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Abstract
In this manuscript, we extend the notion of (φ ,ψ) - weak contraction to intuitionistic generalized fuzzy cone
metric space by employing the idea of altering distance function. We also obtain common fixed point theorems in
intuitionistic generalized fuzzy cone metric space, which extend and generalize the several known results in the
literature.
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1. Introduction
In 1965 Zadeh [16] defined fuzzy set which is a real

tool for the understanding of many phenomena, not only in
the field of mathematics but also in other fields of science.
Atanassov [3] bring a new notion called intuitionistic fuzzy set
which provides a very suitable tool to describe the uncertain
or impressive decision information. In 2007 Shaban Sedghi
[14] introduced D∗-metric which is a probable modification
of the definition of D-metric introduced by Dhage. Park [11]
gave the notion of intuitionistic fuzzy metric space which
is a generalization of fuzzy metric space due to George and
Veeramani [4]. Huang and Zhang [5] defined the concept of
cone metric space and proved some fixed point theorems for
contractive mappings. Later Tarken Oner et al [9] introduced
fuzzy cone metric space that generalized the corresponding

notions of fuzzy metric space. In 1984, Khan et al [8] em-
ployed the idea of altering distane function in metric fixed
point results. In 2010 Vetro et al [15] defined the notion of
(φ ,ψ)- weak contraction in fuzzy metric space. Recently,
Bag et al [2] extend the notion of (φ ,ψ)-weak contraction in
intuitionistic fuzzy metric space and proved some fixed point
theorems by using the altering distance function. For more
results on fuzzy metric space and fuzzy cone metric space one
can see the research papers in ([1], [6], [10], [12], [13])
The purpose of this paper is to extend and generalized the
(φ ,ψ)-weak contraction to intuitionistic generalized fuzzy
cone metric space and prove some common fixed point re-
sults.

2. Preliminaries
In this section, we recall some definitions and basic results

of intuitionistic fuzzy cone metric space which will be used
throughout the paper.

Definition 2.1. A binary operation ∗ : [0,1]× [0,1]→ [0,1]
is a continuous t-norm if ∗ satisfies the following conditions :

1. ∗ is associative and commutative,

2. ∗ is continuous,
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3. a ∗ 1 = a for all a ∈ [0,1],

4. a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for all a, b, c,
d ∈ [0,1].

Example 2.2. a ∗ b = min {a, b} and a ∗ b = ab

Definition 2.3. A binary operation ♦ : [0,1]× [0,1]→ [0,1]
is said to be a continuous t-co norm if it satisfies the following
conditions :

1. ♦ is associative and commutative,

2. ♦ is continuous,

3. a ♦ 0 = a for all a ∈ [0, 1],

4. a ♦ b ≤ c ♦ d whenever a ≤ c and b ≤ d for all a, b, c,
d ∈ [0, 1].

Example 2.4. a ♦ b = max {a, b} and a ♦ b = min {a+b, 1}

Definition 2.5. Let E be a real Banach space, θ be the zero
of E and P a subset of E. Then P is called a cone if and only if

1. P is closed, nonempty and P 6= {θ},

2. if a,b ∈ R, a,b ≥ 0 and x,y ∈ P, then ax + by ∈ P,

3. if both x ∈ P and − x ∈ P, then x = θ .

For a given cone P, a partial ordering � on E with respect
to P is defined by x � y if and only if y - x ∈ P. The notation
x ≺ y will stand for x � y and x 6= y, while x� y will stand
for y - x ∈ int (P). Throughout this paper, we assume that all
cones have non empty interior.

A cone P is called normal if there exists a constant K > 0
such that for all t,s ∈ E,θ � t � s implies ‖t‖ ≤ K‖s‖ and
the least positive number K satisfying this property is called
normal constant of P.

Definition 2.6. A 3-tuple (X, M , ∗) is called a Generalized
Fuzzy Cone Metric Space (Shortly GFCMS) if P is a cone of
E, X is an arbitrary set, ∗ is continuous t-norm and M is a
fuzzy set on X3× int(P) satisfying the following conditions;
For all x, y, z ∈ X and t, s ∈ int(P)

1. M (x, y, z, t) > 0 for all x, y, z ∈ X,

2. M (x, y, z, t) = 1 if and only if x = y = z,

3. M (x, y, z, t) = M (p{x, y, z}, t), where p is permutation,

4. M (x, y, a, t) ∗M (a, z, z, s) ≤M(x, y, z, t + s),

5. M (x, y, z, .) : int(P)→ [0,1] is continuous.

Example 2.7. Let E = R+, Then P= {(k1,k2,k3) : k1,k2,k3≥
0} ⊆ E is a normal cone with normal constant K = 1. Let X
= R, a∗b = ab and M : X3× int(P)→ [0, 1] defined by

M (x,y,z, t) =
1

e
|x−y|+|y−z|+|z−x|

‖t‖

for all x, y, z ∈ X and t� θ .

Definition 2.8. Let (X, M , ∗) is said to be a Generalized
Fuzzy Cone Metric space, if x ∈ X and {xn} be a sequence in
X. Then

1. {xn} is said to converge to x if for any t� θ and any r
∈(0,1) there is n0 ∈ N such that M (xm,x,x, t)> 1− r
for all m,n ≥ n0.

2. {xn} is said to be a Cauchy sequence if for any 0 <
ε < 1 and for any t � θ there is n0 ∈ N such that
M (xm,xn,xl , t)> 1− ε for all m,n, l ≥ n0.

3. (X, M , ∗) is called complete if every Cauchy sequence
is convergent in X.

Definition 2.9. A 5-tuple (X, M , N , ∗, ♦) is an intuitionistic
generalized fuzzy cone metric space if X is an arbitrary set,
∗ is a continuous t-norm, ♦ is a continuous t-conorm and
M ,N are fuzzy sets in X3× int(P) satisfying the following
conditions:

1. M (x, y, z, t) + N (x, y, z, t) ≤ 1,

2. M (x, y, z, t) > 0,

3. M (x, y, z, t) = 1 if and only if x = y = z,

4. M (x, y, z, t) = M (p{x,y,z}, t), where p is permutation,

5. M (x, y, a, t) ∗M (a, z, z, s)≤M (x, y, z, t + s),

6. M (x, y, z, .) : int(P)→ [0,1] is continuous,

7. N (x, y, z, t) < 0,

8. N (x, y, z, t) = 0 if and only if x = y = z,

9. N (x, y, z, t) = N (p{x,y,z}, t), where p is permutation,

10. N (x, y, a, t) ∗N (a, z, z, s) ≥N (x, y, z, t + s),

11. N (x, y, z, .) : int(P)→ [0,1] is continuous,

The functions M (x, y, z, t) and N (x, y, z, t) denote the
degree of nearness and the degree of non-nearness between x,
y and z with respect to t respectively.

Definition 2.10. Let (X, d) be a metric space and let P = R+.
Denote a ∗ b = ab and a ♦ b = min {1,a+b}
for all a,b ∈ [0, 1]and let M and N be fuzzy sets on X3 ×
int(P) defined as follows:

M (x,y,z, t) =
ktn

ktn + lD∗(x,y,z)
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and

N (x,y,z, t) =
D∗(x,y,z)

mtn + lD∗(x,y,z)

for all k, l,m,n ∈ int(P) and for each t� θ . Then
(X ,M ,N ,∗,�) is an intuitionistic generalized fuzzy cone
metric space.

Definition 2.11. Let (X, M , N , ∗, ♦)be an intuitionistic
generalized fuzzy cone metric space, x ∈ X and {xn} be a
sequence in X. Then

1. {xn} is said to converge to x if for each t� θ , we have
limn→∞ M (xm,xn,x, t)= 1 and limn→∞ N (xm,xn,x, t)=
0 for all m,n≥ n0.

2. {xn} is said to be a Cauchy sequence if for each r ∈
(0,1) and t� θ , there exist n0 ∈ N such that
M (xm,xn,xl , t)> 1− r and N (xm,xn,xl , t)< r for all
m,n, l ≥ n0.

3. (X, M , N , ∗, ♦) is called complete if every Cauchy
sequence is convergence in X.

Definition 2.12. A function φ : [0,∞)→ [0,∞) is an altering
distance function if φ(t) is monotone non-decreasing and
continuous and φ(t) = 0 if and only if t = θ .

Definition 2.13. Let (X, M , N , ∗, ♦)be an intuitionistic
generalized fuzzy cone metric space and f ,g : X → X be two
mappings. The mapping g is called intuitionistic (φ ,ψ) -
weak contraction with respect to f if there exist a function
ψ : [0,∞)→ [0,∞) with ψ(r)> 0 for r > 0 and ψ(r) = 0 and
an alternating distance function φ such that

φ(
1

M (g(x),g(y),g(z), t)
−1)≤ φ(

1
M ( f (x), f (y), f (z), t)

−1)

−ψ(
1

M ( f (x), f (y), f (z), t)
−1)

(2.1)

φ(N (g(x),g(y),g(z), t)≤ φ(N ( f (x), f (y), f (z), t))

−ψ(N ( f (x), f (y), f (z), t))

(2.2)

hold for all x,y,z ∈ X and each t� θ . If f is the identity
map, then g is called intuitionistic (φ ,ψ) - weak contraction
mapping.

Definition 2.14. Let (X, M , N , ∗, ♦) be an intuitionistic
generalized fuzzy cone metric space and f ,g : X → X be two
mappings. A point u in X is called coincidence point (common
fixed point) of f and g if z = f (u) = g(u).

Definition 2.15. Let { fi}and {gi} be two finite families of
self mappings on X are said to be pairwise commuting if

1. fi f j = f j fi, where i, j ∈ {1,2, ...,m},

2. gig j = g jgi, where i, j ∈ {1,2, ...,n},

3. fig j = g j fi, where i ∈ {1,2, ...,m} and j ∈ {1,2, ...,n}.

3. Main Results
Theorem 3.1. Let (X, M , N , ∗, ♦) be an intuitionistic gen-
eralized fuzzy cone metric space and g : X → X be a intuition-
istic generalized (φ ,ψ) - weak contraction with respect to
f : X → X . If g(X) ⊆ f (X) and f (X) or g(X) is a complete
subset of X, then f and g have a unique common fixed point
in X provided that ψ is a continuous function.

Proof. Let x0 ∈X be an arbitrary point. Choose a point x1 ∈X
such that g(x0) = f (x1). This can be done since g(X)⊆ f (X).
Continuing this process, we obtain a sequence {xn} in X such
that yn = g(xn) = f (xn+1).
We assume that yn 6= yn+1 for all n ∈ N, otherwise f and g
have a coincidence point. Now we get,

φ(
1

M (yn,yn,yn+1, t)
−1) = φ(

1
M (g(yn),g(yn),g(yn+1), t)

−1)

≤ φ(
1

M ( f (xn), f (xn), f (xn+1), t)
−1)

−ψ(
1

M ( f (xn), f (xn), f (xn+1), t)
−1)

≤ φ(
1

M (yn−1,yn−1,yn, t)
−1)

−ψ(
1

M (yn−1,yn−1,yn, t)
−1)

≤ φ(
1

M (yn−1,yn−1,yn, t)
−1).

which, considering that φ function is non − decreas-
ing, implies that M (yn,yn,yn+1, t)> M (yn−1,yn−1,yn, t) for
all n ∈ N and hence M (yn−1,yn−1,yn, t) is an increasing se-
quence of positive real numbers in (0,1].
Let U(t) = limn→∞ M (yn−1,yn−1,yn, t), we show that U(t) =
1 for all t � θ . If not, there exist t � θ such that U(t) < 1,
then from the above inequality on taking n→ ∞. We obtain

φ(
1

U(t)
−1)≤ φ(

1
U(t)

−1)−ψ(
1

U(t)
−1).

which is a contradiction. Therefore M (yn,yn,yn+1, t)→ 1 as
n→ ∞. Now, for each positive integer p, by definition (2.13),
we have

M (yn,yn,yn+p, t)≥ M (yn,yn,yn+1,
t
p
)∗M (yn+1,yn+1,yn+2,

t
p
)

∗· · · ∗M (yn+p−1,yn+p−1,yn+p,
t
p
).

It follows that
limn→∞ M (yn,yn,yn+p, t) ≥ 1 ∗ 1 ∗ · · · ∗ 1 = 1. At the same
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time, we have

φ(N (yn,yn,yn+1, t) = φ(N (g(xn),g(xn),g(xn+1), t))

≤ φ(N ( f (xn), f (xn), f (xn+1), t))

−ψ(N ( f (xn), f (xn), f (xn+1), t))

≤ φ(N (yn−1,yn−1,yn, t)

−ψ(N (yn−1,yn−1,yn, t))

< φ(N (yn−1,yn−1,yn, t)

which, considering that the φ function is non-decreasing,
implies that N (yn,yn,yn+1, t) < N (yn−1,yn−1,yn, t) for all
n∈N and hence N (yn−1,yn−1,yn, t) is a decreasing sequence
of positive real numbers in [0,1).
Let V (t) = limn→∞ N (yn−1,yn−1,yn, t), we show that V (t) =
0 for all t� θ . If not, there exists t� θ such that V (t)> 0,
then from the above inequality on taking n→ ∞, we obtain
φ(V (t))≤ φ(V (t))−ψ(V (t)). which is a contraction.
Therefore N (yn,yn,yn+1, t)→ 0 as n→ ∞. Now, for each
positive integer p, by definition (9), we have

M (yn,yn,yn+p, t)+N (yn,yn,yn+p, t)≤ 1
and lim

n→∞
[M (yn,yn,yn+p, t)+N (yn,yn,yn+p, t)]≤ 1.

It follows that limn→∞ N (yn,yn,yn+p, t) = 0. Hence yn is a
Cauchy sequence. If f(X) is complete, then there exists q ∈
f(X)such that yn → q as n→ ∞. The same holds if g(X) is
complete with q ∈ g(X). Let p ∈ X be such that f (p) = q.
Now, we shall show that p is a coincidence point of f and g.
In fact, we have

φ(
1

M (g(p),g(p), f (xn+1), t)
−1) = φ(

1
M (g(p),g(p),g(xn), t)

−1)

≤ φ(
1

M ( f (p), f (p), f (xn), t)
−1)

−ψ(
1

M ( f (p), f (p), f (xn), t)
−1)

for every t� 0, which on taking n→ ∞ gives that,

lim
n→∞

M (g(p),g(p), f (xn+1), t) = lim
n→∞

M (g(p),g(p),g(xn), t)

= M (g(p),g(p), f (p), t)

= 1.

Therefore f (p) = g(p) = q. Now, we shall show that f (q) =

q. If it is not so, then we consider

φ(
1

M ( f (q), f (q),q, t)
−1) = φ(

1
M (g(q),g(q),g(p), t)

−1)

≤ φ(
1

N ( f (q), f (q), f (p), t)
−1)

−ψ(
1

M ( f (q), f (q), f (p), t)
−1)

≤ φ(
1

M ( f (q), f (q),q, t)
−1)

−ψ(
1

M ( f (q), f (q),q, t)
−1)

which is a contradiction that leads our result. The uniqueness
of fixed point follows from the inequality (1) and (2) and so
the proof is complete.

Example 3.2. Let(X, M , N , ∗, ♦) be a complete intuitionis-
tic generalized fuzzy cone metric space and let X = { 1

n ;n ∈
N}∪ {0},∗ be minimum norm and ♦ be a maximum norm.
Let M , N , be defined by

M (x,y,z, t) =

{
t

t+(|x+y|+|y+z|+|z+x|) , if t > 0

0, if t = 0

N (x,y,z, t) =

{ |x+y|+|y+z|+|z+x|
t+(|x+y|+|y+z|+|z+x|) , if t > 0

0, if t = 0

Also, define φ ,ψ : [0,∞)→ [0,∞) by φ(t) = t
2 ,ψ(t) = t

8 , for
all t� θ , f(x) = x

2 and g(x) = x
4 . Obviously g(X)⊆ f (X) and

ψ is a continuous function. Then we have

φ(
1

M ( f (x), f (y),M f (z), t)
−1)−ψ(

1
M ( f (x), f (y), f (z), t)

−1)

=
3(|x+ y|+ |y+ z|+ |z+ x|)

16t

≥ 2(|x+ y|+ |y+ z|+ |z+ x|)
16t

= φ(
1

M (g(x),g(y),g(z), t)
−1)

From the above inequality and the fact that N = 1−M we
conclude that the conditions (1) and (2) are satisfied. Thus g
is intuitionistic generalized (φ −ψ)- weak contraction with
respect to f .

Corollary 3.3. Let (X ,M ,N ,∗,♦) be an intuitionistic gen-
eralized fuzzy cone metric space and g : X → X be a intuition-
istic (φ ,ψ)- weak contraction. If ψ is continuous then g has
a unique fixed point.

Corollary 3.4. Let(X, M , N , ∗, ♦) be an intuitionistic gen-
eralized fuzzy cone metric space and g : X → X be a mapping
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satisfying

φ(
1

N (g(x),g(y),g(z), t)
−1) ≤ kφ(

1
M (x,y,z, t)

−1)and

φ(N (g(x),g(y),g(z), t)) ≤ kφ(N (x,y,z, t))

for each x,y,z ∈ X, t ∈ θ and k ∈ (0,1).

Theorem 3.5. Let (X, M , N , ∗, ♦) be an intuitionistic gener-
alized fuzzy cone metric space and fi,g j be two finite families
of self mappings on X with f = f1. f2 · · · fn and g = g1.g2...gm,
where i ∈ {1,2, ...,m} and j ∈ {1,2, ...,n}. Let g be a gen-
eralized intuitionistic (φ ,ψ) - weak contraction with respect
to f . If g(X)⊆ f (X) and f (X) or g(X) is a complete subset
of X then g j and fi have a unique common fixed point in X,
provided that ψ is a continuous function and the families fi,
and g j commute pairwise.

Proof. Using Theorem (16), we conclude that f and g have
a unique common fixed point, say q. Now, we want to show
that q remains the fixed point of all the component mappings.
For this consider,

ggi(q) = (g1g2 · · ·gm)gi(q)

= (g1g2 · · ·gm−1)gmgi(q)

= (g1g2 · · ·gm−1)gigm(q)

= · · ·
= g1gi(g2g3 · · ·gm)(q)

= gig1(g2g3 · · ·gm)(q)

= gig(q)

= gi(q).

Similarly, we can show that g f j(q)= f jg(q)= f j(q), f f j(q)=
f j f (q) = f j(q) and f gi(q) = gi f (q) = gi(q) , which implies
that, for all i and j, gi(q) and I j(q) are other fixed points of
the pair {g, f}. Now the uniqueness of common fixed point
of mappings f and g, we get q = gi(q) = I j(q), which shows
that q is a common fixed point of fi and g j for all i and j.

Example 3.6. Set M ,N ,∗,♦ as in Example (17) and let
X = [0,∞) and
P = R+. Define ψ : [0,∞)→ [0,∞) by ψ(t) = t

4 , for all t� θ

and two families of self mappings fi and g j, where i, j ∈
{1,2, ...,m} by

fi(x)=

{
0, if x = 0

1
x

n√6 , if x ∈ intP
and g j(x)=

{
0, if x = 0

1
x

n√2 , if x ∈ intP

Then, we have

φ(
1

M ( f (x), f (y), f (z), t)
−1)−ψ(

1
M ( f (x), f (y), f (z), t)

−1)

=
3(z6|x6 + y6|+ x6|y6 + z6|+ y6|z6 + x6|)

2tx6y6z6

≥ (z2|x2 + y2|+ x2|y2 + z2|+ y2|z2 + x2|)
2tx2y2z2

= φ(
1

M (g(x),g(y),g(z), t)
−1)

From the above inequality and fact that N = 1−M , we
conclude that the conditions (1) and (2) are satisfied. All the
hypothesis of Theorem (20) are satisfied, then fi and g j have
a unique common fixed point.

4. Conclusion
In this paper, an approach has been developed to extend and
generalized the (φ ,ψ)-weak contraction in intuitionistic gen-
eralized fuzzy cone metric space and prove some common
fixed point results. The results are illustrated with a well-
analyzed example in Section 3.
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