Malaya Journal of Matematik, Vol. 9, No. 1, 262-266, 2021
https://doi.org/10.26637/MJM0901/0044

Pronic Heron Mean labeling on special cases of
generalized Peterson graph P(n, k) and disconnected
graphs

S. Akila Devi'*, R. Sophia Porchelvi?® and T. Arjun®

Abstract

A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions. In
this paper for a graph G(V, E) each of the vertices v € V(G) are assigned by pronic numbers. In this paper, we
investigate the pronic heron mean labeling on special cases of generalized Petersen graph P(n,k). Also we
described an algorithm to label the vertices for the pronic heron mean labeling for certain disconnected graphs.
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1. Introduction

All graphs we consider here are finite, undirected,
simple and connected. For standard notations and terminology
in graph theory, we follow [1]. We refer [2] for a comprehen-
sive survey on graph labeling and [3] for heron mean labeling.
A pronic number is a number which is the product of two

number of the form n(n+1). Let G(p,q) be a graph with
p > 2. A pronic heron mean labeling[4] of a graph G is a bijec-
tion f: V(G) — {0,2,6,12,...,p(p+ 1)} such that the result-

ing edge labels obtained by f*(uv) = [L1H VI,

or f*(uv) = Lf(”H‘f(V)g Y ﬂu)j(V)J for every uv € E(G) are
all distinct. The present work is aimed to provide pronic
heron mean labeling of some special cases of Generalized
Peterson graphs namely Durer Graph P(6,2), Mobius Kan-
tor GraphP(8,3), Dodecahedren Graph P(10,2), Desargues
Graph P(10,3) and Nauru Graph P(12,5). Also we investi-
gate the existence of the same labeling on certain disconnected
graphs.

Definition 1.1. Generalized Peterson Graph

For natural numbers n and k, where n > 2k, a Gen-
eralized Peterson graph P(n,k) is the graph whose vertex set
is {uy,up,y .oty FU{ vi,va,..., v} and its edge set is
{uistir1,uivi,viviyr, | <i<n}, where the subscript arithmetic
is done modulo n using the residues 0,1,2,...,n— 1.

Note:
= For n = 6 and k = 2, the graph P(6,2) is said to be Durer
Graph.
= For n = 8 and k = 3, the graph P(8,3) is said to be Mobius
Kantor Graph.
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= For n = 10 and k = 2, the graph P(10,2) is said to be
Dodecaheran or Dodecahedral Graph.

= For n = 10 and k = 3, the graph P(10,3) is said to be
Desargues Graph.

= For n =12 and k = 5, the graph P(12,5) is said to be
Nauru Graph.

2. Main Theorems

2.1 Special cases of P(n,k)
Theorem 2.1. Durer Graph P(6,2) admits pronic heron mean
labeling.

Proof. Let {vg,v,v2,v3,v4,Vs} be the inner vertices and
{uo,u1,uz,u3,us,us} be the outer vertices of P(6,2).
Define a bijection f: V(G) — {p1,p2,...,pm} by

f(ul> :Pi+17i: Oa ]7755 f(vi> :P7+i7i: Oa 17"'75'

For the above vertex labeling, the edge labeling f* : E(G) —
{4,5,6,...,p2, } is defined by

Fr(uvigr) = (i+2)%,i=0,1,2,...,4;

y > +n+2++/2(n)+2n
£ (o) = | 2L,
f*(ViVH.z):p8+i,i:0,1,2,3;
f* (V,’V,’+4) =91+420i,i=0,1;
fr(uvi) = (i+5)* = (i+2),i=0,1,2,...5.

In the view of the above defined labeling, the Durer graph
admits pronic heron mean labeling. O

Theorem 2.2. Mobius Kantor Graph P(8,3) admits pronic
heron mean labeling.

Proof. Let {vo,vi,V2,...,v7} be the inner vertices and
{uo,u1,us,...,u7} be the outer vertices of P(8,3).
Define a bijection f : V(G) — {p1,p2,..., pan} by

Pi+10
Pi+2

f(ui):pi+17i=0,1,2,...77;f(v,-):{ i

For the above vertex labeling, the edge labeling f* : E(G) —
{4,5,6, ..., pon} is defined by

frui) = (i4+2)%i=0,1,2...,6;

n?+n+2+ \/2(n)2+2n1
3 :

fH(uoun—1) = [

e J+i=2+6 i=0,1,2..,6;
f(ulv,)—{(H_z)z i=17

. J(n+it+4)? i=0,1,2,3;
f(v,vl+3)—{(i+8)2+2 iza

i=0,1,2,...,6.
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(n+5)*+2 i=0
(n+6)>+2 i=1.
(n+3)? i=2
In the view of the above defined labeling, the Mobius Kantor
graph admits pronic heron mean labeling. O

fr(vivigs) =

Theorem 2.3. Dodecahedral Graph P(10,2) is a pronic heron
mean graph.

Proof. Let {vg,vi,v2,...,v9} be the inner vertices and
{uo,u1,us,...,us } be the outer vertices of P(10,2).
Define a bijection f: V(G) = {p1,p2,..., Pan} by

pis1 i=2,3,..9 2o
. PDi+10 1=1,
f(ui) =19 pira i=0; ; f(vi):{ "
. po i=0
pi i=1

For the above vertex labeling, the edge labeling f* : E(G) —
{4,5,6, ..., po, } is defined by

{

[ (uoun—1) =

(i4+2)2
(i+1)(i42)

n?+n+6+ \/6(n)2+6n1.
3 9

i=0,2,3,..,8;

fHuvipr) = .
i=1

% p11+i7i:1727"'a7;
ViVig1) =
f ( i z+l) {P16+57i:0

f(viviyg) =380 —135i,i =0,1;
(n+i—4)2+6,i=2,3,..9
5(i+9),i=1.

157 49,i=0

S (i)

In the view of the above defined labeling, the Dodecahedral
graph admits pronic heron mean labeling. O

Theorem 2.4. Desargues Graph P(10,3) admits pronic heron
mean labeling.

Proof. Let {vo,vi,Vv2,...,vo} be the inner vertices and
{uo,u1,uz,...,ug} be the outer vertices of P(10,3).
Define a bijection f : V(G) — {po, p1,p2,---, P2n} bY

Di+1 i:2,3,...9
fu) =14 piya i=0;
pi i=1
i =1,2...9.
f(Vi) _ {pl+10 l )
po =0

For the above vertex labeling, the edge labeling f* : E(G) —
{4,5,6,...,p2, } is defined by

{(i+2)2

(i+1)(i+2)

i=0,2,3,...8;

fH(uvipr) =

263
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I (uoun—1) = |

n2+n+6+\/6(n)2+6nw

3 9
e 240 i=1,.,6
fr(vivigs) = {(n—|—7)2—|—4 i—0

(n+9)? i=0

* V.V- =
f(t1+7) {(n+4+i)2+4 i=1,2

(n+i—4)2+6,i=2,3,..9
5(i+9),i=1.
15n4+9,i=0

f*(uivi) =

In the view of the above defined labeling, the Desargues graph
admits pronic heron mean labeling. O

Theorem 2.5. Nauru Graph P(12,5) admits pronic heron
mean labeling.

Proof. Let {vg,v1,v2,...,v11 } be the inner vertices and
{uo,u1,uz,...,u1; } be the outer vertices of P(12,5).
Define a bijection f : V(G) — {po,p1,P2,.--s P} by

fui) = pip1,i=0,1,2...11;

i [ =1,2...11.
f(vi) _ {pl+12 l )
P2n i=0

For the above vertex labeling, the edge labeling f* : E(G) —
{4,5,6,...,p2, } is defined by

(i) = (i+2)%,i=0,1,2...,10;

n?+n+2+ \/2(n)2+2nw
3 ;

[ (uoun—1) = [

i=1,2..,11;

. 2
£l {(l+7) +10 =
i=0

(n+3)2-13

(15+i)>+2 i=1,2,..6
(2n—3)2+4 i=0

f(vivigs) = {

. (16+i)*+4 i=1,2,34.
Vivian) =
f(ll+7) {(2n—2)2+2 i=0
In the view of the above defined labeling, the Nauru graph
admits pronic heron mean labeling. O

2.2 PHML on Disconnected Graphs
Note 2.6. In this section the assignment of the labels are
in both anticlockwise and clockwise directions. Denote the

anticlockwise direction by AC and the clockwise direction by
C.
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2.3 Algorithm for union of Path graphs P, UP,

The union graph P, U B, where m,n > 2has the
vertex set V (B, UPB,)= V(B,)UV(P,) with the cardinality
m+n and edge set E(P,, UP,)= E(P,)UE(P,) with cardinal-
ityg=m+n-—2.

Let the path P, is demonstrated by listing the vertices and the
edges in order

Ui, e1,U,€2,...Um—1,€m—1,Un. We name the vertex uj, the
active vertex and the vertex u,, is the end vertex of the edge
em—1. Now the path P, is demonstrated by listing the ver-
tices and the edges in order v, ,e/1 Va2, e;, Vi1 ,elmfl ,Vm. We
name the vertex v, the first vertex and the vertex v, is the
end vertex of the edge e;nfl.

Label the vertices in cloclwise direction C. The algorithm
has single pass: it labels the vertices of both the paths P, and
P,. At the end of the algorithm, we compute the labels of the
edges which results the graph, a pronic heron mean graph.

Algorithm

The parameters of the algorithm are described as follows:

e i, the index of the vertices ranging from 1 to max{m,n}.

o {uy,uy...,up }, the vertices of P, m > 2.

o {vi,va...,v,}, the vertices of B,, n > 2.

o f(u;), the ”i”th value of the vertex u;.

o f(v;), the ”i”’th value of the vertex v;.

e p;, the ”i”th pronic number: p; =i(i+1) fori =
0,1,2..m+n.

if(m<2||ln<?2)
{

let pointersize;
if(m is greater than n)

{
}

elseif(n is greater than m)

return;

pointersize = m,

pointersize = n;

}

else

{
}

for(i=1;1 < pointersize;i++)

{

pointersize = m,

if(i < m)

{
f(u;) = pi

f(vi) = pmti
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2.4 Algorithm for union of Path Graph and Cycle
Graph C,,UP,

The union graph C,, U B, where m,n > 2has the ver-
tex set V(Cyy UP, )=V (Cy) UV (P,) with the cardinality m +n
and edge set E(C,, UP,)= E(C,,) UE(P,) with cardinality ¢ =
m+n— 1. Let the cycle C,, is demonstrated by listing the ver-

tices and the edges in order uy,e1,u,€2,...Um—1,€m—1,Un,Cm, U1 .

We name the vertex uq, the active vertex and the vertex u,, is
the end vertex of the edge e;,—1. Now the path P, is demon-
strated by listing the vertices and the edges in order

Vi ,ell , V2, elz, V1 ,e:,%l ,Vm. We name the vertex vy, the first

/

vertex and the vertex v,, is the end vertex of the edge ¢,,,_;.
Label the vertices in cloclwise direction C. The algorithm has
single pass: it labels the vertices of both the paths C,, and
P,. At the end of the algorithm, we compute the labels of the
edges which results the graph, a pronic heron mean graph.

Algorithm

The parameters of the algorithm are described as follows:

e i, the index of the vertices ranging from 1 to
max{m,n}.

o {uj,up,u3,...,u,, } be the vertices of C,, m > 3.

e {vi,v2...,v,} be the pendant edges attached to the
corresponding vertices of P,

e f(u;), the ”i”th value of the vertex u;.

e f(v;), the ”i"th value of the vertex v;.

e p;, the ”i"th pronic number: p; = i(i + 1) for
i=1,2..m+n.

if(m<3||ln<?2)

{
}

let pointersize;
if(mis greater than n)

{
}

elseif(n is greater than m)

{

return;

pointersize = m;

pointersize = n;

pointersize = m,

}

Sfor(i=1;1 < pointersize;i+ +)

{

if(m==4)
{
if(i=1 || i = 2)

{
}

elseif(i=3)

f(u;) = pi

265
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{
f(u;) = pis1
}
elseif(i=4)
{
f(w;) = pi-1
}
}
else
{
f(u;) = pi
}
f(Vi) = Pm+i
}

}

2.5 Algorithm for union of mK3, m > 2

Given a graph mK3 where m denotes the number
of copies of K3. Let the vertex set of mK3 be V.={V; UV, U
.UV} where V; = {v{,vh,vi} where i = 1,2,3...,m and
the edge set of mK3 be E = {(viv2)’, (vav3)’, (v3v1)'} where
i=1,2,3...,m.
Label the vertices in cloclwise direction C. The algorithm has
single pass: it labels the vertices of all the mK3 . At the end
of the algorithm, we compute the labels of the edges which
results the graph, a pronic heron mean graph.

Algorithm

The parameters of the algorithm are described as follows:

e i, the index of the vertices ranging from 1 to m.

o {vi v, vi}, the vertices of mK3, m > 2.

e f(v;), the "i"th value of the vertex v;.

e p;, the ”i”th pronic number: p; = i(i+ 1) for
i=1,2..3m.

Sfor(i=1;i <mji++)

{
f)) = paia
F(v3) = p3i-1
f(v3) = psi

2.6 Algorithm for union of C,, n > 5 and mK3, m > 2
Given a graph C, UmK3 where m denotes the num-
ber of copies of K3 and n denote the number of vertices of C,,.
Let the cycle C,, is demonstrated by listing the vertices and the
edges in order uy, e, un, ey, ... y—1,€n—1,Uy,en, u;. We name
the vertex up, the active vertex and the vertex u,, is the end ver-
tex of the edge e,,—;. Let the vertex set of mK3 be V.= {V; U
VaU...UV,} where V; = {v],v},vi} where j =1,2,3....m
and the edge set of mK3 be E = {(viv2)/, (v2v;)’, (v3v1)’}
where j =1,2,3....m.
Label the vertices in clockwise direction C. The algorithm

00%%
L800
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has single pass: it labels the vertices of all the C,, and the it
labels all the evrtices of mK3 . At the end of the algorithm,
we compute the labels of the edges which results the graph, a
pronic heron mean graph.

Algorithm

The parameters of the algorithm are described as follows:

e i, the index of the vertices ranging from 1 to n.

e j, the index of the vertices ranging from 1 to m.

o {uy,up,u3,...,u, } be the vertices of C,, n > 3.

o {v{,v},v}}, the vertices of mK3, m > 2.

e p;, the ”i"th pronic number: p; = i(i+ 1) for
i=12..n4+m.

if(m<2||ln<5)

{

}

for(i=1;i < n;i++)

{
}

for(i=1;j <m;j++)

{

return;

fu;) = pi

2.7 Algorithm for corona product of Comb Graph
and Path Graph of (P, ©K|)UP,, m,n>3

The comb graph, denoted by P, ©® K] is defined as
the corona product of the path P, and K . It has 2n vertices
and 2n — 1 edges. Let {ug,u,...,u,—1 } be the path P, with n
vertices and{v,,v,,...,v,} be the pendant edges attached to
the corresponding vertices of P,. Let {u;,up,us,...,u,} be
the vertices of P, m > 3. Algorithm for Comb Graph:
The parameters of the algorithm are described as follows:

e i, the index of the vertices ranging from 1 to 1 to
max{m,n}.

o {vi,va...,v,}, the vertices of B,, n > 3.

. {v/l,v/z, ...7v/n}, the vertices attached to the corre-
sponding vertices of P,.

o {uj,up,u3,...,u }, the vertices of P, m > 3.

e f(v;), the ”i"th value of the vertex v;.

e f(v;), the "i”th value of the vertex v;.

e f(u;), the ”i’th value of the vertex u;.

e p;, the ”i”th pronic number: p; = i(i+ 1) where
i=1,2..2n+m.

if(m<3||n<2)

{

return;

266
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}

let pointersize,
if(mis greater than n)

{
}

elseif(n is greater than m)

{

pointersize = m,

pointersize = n;

pointersize = m,

}

for(i=1; i < pointersize;i++)

{

f(V;) = pai—i
fv;) = pai
f(ui) = pan+i

3. Conclusion

In this paper, the results for few special graphs are
proved that they admit pronic heron mean labeling. It is
possible to investigate similar results for other families of
graphs. The authors are highly thankful to the anonymous
referees for their valuable suggestions.
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