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Abstract

The graphs considered in this article are undirected, finite and simple graphs. In this article we have proved that

of some graphs related to Bistar graph.
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1. Introduction

The energy of a graph introduced by Gutman[5] is an
important concept of spectral graph theory which links organic
chemistry to linear algebra of Mathematics. Generally graph’s
energy is summation of absolute values of eigen values of the
adjacency matrix. Similar energies got from the eigen values
of various graphs are considered in recent times. Several
other authors also investigated energy of graphs [1,3,8,9].
N. Prabhavathy in [6] introduced the concept of eccentricity
energy of graphs.

In a graph G, the distance between any two vertices u and
v is denoted as d(u,v) and it is define as the length of the
minimum path connecting them, if there is no path between
u and v then d(u,v) is defined as oo. It is useful to note that
in a connected graph distance between any two vertices is
always finite provided graph is finite. For a vertex v of G,
the eccentricity ot a vertex v is denoted as e(v) and is defined
as e (v) =max{d (u,v);u € V(G)}. Let D(G) = (d,,) be the

distance matrix of G, where d,, = dg (u,v). In [11] Wang
defined the eccentricity of matrix € (G) from distance matrix
as D(G) as:

[e(G)];; = { (()D)

Eccentricity matrix and adjacency matrix can considered to
be in exact opposition by the concept of obtaining them while
adjacency matrix is obtained from the distance matrix by
selecting only the smallest distance row wise and column
wise, the eccentricity matrix takes the largest distance in a
similar fashion. Thus the two matrices can be thought of as
two extremes of distance — like matrix.

ij  if (D);;=min{eg (u;), e (ui)}
if (D);; <minfeg (), eg (ui)}

In this article we have considered only finite, simple undi-
rected graphs. It is useful to recall some definition from graph
theory.

Definition 1.1 [S]: The eccentricity energy of graph G is de-
noted as E(G) and it is defined by E (G) =Y}, |Ai|, where
A, Ao, Az, A, are the eigenvalues of eccentricity ma-
trix of the corresponding graph G.

Definition 1.2 [2]: A graph G is said to be bipartite if the
vertex set V of G can be partitioned into two disjoint subsets
Viand V, such that Vi NV, = & and for each edge has one end
vertex is in Vjand other is in V5.
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Definition 1.3 [2]: A complete bipartite graph is a bipartite
graph in which all the vertices in V; are adjacent with all the
vertices of V,. If [V| = m and |V2| = n respectively then the
corresponding complete bipartite graph is denoted as K, .
Definition 1.4 [2]: A complete bipartite graph K7 , is known
as star graph. Here the vertex of degree n is called the apex
vertex.
Definition 1.5 [4]: Bistar B, , is the graph obtained by join-
ing the centre (apex) vertices of two copies of K, by an edge.
The vertex set of B, , is
V (Bun) = {vi,va,- .. Vn,Vyu, uj,ua,...u,}, where v,u are
apex vertices and vy,Vva,...,Vy, Ui, U2, ...u, are pendent ver-
tices.The edge set of B, is
E (Byn) ={wvi,vvo,...... SV, VI, U] U, . . . . .. uty }.
Definition 1.6 [10]: For a simple connected graph G the
square of graph G is denoted by G*> and defined as the graph
with the same vertex set as of G and two vertices are adjacent
in G? if they are at a distance 1 or 2 apart in.
Definition 1.7 [4]: The shadow graph D, (G) of a connected
graph G is constructed by taking two copies of G say G and
G' and join each vertex W into G the neighbours of the
corresponding vertex VinG'.

In theorem 2.1, we have shown that Eccentricity energy

of Bistar graph By, , is 2\/(311—1— 1) +4(n—1) forneN,
n # 1.We also provided supportive example in Example 2.2
and in that example we have proven that E (Bs 5)=2 (\/ﬁ) .
We also investigate the Eccentricity of square of Bistar graph
in Theorem 2.3 and we have shown that its Eccentricity en-

ergy is 4n+1/(4n—1)> +8 — 1. In Theorem 2.5 we proved
that Eccentricity energy of shadow graph of Bistar graph
D; (B, ,)is 8n—2.

2. Main Result
Theorem 2.1. Letn € N, n# 1. Then

EBp,) = 2\/(3n +1)2+4(n—1), where E (By,,) is the
Eccentricity energy of graph B, p,.

Proof. LetV (B, ) ={vi,v2,...... SV, VU UL Uy Up}.

Note that B, , is graph with 2n 42 vertices and
2n+ 1 edges as shown in the following Figure 1.

Figure 1

Observe that the distance matrix D (B, ,)and Eccentricity
matrix € (By,) of B, , are given by

D(Bn.n) =

and

E(Bn.n) =

s [V1 V2 Vp VU U U
o2 2 1 2 3 3
2
22 o 2 12 3 3
‘:f 2 2 0 12 3 3
L1 101 2 2
2 2 2 10 1 1
Uy
Y 3 21 0 2
23 3 3 21 2 0
tnlg 3 3 21 2 2
w1 V2 Vp VU U Uy
alo o 0 02 3 3
2o o 0 0 2 3 3
v : : H : : : :
1‘;‘ 0 0 0 0 2 3 3
L0 o 000 2 2
2 2 2 00 0 0
Uy
w3 3 3 20 0 0
23 3 3 20 0 0
lz 3 3 20 0 0

.o F

=
wow o F

Note that the characteristic polynomial of matrix € (B, »

v (4),2 <3n—\/(3n+1)2+4(n— 1)>2>

(4,12 <3n+ \/(3n+1)2+4(n7 1)>2>

So, eigen values of € (B, ,)= €— eigen values are 0,0, . ..

(2(n—1) times), % <3n+ \/(3n+1)2+4(n—1)>,

%(311—\/(3114-1)24‘4(”_1))’
(

—3n+ \/(3n+ 1)?+4(n— 1)) and

(oo BT,

Hence, Eccentricity energy of

Bn,n =0+ %

3n+\/(3n+1)2+4(n1)’+

;3n—\/(3n+1)2+4(n—1)‘+

% —3n+\/ 3n+1) +4 n—1) ‘

! —3n—\/(3n+ +4(n—1) ‘

2(\/(3n+1) +4(n—1)—3n

3n—|—\/3n+1 ) +4(n—1) )+

1
2

( )
(\/(3”+1) +4(n— 1)_3n> n
(3 )

n+\/(3n+1)2+4(n—1

—2\/Gn+ 1)’ +4(n—1).
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Example 2.2. Eccentricity energy of Bistar graph Bss is

2(+/305).

Proof.

Q 1)
@), )

Figure 2

The Eccentricity matrix of Bs 5 is given by
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Note that the characteristic polynomial of matrix € (Bs 5) is
2 2

A% (412 ~ (15— v303) ) (4&2 ~ (15+v/305) ) .

So, Eccentricity Eigen values of Bs s are 0,0, ..,0(8 times)

and § (15 /305).

Hence, Eccentricity energy of

Bss =0+ 1 (15+v305)|+ | § (15 v305) | +

|3 (~15+v305) | + | 4 (~15-v305) |

E (Bss) = 2V/305. O

Theorem 2.3. Letn € N, n# 1. Then

E (Bﬁ’n) =4n+/(4n—1)*+8—1,where E (Bin)is the Ec-

centricity energy of graph Bﬁ’n.

Proof. LetV (B%n) ={vi,va,...... Vi Vyly UL, UDy e e U}

Note that Bin is graph with 2n + 2 vertices and 4n + 1 edges
as shown in the following Figure 3.

Observe that the distance matrix D (B2 ,)and eccentricity ma-
trix & (B3 ,,) of B, are same and it is given by

Note that the characteristic polynomial of € (Bin)is
A+1)(A+2)>! (,12 —(4n—1)A— z) .
So, Eccentricity Eigen values are —1,—-2,—2,...... ,—2
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Figure 3
v, vy VU2 Uy Wy Uy - Uy
o0 2 2 11 2 2 .
22 o 2 11 2 2 o 2
N O
S22 001 1 2 2 - 2
CRR A
u
u‘ 2 2 2 11 0 2 .« 2
a2 2 2 11 2 0 - 2
u 3 H : : : H
"l 2 2 11 2 2 0

((2n—1) times), ;((4n—1)+ (4n—1)2+8> and

;<(4n_1)— (4n—1)2+8>.

Hence, Eccentricity energy of B2, =E (B2,) =|— 1| +

(4n1)+\/m’+
fan=1) = (a1 45
=1+4n—2+1(4n—1)+
L/ Gn—17 48— (4n—1)

—4dn+/(4n—1)*+8—1 =

Example 2.4. Eccentricity energy of square of Bistar graph
B2 is 194 /369.

Proof.

1
2n—1)[=2[+ 3

1
2

(4n—1)"+8 +

Figure 4

The eccentricity matrix of Bg,s is given by

Note that the characteristic polynomial of & (B} ,) is
A+1)(A+2)° (;Lz— 191 —2) .

So, the Eccentricity Eigen values of B% s are
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7 ~2(9 times), 5 (19+1/369) and
1 (19-/369).
Hence, Eccentricity energy of B2, =E (BZ,) =|— 1| +
0121 + 1 (19-+v369)| + |} (19— v369)
=19+1/369 O

Theorem 2.5. Letn € N, n# 1. Then

E(Dy(By,)) =8n—2, where E (D (By,))is the Eccentricity
energy of graph D (B, ).

Proof. LetV (D2 (Bpyn)) = {V1,V2y e Vi, V, U, U1, U2, ... Uy }.

Note that D, (B, ,)is graph with 4 (n+ 1) vertices and
4(2n+1) edges as shown in the following Figure 5. Ob-

Figure 5

serve that the distance matrix D (D5 (B, ,))and Eccentricity
matrix € (D (By,)) of Dy (B, ) are given by

s T e T Vi e W vV W oW oW N ey Uy ey
|0 2 .2 2 2 21122 3 3 3 3 3 3
Sz o .2 2 2 2 112 2 3 3 3 3 3 3
v H H i H S S i H H H H H
vﬁv 2 2 o 2 2 211 2 2 3 3 3 3 3 3
M2z o2 0002 21122 3 3 303 3 3
:2 2 2 2 2 0 2112 2 3 3 3 3 3 3
2oz .2 2 02 .0 112233 303 3 3
o' 1 1 1 1 1 102 1 1 2 2 2 2 2 2

D(Ba(Bur)) =Y |1 1 111 12021 2 2 2 2 2 2
wl2 2 2 2 2 2 1102 1 1 1 1 1 1
wlz 2 w02 2 2 w2 11201 1 111 1
u[3 3 3 3 3 32211 0 2 2 2 2 2
i3 3 3 3 3 32211 2 0 2 2 2 2
Up |} H H H H H H H P B H H H H H
w3 3 3 3 3 3 2211 2 2 0 2 2 2
uh 3 3 3 3 3 3 2 2 2 2 2 2 2 2
(3 3 3 3 3 32211 2 2 2 2 0 2
utld H H H H LI T A T § H i H H
s s L3 03 3 .3 2211 2 2 2 2 2 0

and

Note that the characteristic polynomial of & (D, (B,

n)) is
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v e V2 Y v U u, v v ou u u u U, u Uy Uy,
wlo o 0 0 0 o 0022 3 3 .3 3 3 3
2o o 0 0 0 0 0022 3 3 .3 3 3 3
B O N P :
"o o 0 0 0 000 22 3 3 33 3 3
o oo 00 0 0o 0022 3 3 3 3 3 3
2lo o 0 0 0 00022 3 3 33 3 3
"o o 0 0 0 000 22 3 3 3 3 3 3
o o 00 o 00200 2 2 2 2 2 2

#(P2(B))="]0 0 . 0 0 0 02020 2 2 2 2 2 2
MERE: 2 2 2 2 0002 0 0 00 o 0
MR 2 2 2 200200 0 00 o 0
w3 3 3 03 3 322000 0 00 o 0
s s 303 3 322000 0 00 0 0
U | H H H i LA | LI T B 1 i H H i H i
MERE 33 3 322000 0 00 o 0
wl3 3 33 3 322000 0 00 o 0
S ER 33 3 322000 0 00 o 0
wli e P :
"z 3 303 3 322000 0 0 0 o 0

2(n—1 2 2
A DA +2)? (A2 424 —2An—28n
2
(A% =22—61n—4n).
So, Eccentricity Eigen values of D (D, (B, ,))are

0,0,...,0(2(2n—1) times),—2,-2,
<(3n+1 +\/ 3n—|—2)2—(2n+3)>,

(Bn+1)— 3n+2)2(2n+3)>,

(
( 1= 3n +\/ 3n42)? (1on—3)>,
(

3n+2) (10n—3)>.

Hence, Eccentricity energy of
D, (Bn,n) = E(D; (Bn,n) )=0+2|-2[+

((3n+l J+4/( 3n+2)2—(2n+3))‘+

(1-3n)—

(3n+1 3n+2)2—(2n+3))‘+
( (1-3n +\/ 3n+2)? (10n3))‘—|—
(13n 3n+2)2(10n3))‘

4+<(3n+1 —|—\/ 3n+2 (2n+3)>+
\/(3n+2)2—(2n+3)—(3n+1)> +

(1-3n)+ \/(3n+2)2+10n—3> +

NN N

\/(3n+2)2+10n737(173n)

:2<2+\/(3n+2)2—(2n+3)+\/(3n+2)2+10n—3>
O

Example 2.6. Eccentricity energy of shadow graph of Bistar
graph Dy (Bss) is 2 (2 V276 + \/336).

Proof.

The Eccentricity matrix of D; (Bs 5) is given by
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Figure 6
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The characteristics polynomial of € (D2 (Bs 5)) is
A3(A +2)2 (/12 £20 - 10A — 140) (AZ ~ 20— 304 — 20).
Hence, Eccentricity Eigen values of D, (Bss) are 0,0,...,0

(19 times),~2, 2, (16+ \/ﬁ) , (16 - \/ﬁ),

(—14+/336) and (~14-/336).
Therefore, Eccentricity energy= E (D> (Bss)) =0+2| — 2|+

‘16—&-\/276‘ + ‘16—\/276‘ n
‘— 14+\/336‘ n ‘ _ 14—\/336‘
:2(2+\/276+\/336) 0
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