Malaya Journal of Matematik, Vol. S, No. 1, 7-11, 2019

https://doi.org/10.26637/MJM0S01/0003

Operation on Q-closed sets

S.M. Meenarani'*, K. Poorani2* and M. Anbuchelvi®

Abstract

This work is based on operation in a topological space. An operation has been extended to the class of -open
sets. The new class of y5-open sets has been introduced and two kinds of closures such as, y,CI and Qciy,
are studied. Necessary basic properties have been derived. Moreover, Q-regular operation on QO(X,7) has
been introduced in which intersection of any two y,-closed sets is y5-closed. Also three types of separation
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1. Introduction

Generalized open sets play a vital role in research area of
General Topology. Levine [7] introduced the concept of semi-
open sets in topology. In 1987, Bhattacharyya and Labhiri [3]
used semi-open sets to define the notion of semi-generalized
closed sets. Kasahara [8] introduced the notion of an & op-
eration approaches on a class 7 of sets and studied the con-
cept of a-continuous functions with o-closed graphs and
a-compact spaces. Jankovic [5] introduced the concept of -
closure of a set in X via q-operation and investigated further
characterizations of a function with a-closed graph. Later
Ogata [10] defined and studied the concept of y-open sets and
applied it to investigate operation-functions and operation-
separation.Recently several researchers developed many con-
cepts of operation 7 in a space X. Krishnan, Gangster and
Balachandran [9] introduced and studied the concept of the
operation ¥ on the class of all semiopen sets of (X,7) and

defined the notion of semi y-open sets and investigated some
of their properties. An, Cuong and Maki [1] defined and inves-
tigated an operation 7y on the class of all preopen sets of (X, T)
and introduced the notion of pre-y-open sets and developed
some of their properties. Asaad [2] defined the notion of an
operation ¥ on the class of generalized open sets in (X, T)
and studied some of its applications. Recently, the concept
of Q-closed set was introduced and investigated by Lellis
Thivagar et al. [6]. In this paper, the concept of an operation
v has been extended to the class of Q-open sets and it leads
to the introduction of the notion of y5-open sets on a topo-
logical spaces (X, 7). Furthermore, some basic properties of
Ya-Closures have been derived. In last Section, ¥,-T; spaces
where i € {0, 1,2} are introduced and investigated using the
operation y on Tg.

2. Preliminaries

In this section, some definitions and results that are used
in this work have been dealt. Throughout this paper, (X, T)
or X represents a topological space on which no separation
axioms are assumed, unless otherwise mentioned.

Definition 2.1. [7] A subset A of a topological space (X, T) is
called a semi-open set if A C cl(int(A)). SO(X) denotes the
set of all semi-open sets in (X, 7).It's complement is known as
a semi-closed set on X.

Definition 2.2. ([11], Definition 2.2) A subset A of X is called
a O-closed set in a topological space (X,7) if A = dcl(A),



where dcl(A) = {x € X 1 int(cl(U))NA # 0,U € O(X,x)}.
The complement of a 8-closed set in (X, 7) is called a 5-open
set in (X,T). The set of all 8-closed sets in X is denoted by
O0C(X). From[4], lemma 3, §cl(A) ={F € 6C(X):ACF}
and from corollary 4, 8cl(A) is a 8-closed set for a subset A
in a topological space (X,T)

Definition 2.3. ([6], Definition 3.1) Let (X, T) be a topolog-
ical space. A is said to be Q-closed set if 5cl(A) C U when
A C U, where U is a semi-open subset of X. The complement
of Q-closed set is Q-open set.

Definition 2.4. (/6], Definition 5.1) Let A be a subset of a
topological space (X, 7). Then Q-closure of A is defined to
be the intersection of all Q-closed sets containing A and it
is denoted by Qcl(A). That is Qcl(A) = N{F : A C F and
F € QC(X)}. Always A C Qcl(A).

Remark 2.5. ([6], Remark 5.2) From the definition and The-
orem 4.16, arbitrary intersection of Q-closed sets in a topo-
logical space (X, 1) is Q-closed set in (X,7), Qcl(A) is the
smallest Q-closed set containing A.

Theorem 2.6. ([6], Theorem 5.3) Let A be any subset of a
topological space (X, 7). Then, A is a Q-closed set in (X, T)
if and only if A = Qcl(A).

Theorem 2.7. ([6], Theorem 5.11) In a topological space
(X,7), for x € X, x € Qcl(A) if and only if UNA # 0 for
every Q-open set U containing x.

Definition 2.8. [8] Let (X,7) be a topological space. An
operation 'y on the topology T is a mapping from T — P(X)
such that V-C VY for each V € T, where V" denotes the value
of yatV. It is denoted by v : T — P(X).

Notation 2.9.
i) Ue QO(X,x) denotes the set of all Q-open sets in

(X, T)containing x.

i) QO(X,7) or QO(X) or 1 denotes the set of all Q-open
sets in a topological space (X, 7).

iii) The closure (res.interior,complement )of A is denoted
by cl(A) (res.int(A), A°).

iv) SO(X) denotes the set of all semi-open sets in a topo-
logical space (X, 7).
3. Operation on QO(X, )
Definition 3.1. A function v : QO(X,7)— P(X) is called
an operation on QO(X, 1), if U C y(U) for every set U €
QO(X, 7).

Remark 3.2. For any operationy: QO(X, 1) — P(X),y(X) =
X, and y(0) = 0.
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Definition 3.3. A non-empty subset A of X is called yy-open
set if for each x € A, there exists an Q-open set U such that
x €U and y(U) C A. The complement of Ys-open set is Y-
closed set. Assume that the empty set 0 is always Yy-open
for any operation y on QO(X, 7). Ty, denotes the set of all
Yo-open sets on (X, 7). Ty, = {0} U{A/ for each x € A there

exists an Q-open set U > x € U and y(U) CA.}

Example34. X ={a,b,c,d}, 1={0,{a},{b},{a,b},{a,b,c},
{a,b,d}, X}, QO(X) ={0,{a},{b},{a,b},X}. vis defined

by y(0) =0,v({a}) ={a},y({b}) ={a,b},v({a,b}) = {a,b,d},

Y(X) =X. Here, v is an operation on ts; {0,{a},{a,b},X}
are Yp-open sets.

Theorem 3.5. Arbitrary union of Yy-open sets is a Yy-open
set in a topological space X.

Proof. Let {Aq}qey be any family of y,-open sets in a space

(X,7). Let A= |J Aq and x € A be arbitrary. Then x € Ay
oct
for some « € J. By the definition of ys-open, there exist

U e QO(X,)C) such that y(U) C Ay C U Ay = A. Therefore,
act

A is Y-open. O

Remark 3.6. Arbitrary intersection of Yu-closed sets is a

Yo-closed set in a topological space X.

Example 3.7. The intersection of any two Y-open sets is not
necessarily an Yy-open set in (X, 7). Let X = {a,b,c} and
P(X) = QO(X, 7). Define an operation y: QO(X,t) — P(X)
as follows. For every U € QO(X, T)

_Ju forU # {a}
") = {{a,b} SJorU ={a}

Here {a,b} and {a,c} are yy-open sets but {a} is not a Y-
open set.

Proposition 3.8. Every yy-open set is Q-open in a space X.

Proof. Let A be any Y;-open subset of X. Let x € A be arbi-
trary. Then there exists f)-open set Uy containing x such that
U, C y(Ux) CA. Then U{U,/x € A} = A. By ([6], Theorem
4.16), A is Q—open subset of X. O

Remark 3.9. From Example 3.7, every Q-open is not neces-
sarily Yo-open as {a} € QO(X) and {a} ¢ Ty, . It turns out

t0 find a space in which QO(X) = Ty

Definition 3.10. A space (X, t) with an operation y on QO (X , 1)
is called vyy-regular if for each x € X and for each U €
QO(X ,x), there exists an Q-open set V such that x € V and
rV)Ccu.

Example 3.11. X ={a,b,c,d},t={0,{b,c},{a,b,c},{b,c,d},

X}, QO(X) = {0,{b},{c},{b,c},X}. v is defined by y(0) =
0,v({b}) = {b},v({c}) = {c}, v({b,c}) = {b,c,d}, y(X) =

X. Here, the operation y on Ty is Yy -regular.



Theorem 3.12. Let (X,7) be a topological space and 7y :
QO(X,1) = P(X) be an operation on QO(X, 7). Then the
following conditions are equivalent:

i) Every Q-open set is ‘Yy-open set.
it) X is an Yg-regular space.

iii) For every x € X and for every U € QO(X,x), there
exists an Yy-open set V of (X, T) containing x such that
VCU.

Proof. i) = ii) Let x € X be arbitrary and U € QO(X,x). By
hypothesis, there exists V € QO(X, x) such that (V) C U.
ii) = iii) Let x be any point of X and U € QO(X,x). By
hypothesis, there exists Q-open set V such that x € V and
y(V) C U. Again apply hypothesis to the set V. Then, there
exists Q-open set Vi € QO(X,x) such that y(V;) C V. Then,
V is y5-open set containing x such that V C U.

iii) = i) Let U be any Q-open set in X and x € U be arbitrary.

By hypothesis, there exists yy-open set V, containing x such

that V., CU. By Theorem 3.5, U = |J Vi is y5-open. O
xeU

Definition 3.13. Ler (X,7) be any topological space. an
operation y on QO(X, 1) is called Q-open if for each x € X
and for every U € QO(X ,x), there exists an Yo-open set V
containing x such that V. C y(U).

Example 3.14. X ={a,b,c,d}, 1={0,{a},{b},{a,b},{a,b,c},

{a,b,d},X}, QO(X) = {0,{a},{b},{a,b},X}. vis defined
by y(0) = 0,y({a}) ={a},y({b}) = {a, b}, v({a,b}) =

Y(X) = X. Here,the operation Y on 7, is Q-open.

Definition 3.15. Ler (X,7) be any topological space. An
operation y on QO (X, 1) is called Q-regular if for each x € X
and for every pair of sets Uy, Us € QO(X,x), there exists a
set V € QO(X,x) such that y(V) C y(Uy) Ny(Us).

Example 3.16. X = {a,b,c,d}, T=1{0,{a,b},X}, QO(X) =
{0,{a},{b},{a,b},X}. v is defined by y(0) = 0,y({a}) =
{a7b}7Y({b}> = {avb}v}\/({avb}) = {aab}aY(X) = X. Here,

an operation Y on T, is Q-regular.

Proposition 3.17. Intersection of any two Y-open sets is a
Yo-open in a Q-regular operation on QO(X, 7).

Proof. LetU and V be any two ¥5-opensetsin X. Letx € UN
V be any point. Then, x € U and x € V. By the definition, there
exists U € QO(X,x) such that y(U;) C U. Similarly for the
set V, there exists U € QO(X,x) such that y(U,) C V. Now
y(U;) Ny(Us) C UNV. By hypothesis, there exists Q-open
set W containing x such that y(W) C y(U;) Ny(U2) CUNV.
Hence U NV is y5-open subset of X. O

Remark 3.18. By Proposition 3.17, the family of all y4-open
sets satisfy the axioms topology provided an operation Y is a
Q-regular.

{a7b7 d}’
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4. Basic properties of Closures

Definition 4.1. Let y be an operation on QO(X , 7). then for
any subset A of X, ys-closure is denoted by Y5 CI(A), defined
as YoCl(A) = ({F/A C F,X\F € 1y, }. It follows that A C
YoCl(A), Y6CL(0) = 0 and y4CI(X) = X. Moreover, y4CI(A)
is Yo -closed as any intersection of Yo -closed sets is Yy-closed.

Proposition 4.2. A is ys-closed if and only if y4CI(A) = A
for any subset A of X.

Proof. Tt follows straight forward from the definition. O

Theorem 4.3. Let A be any subset of a topological space
(X,7) and y be an operation on QO(X 7). Then, x € Y5CI(A)
iff every Yy-open set containing x meets A.

Proof. Necessary: Let A be any subset of (X, 7). Assume
that there exists yYy-open set U containing x such that U N
A =10. Then U is an yy-closed set such that A C U¢. By
the definition of y5CI(A), A C y5CI(A) C U°. Now x ¢ U°¢
implies x ¢ Y4 CI(A).

Sufficiency: Assume that x ¢ y4CI(A). Then, there exists a
Yo-closed set F such that A C F and x ¢ F. Now, F¢ is an
Yo-open set containing x such that ANF¢ = 0. O

Proposition 4.4. If A and B are any two subsets of the space
X, then the following statements hold.

i) A C B, then y5CI(A) C y4CI(B)

il

YoCl(ANB) C 7,CIA) N 1,CI(B)

iii

i)
)
) YoCl(A)UYaCl(B) C 75CI(AUB)
v) YaCl(15Cl(A)) = Y4 CL(A).

i) If U is any y,-open subset of X containing x,
then by Theorem 4.3 and hypothesis BNU # 0. Again
by Theorem 4.3, x € ¥, CI(B)

Proof.

it) Suppose that x & (¥4CI(A)) N (¥4CI(B)). Then, there
are two possibilities such as, either x ¢ y,CI(A) or x ¢
YoCl(B). If x ¢ y5CI(A), then by Theorem 4.3,there
exists ¥,-open set U of X containing x such that U N
A = 0. It follows that U does not meet A N B. Again by
Theorem 4.3, x ¢ Y5CI(ANB). Similarly for the case

x & YoCI(B).
iii) Proof is analogous to that of if).

iv) If follows from proposition 4.2.
O

Definition 4.5. For a subset A of a topological space X, Q-
closure with respect to an operation y is denoted by(QCl)4(A)
and defined as (QCl)y(A) = {x € X / y(U)NA # 0 for each
U € QO(X,x)}. Always, (QCI)y(0) = 0 and (QCI)y(X) = X.

Lemma 4.6. (QCZ)V(A) is Q-closed set in X for any subset
Aof X.



Proof. Let A be any subset of X and F = (QCI),(A). Always,
F C (QCI)y(F). If x ¢ F, then there exists U € QO(X,x)
such that y(U)NF = 0. Then, UNF = 0. By Theorem 2.7,
x ¢ QCI(F). Therefore, F = QCI(F). By Theorem 2.6, F is
Q-closed. O

Lemma 4.7. In a topological space (X, ) with an operation
Y on QO(X, 1), the following statements hold for any two
subsets A and B of X .

i) A C (QCI(A)C 15CI(A).

ii) A is yp-closed if and only if (QCI)y(A) = A.
i) IfA C B, (QCI)y(A) C (QCI)(B).

iv) (QCl)y(ANB) C (QCI)y(A) N (QCL)y(B).
v) (QC1)y(A) U (QC1)y(B) € (QCL)y(AUB).

i) Letx € A be arbitrary. If U € QO(X, x), then by
[Theorem 5.11]1 U NA # 0. Thus y(U) NA # 0. By the
definition, x € (QCZ )y(A). For another part, assume that
x ¢ Y5CI(A). Then there exists y-closed set F' such that
A CF and x ¢ F. Since every Yu-closed set is Q-closed,
F is O-closed subset of X. Then, F¢ € QO(X ,X) such
that FCNA = 0. Thus, x ¢ (QCI)y(A).

Proof.

Assume that A is ys-closed. If x ¢ A, then x € A°
U(say). Now U is ys-open subset of X containing
x. By the definition, there exists V € QO(X,x) such

thaty(V) C U = A°. Thus y(V)NA = 0 says x ¢ (QCl),(A)

iii) Letx € (QCI),(A) and Let U be any Q-open set con-
taining x. By hypothesis, y(U) NA # 0 and hence
Y(U)NB = 0. Thus x € (QCI)y(B).

Therefore, (QCI),(A) C (QCl)(B).

iv) Suppose that x & ((QCI)y(A)) N ((QCI)y(B)). Then,
there are two possibilities such as, either x ¢ (QCl),(A)
or x ¢ (QCl)y(B). If x ¢ (QCI)y(A), then there exists
Q-open set U of X containing x such that y(U)NA =
0. It follows that y(U) does not meet AN B. By the
definition, x ¢ (QCI)y(ANB). Similarly for the case

x ¢ (QCI)y(B).

v) Proof is analogous to that of iv).

~

O

Theorem 4.8. If y is an Q-regular operation on QO(X, 1),
then for any two subsets A, B of X the following results hold.

i) Y4Cl(A) UsCI(B) = y5CI(AUB).

i) (QCl)y(A)U(QCl)y(B) = (QCl),(AUB)

10
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Proof. i) Always y4CI(A) U 75 CI(B) C 74,CI(AUB). For
other inclusion, if x ¢ Y5 CI(A) U 7,4 CI(B), then there
exist Ya-open sets U and V containing x such that
ANU =0 and BNV = 0. By proposition 3.17, UNV
is Yn-open set in X such that (UNV) N (AUB) = 0.

Therefore, x ¢ y,CI(AUB).

Always (QCI)y(A) U (QC1),(B) C (QCl),(AUB). For
other inclusion, if x ¢ (QCI)y(A) U (QCl)y(B), then
x ¢ (QCI)y(A) and x ¢ (QCI),(B). By the definition,
¥(U1)NA =0 = y(Uy) NB for some Uy, U, € QO(X, x).
By the definition of f)—regular operation, there exists
V € QO(X,x) such that (V) C y(U;)Ny(U,) C (AU
B). Then, (AUB) N y(V) = 0 implies x ¢ (QCI),(AU
B).

O

Theorem 4.9. Let A be any subset of a topological space
(X,7). If v is an Q-open operation on QO(X,7), then the
following statements are true.

i) (QC)y(A) = 14CI(A)
ii) (QC1)y ((QC1)(A)) = (QCI)(A)
iii) (QCl)y(A) is Yg-closed set in X.

Proof. i) Always (QCI)(A)C y4CI(A). Letx ¢ (QCI)y(A).

Then there exists an U € QO(X , x) such that y(U)NA =
0. By the choice of 7, there exists an ¥;-open set V con-
taining x such that V C y(U). Now VNA C y(U)N
A = 0. By Theorem 4.3, x ¢ y4CI(A). So, Y5CI(A) C
(QCI)y(A). Hence (QCI)y(A) = 15CI(A).

i) By i) and Proposition 4.4.(iv), (QCI)y((QCI)(A)) =
(QCL)y(A).

iii) It follows from i) and by the result that y5CI(A) is

Yo-closed.
O

Theorem 4.10. Let A be any subset of a topological space
(X,7) and y be an operation on QO(X,T). Then the following
statements are equivalent.

i) A is yy-open set.
ii)
iii) YCI(X \A) =X\ A.

(QCl)y (X \A) = X \ A.

iv) X \A is Yo-closed set.

Proof. 1t follows from the definition. O

Theorem 4.11. Ler (X,7) be a topological space and y be
an Q-regular operation on QO(X, 7). Then y5CI(A)NU C
YoCl(ANU) holds for every Yg-open set U and every subset
Aof X.



Proof. Assume that x € Y5CI(A) NU for every ys-open set
U and every subset A of X. Let V be any y5-open subset of
X containing x. By Proposition 3.17, UNYV is ys-open set
containing x. Since, x € Y4CI(A), AN(UNV) # 0. That is,
(ANU)NV # 0. By Theorem 4.3, x € y4,CI(ANU). O

5. Separation axioms

Definition 5.1. A ropological space (X, T) with an operation
yon QO(X, 1) is called Yo-To if for any two points x,y in X
such that x # y there exists an U € QO(X, t), such that x € U
andy ¢ y(U) ory e U and x ¢ y(U).

Definition 5.2. A ropological space (X, T) with an operation
yon QO(X,7) is called Yo-Th if for any two points x,y in X
such that x # y, there exist two Q-open sets U and V contain-
ing x and y respectively such that y ¢ y(U) and x ¢ y(V).

Definition 5.3. A ropological space (X, T) with an operation
yon QO(X, 1) is called Yo- T2 if for any two points x,y in X
such that x # y there exist two Q-open sets U and V containing
x and y respectively such that y({U)Ny(V) = 0.

Theorem 5.4. Let ¥ be an Q-open operation on QO(X, 7).

Then (X, T) is an Ya-To space iff (QCI)y({x}) # (QCI)y({y})
for every pair x,y of X with x # y.

Proof. Let x,y be any two distinct points of an y5-Tp space
(X, 7). Then,there exists a ¥s-open set U such that x € U and
y ¢ y(U). Since 7 is an Q-open, there exists a Yo-open set V
such that x € V and V C y(U). Therefore, y € X \ y(U) C
X\ V. Now X \V is an y,-closed set in (X,7) such that
(DCD,({y}) C X\ V. Thus (OC1),({x}) £ (OCD),({3}).
Conversely,if x,y are any two distinct points of X then,
(QCy({x}) # (QCI)y({y}). Choose z € X such that z €
(QCD)({x}). and = ¢ (ACN)({y)). Ifx € (BCT);({y}). then
(DCD)({x}) € (OCT)({y}). Thatis, z& (ACI),({y)}). which
is a contradiction. So, x ¢ (QCI)y({y}). Then, there ex-
ists an Q-open set U containing x such that y(U) N {y} = 0.
Now, x € U and y ¢ y(U) that satisfy the condition of y5-Tp
space. O

Theorem 5.5. The space (X,7) is Y5-T1 if and only if for
every point x € X, {x} is an ya-closed set.

Proof. Let (X, 7) be a y,-T1 space and x be any point of X.
Then for any point y € X such that x # y, there exists an Q-
open set V, such that y € V; but x ¢ y(Vy). Thus, y € y(V;) C
X \ {x}. This implies that X \ {x} = U{y(V}) : y € X\ {x}}.
Now X \ {x} is y4-open set in (X, 7) and hence {x} is Y-
closed set in (X, 7).

Conversely, let x,y € X such that x # y. By hypothesis, we get
X\ {y} and X \ {x} are y,-open sets such that x € X \ {y} =U
(say) and y € X \ {x} =V (say). Therefore, there exist Q-
open sets U and V such that x e U,y € V,y(U) C X \ {y} and
Y(V) CX\{x}.So,y ¢ y(U) and x ¢ y(V). This implies that
(X, T) is ’J/Q—Tl. O

11
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Theorem 5.6. For any topological space (X,7) and any op-
eration 'y on Ty, the following properties hold.

i) Every Yo-T» space is Yo-Th.
ii) Every Ya-Ti space is Yg-To.

Proof. Tt follows from definitions.

6. Conclusion

In this paper, an attempt has been made to define operation
on the class of Q-open sets. with the help of this operation,the
new class of y5-open sets has been introduced and two kinds
of closures such as, y5C! and Qci )y studied. Their basic
properties have been derived. Moreover, it is shown by an
example that intersection of any two y,-closed sets is not
necessarily a Ya-closed but that holds in a Q-regular operation
on QO(X, ) has been derived.
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