
(2E3z+E4z2)

4a
(a1 coshaz+ sinhaz)

∆18 =
E4z
4a2 (coshaz+a1 sinhaz)

∆19 =
(6a2z2E3 +4a2z3E4 +6E4z)

24a3 (a3 coshaz+a2 sinhaz)

∆20 =
(E3z+E4z2)

4a2 (a2 coshaz+a3 sinhaz)

∆21 =
(2E3mzm +E4mz2

m)

4am
(a5 coshamzm +a4 sinhamzm)

∆22 =
E4mzm

4a2
m

(a4 coshamzm +a5 sinhamzm)

E3 = R∗I ,E4 =−2(R∗I +1),E3m =−R∗Im,

E4m =−2(R∗Im +1)c5 = c7T̂ ,c6 =
1
a (c8am +δ12−δ11),

c7 =
δ17

δ18
,c8 =

δ15

δ16
δ10 =−A1[∆23 +∆24 +∆25 +∆26]

∆23 =
(2a2E3 +E4(a2−1))

4a2 (cosha+a1 sinha)

∆24 =
E4 +2E3

4a
(a1 cosha+ sinha)

∆25 =
(3a2−3)E3 +(2a2−3)E4

12a2 (a2 cosha+a3 sinha)

∆26 =
(a2E3 +E4(a2 +1))

4a3 (a3 cosha+a2 sinha)

δ11 = A1[
(2a2a1−aa2)E3 +(a3−a)E4

4a3 ]

δ12 = A1[
2E3ma5

4am
− a4E4m

4a2
m

]

δ13 =−A1[∆27 +∆28]

∆27 = [
E4m−2E3m

4
− E4m

4a2
m
](a4 cosham−a5 sinham)

∆28 = [
2E3m−E4m

4am
](a5 cosham−a4 sinham)

δ14 = δ10− (δ12−δ11)cosha,
δ15 = δ13aT̂ sinha+δ14am sinham
δ16 = am coshamaT̂ sinha+a2

m coshasinham
δ17 = δ13 cosha−δ14 cosham
δ18 =−acoshamT̂ sinha−am coshasinham
From the boundary condition (3.1)1, the thermal Marangoni
number for parabolic temperature profile is as follows

M2 =
−Λ1

a2(c5 cosha+ c6 sinha+Λ4 +Λ5)
(4.10)

where

Λ4 = (
(E4 +2E3)

4a
)R1−

E4

4a2 R2

Λ5 = ∆29−∆30

∆29 =
(4a2E4 +6a2E3 +6E4)

24a3 (a3 cosha+a2 sinha)

∆30 =
(E4 +E3)

4a2 (a3 sinha+a2 cosha)

4.3 Inverted Parabolic temperature profile
Consider this profile

h(z) = 2(1− z) and hm(zm) = 2(1− zm) (4.11)

Substituting (4.11) into (2.20) and (2.22), The temperature
distributions θ and θm are obtained using the temperature
boundary conditions, as follows

θ(z) = A1[c9 coshaz+ c10 sinhaz+g3(z)] (4.12)
θm(zm) = A1[c11 coshamzm + c12 sinhamzm

+g3m(zm)] (4.13)

where
g3(z) = A1[∆31−∆32 +∆33−∆34]
g3m(zm) = A1[∆35−∆36]

∆31 =
(2E5z+E6z2)

4a
(a1 coshaz+ sinhaz)

∆32 =
E6z
4a2 (coshaz+a1 sinhaz)

∆33 =
(6a2z2E5 +4a2z3E6 +6E6z)

24a3 (a3 coshaz+a2 sinhaz)

∆34 =
(E5z+E6z2)

4a2 (a2 coshaz+a3 sinhaz)

∆35 =
(2E5mzm +E6mz2

m)

4am
(a5 coshamzm +a4 sinhamzm)

∆36 =
E6mzm

4a2
m

(a4 coshamzm +a5 sinhamzm)
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E5 = R∗I −2,E6 = 2(1−R∗I ),E5m =−2−R∗Im
E6m = 2(1−R∗Im)c9 = c11T̂ ,c10 =

1
a (c12am +δ22−δ21)

c11 =
δ26

δ27
,c12 =

δ24

δ25
δ19 =−A1[∆37 +∆38 +∆39 +∆40]

∆37 =
(2a2E5 +E6(a2−1))

4a2 (cosha+a1 sinha)

∆38 =
E6 +2E5

4a
(a1 cosha+ sinha)

∆39 =
(3a2−3)E5 +(2a2−3)E6

12a2 (a2 cosha+a3 sinha)

∆40 =
(a2E5 +E6(a2 +1))

4a3 (a3 cosha+a2 sinha)

δ20 =−A1[∆41 +∆42]

∆41 = [
E6m−2E5m

4
− E6m

4a2
m
](a4 cosham−a5 sinham)

∆42 = [
2E5m−E6m

4am
](a5 cosham−a4 sinham)

δ21 = A1[
(2a2a1−aa2)E5 +(a3−a)E6

4a3 ]

δ22 = A1[
2E5ma5

4am
− a4E6m

4a2
m

]

δ23 = δ19− (δ22−δ21)cosha,
δ24 = δ20aT̂ sinha+δ23am sinham
δ25 = am coshamaT̂ sinha+a2

m coshasinham
δ26 = δ20 cosha−δ23 cosham
δ27 =−acoshamT̂ sinha−am coshasinham
From the boundary condition (3.1)1, the thermal Marangoni
number for inverted parabolic temperature profile is as follows

M3 =−
Λ1

a2(c9 cosha+ c10 sinha+Λ6 +Λ7)
(4.14)

where

Λ6 = (
(E6 +2E5)

4a
)R1−

E6

4a2 R2

Λ7 = ∆43−∆44

∆43 =
(4a2E6 +6a2E5 +6E6)

24a3 (a3 cosha+a2 sinha)

∆44 =
(E6 +E5)

4a2 (a3 sinha+a2 cosha)

5. Results and Discussion
The thermal Marangoni numbers M1,M2 and M3 for lin-

ear, parabolic and inverted parabolic temperature profiles re-
spectively are obtained as an expression of the related pa-
rameters. The values of M1,M2 and M3 are drawn against
the values of depth ratio d̂ = dm

d . The larger values of d̂
mean, d̂ >> 1 i.e., dm >> d i.e., porous layer dominant com-
posite layers. While the smaller values of d̂ mean, d̂ << 1
i.e., dm << d i.e., the fluid layer dominant composite layers.
The thermal Marangoni numbers mainly depend on the hor-

izontal wave number a, the porous parameter β =
d2

m

K
, the

internal Rayleigh numbers RI for the fluid layer and RIm for
the porous layer which represent internal heat source (sink)
and thermal ratio T̂ . The variation of these on the thermal

Marangoni number are represented graphically in the follow-
ing figures for all the three temperature profiles for fixed
values of a = β = RI = RIm = T̂ = 1 .

(a)

(b)

(c)
Figure 1. Effects of porous parameter β

The effects of the porous parameter β on the thermal
Marangoni numbers M1,M2 and M3 are depicted in figures
1a, 1b and 1c for the three temperature profiles namely, linear,
parabolic and inverted parabolic temperature profiles respec-
tively. It is evident from the figure that , the curves are diverg-
ing, indicating its effect is prominant for the porous layer dom-
inant composite layer. Also, the values of β = 0.1,1.0,5.0
, for a fixed value of depth ratio d̂, one can observe that

310



Effect of constant heat source / sink on single component Marangoni convection in a composite layer bounded by
adiabatic boundaries in presence of uniform & non uniform temperature gradients — 311/313

the increase in the value of β , raises the values of the ther-
mal Marangoni numbers M1,M2,M3 for all three profiles.
i.e., the increase in the value of β stabilizes single compo-
nent Maragoni number. From these figures we observe that
M2(β ) < M1(β ) < M3(β ) which clearly indicates that the
heat transport is maximum for the inverted parabolic tempera-
ture profile.

(a)

(b)

(c)
Figure 2. Effects of fluid internal Rayleigh number RI

Figure 2a, b, c portray the effects of the internal Rayleigh
number RI , that is the effect of heat source / sink in the fluid
layer, on the thermal Marangoni numbers, M1,M2 & M3 for

all three profiles. The curves are converging, which indicates
its effect is drastic for smaller values of depth ratio, i.e., for
fluid layer dominant composite layer. The values of RI are
−1.0,0.0 &1.0 and for fixed value of depth ratio, the increase
in the value of RI , decreases the value of thermal Marangoni
numbers for all the three profiles. This indicates that the
decrease in the value of RI stabilizes the single component
Marangoni convection.

(a)

(b)

(c)
Figure 3. Effects of porous internal Rayleigh number RIm

The effect of internal Rayleigh number RIm that is the effect
of heat source in the porous layer, on the thermal Marangoni
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numbers M1,M2,M3 is explained in the figure 3a, b, c, for
all three temperature profiles linear, parabolic and inverted
parabolic temperature profiles respectively. The values of
RIm taken are −1.0,0.0 &1.0 and for a fixed depth ratio, the
increase in the value of RIm increases thermal Marangoni
numbers. So, its effect is to stabilize the single component
Marangoni convection. Also, the curves are diverging, depict-
ing that the effect of RIm is drastic for porous layer dominant
composite layers as expected. From these figures we observe
that the results with respect to RIm are opposite to that of RI .
This is due to the fact that the increase in the depth ratio of
porous layer stabilizes the system. The effect of thermal ratio

(a)

(b)

(c)
Figure 4. Effects of thermal ratio T̂

T̂ , which plays an important role in the convection problems,
which takes into account of the boundary temperatures along
with the interfacial temperature. Figure 4a, b, c show the
effects of T̂ on the three thermal Marangoni numbers. The
values of T̂ are 1.0,1.5 &2.0. For a fixed depth ratio, the in-
crease in the value of T̂ , is increasing the thermal Marangoni
numbers for all the three profiles. The curves are diverging,
which portrays that, the effect of T̂ is very important in the
porous layer dominant composite layers. These results are
qualitatively similar to that of RIm and β .

6. Conclusion
1. The inverted parabolic temperature profile is the most
stabilising among the three temperature profile accomodated
in this study. So, this profile is effective for the situations
where convection has to be controlled, like crystal growths
etc.
2. By increasing the values of β ,RIm & T̂ and decreasing the
values of RI , one can control Marangoni convection.
3. The effect of β ,RIm & T̂ are important for the porous layer
dominant composite layers i.e., dm >> d and the effect of
RI is important for fluid layer dominant composite layer i.e.,
dm << d. This is true for all the three temperature profiles.
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