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Induced stress of some graph operations
Shiny Joseph

Abstract

The induced vertex stress of any vertex of a graph G measures the contribution of that vertex in the total stress
of the graph G. This paper investigates the total vertex stress in some merged graphs, cartesian product graphs
and the join of two graphs. The induced vertex stress of geodetic graphs and its relation with Wiener index and

betweenness centrality is also studied.
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1. Introduction

The concept of stress is a shortest path dependent vertex pa-
rameter and was introduced by Shimbel(1953).

Let G(V(G),E(G)) be a simple connected undirected
graph with vertex set V(G) and edge set E(G). Let n and
m denote the number of its vertices and edges respectively.
For any two vertices u,v € V(G), the distance d(u,v) between
u and v is the length of a shortest path between u and v in G.

Definition 1.1. [6] : For a simple connected undirected graph
G(V,E), the stress of a vertex x €V is defined as

where 0,,(x) is the number of shortest paths with vertices u
and v as their end vertices and include the vertex x.

Definition 1.2. [5] Let V(G) = {v; : 1 <i < n} and for the
ordered vertex pair (v;,v;) let there be kg (i, j) distinct short-
est paths of length lg(i, j) from v; to vj. Then, sg(vi) =

n
Y kg(i,j)(c(i,j)— 1) and the total induced vertex stress
=1t
n

OfG is E(G) = Z 5(;(\1,').

i=1

2. Total vertex stress of some merged
graphs

Merging two cycles :

Consider two cycles C, and C,, having vertices v, v, ...,V
and uy,uy,...,u, respectively. Merging any two vertices v;
and u; we get two cycles with a common vertex.

Case 1. Merging one odd cycle Cy,1 and one even cycle Cy
denoted by C3, (t,s).

Let n = s+t then

Theorem 2.1. The total stress of C} (t,s) is given by

2n—3)12 — (2n% —4n+1)1+2n3 —2n>
S(C2 (1)) = B2t .
Proof. The total stress of C% (s,t) consists of the total stress
of Cyr41 , the total stress of Cy(,, ), the stress induced by
2(n—t)— 1 vertices on the cycle Cy 4 and the stress induced



by 2t vertices on the cycle Cy(,_) . Hence S(C{, (t,s)) =
( )
+

(2t+1)2t(t71) _’_Z(nfl)(nfzt)(nflfl) +(2t)2(n—t)—|—2(2(n7t>21(t71
2t(n—t)(n—t—1) )

2 . 2 2 3_5,2
Hence S(CZ,D(LS)) _ (2n—3)r*—(2n 7;1n+1)t+2n —2n . 0

Case 2. Merging two even cycles Cy; and Cy; denoted by
Ch(t,s). Letn =t + s then

Proposition 2.2. The total vertex stress of C?y 5 (t,s) is given
by
S(CO 5 (1,5)) = (n—=2)1* — (n* = 2n)t +n® —n?

Proof. The total stress of C2 (t,s) consists of
(a)The total stress of Co;
(b)The total stress of Cy(,, )
(c)The stress induced by 27 — 1 vertices on the cycle Gy, )
(d)The stress induced by 2(n — ) — 1 vertices on the cycle Cy,
(a)+(b)+(c)+(d) gives the result

O

Case 3. Merging two odd cycles Co;+1 and Cygy1 denoted
by CZ,A(I7S)~ Letn=r+s+1, then

Proposition 2.3. The total vertex stress of C3,  (t,s) is
Y 2_ 3_7,2 _
S(CZA(Z‘,S)) _ (2n—4)r-—(2n 6n+24)t+2n Tn“+Tn—2

Proof. Similar to the proof of Proposition 2.1 and Proposition
2.2 O

Merging two paths:
Consider two paths P, having vertices vy, Vs, ..., v and P hav-
ing vertices u1,u2, ..., us. Merging any two vertices v; and u;
gives a tree, denoted by FY(7,s).
Case 1. If two pendent vertices are merged, we get the path
Pris—1. Hence S(P(t,5)) = S(Pys—1) , fori=1,rand j=1,s
Merging a path with a cycle :
Consider the path graph P and the cycle graph C,,. By merg-
ing the pendant vertex of P, with any vertex of C, we get a
tadpole graph T (n,t).

Theorem 2.4. The total vertex stress of T (2r + 1,t) is
S(T(2r+1,1)) = S(B) +S(Car1) +r(t — 1) (t +r—1).

Proof. The total vertex stress of T(2r + 1,¢) consists of , the
total stress of the cycle Cy,11, the total stress of the path F;,
the stress induced by the 2r + 1 vertices on the path p,_; and
the stress induced by the r — 1 vertices on the cycle Cp,4 1.
Thus total stress of T'(2r+ 1,1) is S(T(2r+1,1)) = S(P) +
S(C2r+1) + 2rt(;—1) + 2(t—1)2r(r—1) 0

Corollary 2.5. The total vertex stress of T (2r,t) is given by
S(T(21,1)) = S(B) +S(Car) +r(t — 1)(t +r—1).
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3. Total vertex stress of some cartesian
product graphs

Theorem 3.1. The total vertex stress of the ladder graph
KaOOP, s, S(Ka0IP,) = M=l Do) =3r43)

Proof. Let the vertices of the ladder graph K>[P, be

V1yV2,y ey Vi U1, U, ..., Uy Here stress of vy, vy, up, u, are same
and by considering the path u;vv,...v, we get Sk,0p, (V1) =
n— 1. Now consider the vertex v;. By considering paths
VIV2...Vplly, VIV2...Vy—1Uy—1 U, and so on, we get the stress of
vi as Siyop, (vi) = (i — 1) (n 41— i) 4 8030 o
i=2,3,...,n—1. By a similar reasoning we get the stress
of u; as Skyop, () = (i — 1) (n 4 1 — i) + E=OlEE)—(n13)]
fori=2,3,...,n— 1. Hence total vertex stress of K»[IP, is ,

n—
S(K,0P,) =2] Zz (Sk,op, (vi)) +2(n—1)]. That is

i I
S(RIB) =20 £ (1= 1)(n 1)+ ()3 n 3]

+2(n—1)}. -

Theorem 3.2. The total vertex stress of the book graph K>[1S,,+1
is, S(Kx0S,41) =n(Tn—3).

Proof. Consider the book graph K>[IS,+; with vertex set
V,V1,V2,...,V, for one copy of 5,4+ and u,uy,us, ..., u, for the
other copy of 5,4+ 1. Consider the vertex u. For the vertex stress
of u, uv; paths contributes n, v;v; paths contributes "<"2_ Y and
u;v; paths contributes 2n(n —1). Thus total stress of u is
n+ w Now consider v;, for the stress of v;, vu; paths
contributes 1 and u;v; paths contributes (n — 1). Hence stress
of viisnfori=1,2,...,n. Thus total stress of book graph is
2[nn+n+ 5"('5771)] =n(Tn-3). O

4. Induced vertex stress of join of two
graphs

Consider two graphs G and H with order n and m respec-
tively. In this section we discuss the total induced vertex stress
of G+ H, the join of G and H. We can define two subsets of
V(G) as, Ga(uy) = {u; € V(G) : £g(t,i) =2} and
G>2(M,) = {Ml‘ S V(G) : EG(I,Z') > 2} . Let aen) :| Gz(ut) |
and p(G) =[ G>2(u) |.

Theorem 4.1. The total induced vertex stress of join of two
graphs is given by

n TGy
s(G+H)= 21(' 12'7& (kG, (t,0) +m)+ pG)-m)
t=1 i=1i#t
m r(H,.v) .
+ X (X (kay(s, ) +n)+pas) - n)-
s=1 j=1,j#s

Proof. Let G and H be two graphs with vertex set {u,ua, ...,u, }
and {vy,v2, ..., vy } respectively.

s(G+H)= Y

sG1H(X)= X 5G+u () + X 561u(vs)
xeV(G+H) =1 =

s=1



Consider u; € V(G+ H). The total induced vertex stress of u;

n+m

is, sgm(u) = 12_# ko (t,j)(lG+u(t, j) —1).

Jj=1,j#t
Since u;vj € E(G+ H), for induced vertex stress of u; we
consider only (u,u;),j=1,2,...,n. Hence

n
sGn () = Z# kG (t,j)(LG+u(t, j) —1).

J=Lj7t

Iff(;(l‘,j) =2, then €G+H(t7j) =2and kG+H(t,j) :kc(l‘,j)+
m. If g@(t,j) > 2, then £G+H([aj) =2 and kc;+H(l,j) =

m.Therefore

"Gn . P(Gyr)

5G+H(uf) = Z (sz (t7j)+m)+ Z n.
j=1,j#t J=1,j#t
By a similar argument,
T(H.s) P(H.s)
sgru(vs) = ¥ (kmy(s,j)+n)+ Y n.
J=1j#s j=1j#s

Hence the result.

5. Induced vertex stress of geodetic
graphs

A geodetic graph is an undirected graph such that there
exists a unique shortest path between each two vertices.
The Wiener index or Wiener number W (G) of G is defined as

WG =3 ¥ Y do(uy)
ucV(G)veV(G)

Theorem 5.1. If G is a geodetic graph of order n, then s(G) =
2W(G)—n(n—1).

Proof. consider u; € V(G). Then induced vertex stress of u,
n

is given by sg(u;) = ¥ (bg(t,i)—1)
i=1,i#t

Hence 5(G) = g Y (Ge(ti)— 1) = 2W(G) —n(n— 1)
O

Hence the total vertex stress of a geodetic graph G is
given by S(G) =W(G) — @ Since the total betweenness
centrality Y B(v)=W(G)— @ the total betweenness

veV(G)
centrality is same as total vertex stress in a geodetic graph.

6. Conclusion

In this paper total vertex stress of some graph classes
and some graph operations are computed and calculate the
induced vertex stress of join of two graphs. Also establish a
relation between the total induced vertex stress and Wiener
index in geodetic graphs and proved that in geodetic graphs
total betweenness centrality and total vertex stress are the
same.
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