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On fractional neutral Volterra-Fredholm
integro-differential systems with non-dense domain
and non-instantaneous impulses
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Abstract

The key purpose of this manuscript is to examine the existence and uniqueness of integral solutions for a
class of fractional neutral Volterra-Fredholm integro-differential systems with non-instantaneous impulses and
non-densely defined linear operators in Banach spaces. We are constructing the main findings on the basis of
the Banach contraction theory. An example is given to support the validation of the theoretical results achieved.
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1. Introduction

The principle of fractional or non-integer calculus is not
a new subject. This is the generalization of the traditional
integer-order calculus. Its appearance dates back to the argu-
ment between the Leibniz mathematicians and the Hospital.
It has currently become a common area of inquiry in the light
of its practical application, following its theoretical creation
a few hundred years ago. It is a reasonable way to describe
memory for specific aspects, so there are diverse disciplines of
study in science and engineering, such as astronomy, biology,
chemistry, economics, management of complex processes, etc.
Various books and articles in this domain, see the monographs
and papers [4, 8, 9].

There are various genuine issues that have some unex-
pected changes in their states, such abrupt changes are known
as impulsive effects in the issues. In the current theory, there

are two sorts of impulsive frameworks, one is the instanta-
neous impulsive framework and another is known as the non-
instantaneous impulsive framework. In the instantaneous im-
pulsive framework, the length of these unexpected changes is
minimal in connection with the range of an entire progression
measure. These quick driving forces occur in heart throbs,
stuns and catastrophic events, while in the non-instantaneous
impulsive system, the length of these abrupt changes continues
throughout a restricted time span. Hernandez and O’Regan
[3] gave the new class of differential conditions non- instanta-
neous impulses and set up the existence of mild and classical
solutions.

Motivated by [1-3, 5-7], in this paper we consider a class
of fractional neutral Volterra-Fredholm integro-differential
systems with non-instantaneous impulses of the form

D [x(t) + h(t,x(t))]
Alx(t) +h(t,x(1))]

4 f (t,x(t), /0 k(t,5,x(s))ds, /0 TE(;,s,x(s))ds> :

e (si,ti+1],i:0,1,2,...,m
x(t) = gi(t,x(1)), te,s],i=1,2,....m
x(0) = xo,

(1.1

where D is the Caputo fractional derivative of order o €
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(0, 1) with the lower limit zero, A : D(A) C X — X not neces-
sarily a densely defined closed operator on the Banach space
X120 €X,0=t0 =50 <t1 <51 <tr <0 <o <ty <
Sm < tm+1 = T are fixed numbers, h: [0,T] XX — X; g; €
c ((t,-,sl-] xX;D(A)) , f:]0,T] x X* — X is a nonlinear func-

tionand k,k : Ax X — X, where A= {(x,5): 0 < s <x< 7}
are given functions which satisfies assumptions to be spec-
ified later on. For our convenience, we denote Ex(t) =

t T__
/0 k(t,5,x(s))ds and Exx(1) = /O i(t,5,x(s))ds.

The rest of the paper is organized as follows. In Section 2,
we present the notations, definitions and preliminary results
needed in the following sections. In Section 3 is concerned
with the existence and uniqueness result of problem (1.1). An
example is given in Section 4 to illustrate the results.

2. Preliminaries

In this section, we recall basic definitions of fractional
calculus and integral solutions which are very useful to prove
our main results.

Definition 2.1. [4] The Riemann-Liouville fractional integral
of order q with the lower limit zero for a function f is defined

as
1

qu(t):r@/()t(t—s)q1f(s)ds, q>0

provided the integral exists, where T(+) is the gamma function.
Definition 2.2. [4] The Riemann-Liouville derivative of order

q with the lower limit zero for a function f : [0,00) — R can
be written as

1 an [t
Lpa - = _ el _
Dif(t) F(n—q)dt",/()(t s) fls)ds,n—1<g<n,t>0
Letus setJ = [O,T],Jo = [0,[1], J1 = (ll,tz],..., Jn_1 =

(tm—1,tm]  Jm = (tm,tm+1) and introduce the space PC(J,X) :=
{u:J=>X|ueC(,X),k=0,1,2,...,m, and there exist
+ — _ . — _ .
u(tk ) and u(tk ) k=1,2,...,m, with u(tk ) = u(tk)}.ltls
clear that PC(J,X) is a Banach space with the norm ||u||pc =

sup{[|u(e)]| : 1€ J}.
Let Xo = D(A) and A be the part of A in D(A) defined by

D(Ag) = {xl €D(A) : Ax; € W} Ao (x1) = A (x1)

Throughout our analysis, the following hypotheses will
be considered:

(H1) A:D(A) C X — X satisfies the Hille-Yosida condition,
that is, there exist two constants @ € R and Ag > 0 such
that (@,%) C p(A) and

Ao

[AL=A)" S ey

forall A > w,n > 1

(H2) The part Ag of A generates a compact Cp -semigroup
{T(¢)}+>0 in Xp which is uniformly bounded, that is,
there exists Ay > 1 such that sup, (g ..) |7 (#)]| < Aa.
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Let By = AR(A,A) := A(AI —A)~'. Then for all x| €
Xo,Byx; — x1 as A — oo, Also from Hille-Yosida condition,
it is clear that Alim I1BLI < Ap.

—oo

Definition 2.3. [8, 9] A function x € C(J,X) is said to be a
mild solution of the following problem:

{ “Dx(1) = Ax(t) +y(t),
x(0) =xo

€(0,7T)

if it satisfies the integral equation

1) = Palt)so+ [ (1=5)% Qalt —s)y(s)ds:

Here

/ E0(0)T (190)d6, Q(t) = a/:ez:a(e)T(t“e)de
Eq(6) = ‘*an (9 a)zo
@y (0) = % i(—l)"*lef""‘*lngn(mu), 6 € (0,00)

n=1

and &y is a probability density function defined on (0,0),

that is,
Ex(0)>0,0€ (0 /J;a )de =1

It is not difficult to verify that

- 1
/0 0%a(0)d0 = o

We make the following assumption on A in the whole
paper.

H(A) : The operator A generators a strongly continuous
semigroup {7'(¢) : # > 0} in X, and there is a constant A4 > 1
such that sup;c(.) |7(t)||Lex) < Aa. For any ¢ > 0,T(#) is
compact.

Lemma 2.4. [8, 9] Let H(A) hold, then the operators Py and
Qg have the following properties:

(1) For any fixed t > 0,Py(t) and Qu(t) are linear and
bounded operators, and for any x € X,

A
1P (0)x]] < Aallxll,  11Qa (1)l < e Il

(2) {Py(t),t >0} and {Qy(1),t > 0} are strongly continu-

ous;
(3) foreveryt > 0,Py(t) and Qq(t) are compact operators.

Next, by using the concept discussed in [2], we define the
following definition of the mild solution for problem (1.1).

009 nn,,
5:

; ‘a’uv
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Definition 2.5. A function x € PC(J,X) is said to be a PC
-mild solution of problem (1.1) if it satisfies the following
relation:

x(t)
Pa(t) o +(0,x(0))] = hlt, (1) + Tim [ =%
Qo (t —5)By f(5,x(5),E1x(s), E2x(s))ds, t € [0,1]]
g1(t,x(t)), t € (tl,sl]
Py (t —s1)dy — h(t,x(t)) + hm/ V4100 (1 )
Y Buf(s,x(s),E1x(s), sz( ))ds, X € [s1, tz]
git,x(1)), 1 € (tsi]i= 1,2,
Pa (it — s)di — h(1,x(1)) +l1m/ Y100 (1 — )
By, f(s,x(s), E1x(s), Exx(s))ds, 1 € [Snlz+1]
where, fori=1,2,....m

i =i (510x (1)) + hlsix(s9) — lim [ (51 =)
Qu (5i—8)B), f(s,x(s ),Elx( ),sz( ))ds 2.1)

and xq € Xj.

3. Existence Results

In this section, we present and prove the existence and
uniqueness of the system (1.1) under Banach contraction prin-
ciple fixed point theorem.

From Definition 3.1, we define an operator S: PC(J,X) —
PC(J,X) as

(Sx)(r)

t
P00+ h(0,(0))] = h(r. (1)) + lim [ (s
—yo00
Qo (t —$)By f(s,x(s),E1x(s), Exx(s))ds, t € [0,1]
=< gi(t,x(t)), t € (t,si] t
Pult=s)di+ Jim [ (6=5)%"1 04 (1)
A—o0 JO
B, f(s,x(s), E1x(s), E2x(s))ds, t € [si,ti11]
with d;,i =1,2,...,m, defined by (2.1) and x¢ € Xj..
To prove our first existence result we introduce the follow-
ing assumptions:
Here, we take a =

a-L ¢ (~1,0).

1—a

(H(f)) The function f € C(J x X3;X) and there exists Ly €
1
L% (J,R") with o € (0, ) such that

||f(t7xlax27x3)
<Lp(0)llx

for all (x1,x2,x3),(y1,y2,y3) € X and every ¢ € J.

_f(taylayZay3)||

— vl + llx2 = yal| + [Jx3 — y3]|]

(H(h)) The function & € C([0,T] x X;X) and there exists a
positive constant L, > 0 in a ways that

([A(2,x) = h(z,y) | < Lpllx—yll,  x,y € Xandz € J.
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(H(k, k)) The functions k,k : A x X — X are continuous and
there exist constants Ly, L;; > 0 such that

t
| [ tsont) = K.yl < L=
for all, x,y € X; and
T . ~
e .(6) ~Rs.06Dlas| < =
for all, x,y € X;

,m, the functions g; € C ((;, 5] x X;Xp)
and there are positive constants L,, such that

7gi(tay)|| < L’i

Igi(2,x) x—yll

forall x,y € X and 7 € (1, s;].

Theorem 3.1. Assume H(f),H(h),
isfied and

(14a)(1—ay)

c M [ Ly prye D00
= max max .

1<iem | A\ TE T Ta) (14a)i-o

H (k,k) and H(g) are sat-

L 14+ Ly + L
Il g g (15 )

L"‘Ll ([0,s4],
1 1-
AoAg 1 z(+Ta)( ar)

G g 1+ L+L] S,
Fo) (1t e 171 e 14 k}}

Aos [fH»a)(lfa] )

+Ly+

h [1+Lk+L}j}<l.
3.1)

Then there exists a unique integral solution in PC(J,X) of the
system (1.1) provided xo € Xp.

Proof. Proof From the assumptions it is easy to show that the
operator S is well defined on PC(J,X) Let x,y € PC(J,X).
Fort € [0,11], from Lemma 2.1, we have

1(8x) (1) = (Sy) (D)l

< (@) = b @)+ fim (=9 [Qalt—)

Bl (f(S,x(S),Elx(S),sz(S)) —f(S,y(S),Ely(s),Ezy(S)))HdS
[ AoAp |1 _
<[ [ == L6+ L | I loe
AoAy _aa—l ﬁ e
< | Ty UO (=9 ds} L -
[+ L+ 13]] x = llpe
(I4+a)(1—ay)
AogAa n
< B I(a) (1+a)—® |‘Lf|‘L0‘l7([0,tl],R )[]+Lk+L ]]
llx = yllpc-

Similarly, we have, forz € (1;,s;],i = 1,2,...,m

1(52)(£) = (Sy) ()] < lgi(t,x(2)) — &il2, y(1))l

< Ly =yllre < ALg[lx—yllpc

S50
SR

<
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and, for t € [s;,t;41],i=1,2,...,m Consider the following impulsive problem:

“DEult, )+ H(,ul1,))]
2
— S3lule) + Hoult )]

+ F(t,u(t,y),Eiu(t,y), Ecu(t,y)),

[[(Sx) (1) = (Sy) (@)l
Po, (t —si) [g (sisx(si)) — &i (si,y (s1))

+ h(si,x(si)) — h(si, y(s)) te U, (siytis],y € 0, 7]
— lim I(Si—S)ailQa(Si—S) M(t’y):Gi(t7u(t7y))7 te(tivsi]ai:1727"'am
Az JO ye o, @.1)

By, (f(s7x(s)7E1x(s),E2x(s))

u(t,y) =uo(y), y€l0,n]
_f(s»)’(s);Ely(S),Ezy(s)))ds]

u(t,0)=u(t,r) =0, re][0,T],

where °D¥ means that the Caputo fractional derivative is taken

t
+ ||z, x(2)) — h(2,y(2))|| + lim / (t—s5)%! for the time variable ¢ with the lower limit zero; xp € X,0 =
A JO l=s50<t1 <851 <th <5< <ty <Sp<tmy) =T are
|Qa(t —5)B; (f(s,x(s), E1x(s), E2x(s)) fixed numbers, g; € C ((ti,si] % X;D(A)) i=1,2,....m
—f(5,(5),E1y(s), E2y(s))) | ds Define x(7)(y) = u(t,y), (t,y) € [0,T] x [0, n]. Then F,H
< AgAy s TaI=a) ol and G; can be rewritten as
SAp | Ly, +Ly+ ! f
! r 1 1-a ar
(a) ( +a) I L ([0 RT) f(t,x,Elx,ng)(y):F(t,u(t,y),Elu(t,y),Ezu(t,y)),
(14 Le+ L) 1= ll e h(,0) () = H(t,u(t,y)),
o Ao L gi(1,0)(y) = Gi(t,u(t,y)), y € [0,7], € (1, s3],
" T(a) (1+a) = N o, m) i=12,....m
[14 Ly -l—L~ ] Ilx—¥llpc where E;| and E; are same as defined in (1.1).
AcA s(1+u)(1fo¢.) This shows that the problem (1.1) is an abstract formula-
<|Ax <Lgi +L,+ 04 S a lLell 1 tion of the problem (4.1).
I(a) (1+a)t= LA ([05i].RT) It is well known that the operator A satisfies the Hille-
[1+ L+ L)) Yosida condition with (0,-+¢) C p(A),||[(AI—A)7!|| < 1
AOAA (1Ta)(l_al) fOr )u > O and
+ L+ |1 A ,
e Gt a Pl o e D(A) = {x € X :x(0) = x(x) = 0} £X.
This implies that A satisfies (H1) with |lambdag = 1.
[ L+ L] | | e =yllec Since it is well known that A generates a compact Cp-semigroup
{(T(#))}+>0 on Xp such that ||T(z)|| < 1, hence (H?2) is satis-
From the above we can deduce that fied with A, - 1. . .
For the validation of Theorem 3.1, let us consider
[[(Sx)(1) = (Sy) (1)[lpc < Cllx = yl|pc- f(2,x(1), Exx(1), sz( )
_ e / i
Then it follows from condition (3.1) that S is a contraction - (9+e!)(1+ | x(t 10 ¢
on the space PC(J,X). Hence by the Banach contraction Lo g
mapping principle, S has a unique fixed point x € PC(J,X) 10 / ©’

which is just the unique integral solution of problem (1.1).
i 1
The proof is now complete. O h(t,x(t)) =§x(t);
1
— gi(t,x(t)) ==sinx(t)+e€', te€(t,s],i=1,2,...,m
4. Application 3

Then clearly f : [0,7] x E® — E is a continuous function
A simple example is given in this section to illustrate the  apd

result. ||f(t,x,E1x,E2x) 7f(t7y7Ely7E2y)H
Let X = C?([0, 7], R). Define an operator A : D(A) C X — et
XbyAx=x"withD(A)={x€ X :x" € X,x(0) = x(7) =0} < (9+€t)[1+Lk+LZ]|‘x_y||>

215 X



On fractional neutral Volterra-Fredholm integro-differential systems with non-dense domain and non-instantaneous

for all, x,y € X, with [; = %, L= %, Le(t) = ﬁ and it
1
follows that Ly € L% ([0,T],R").

Further,
|7 (t,x) = h(t,y)|| < Lnllx—y||

with L, = % Also g; : (#;,5;] X X — Xy are continuous function
and

llgi(2,x) — &i(1,y) |l < L, [lx—yll
with Ly, = % Thus f,h,g,Ly and Ly are satisfied the hypothe-

ses (Hf), H(h), (Hg) and (H (k,%)) respectively. Therefore, we
deduce that the model (4.1) has a unique integral solution.
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