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Abstract
Reducibility and stability relation of single valued neutrosophic automata(SVNA) are introduced and proved that
stability relation is equivalence relation in single valued neutrosophic automata.
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1. Introduction
The theory of neutrosophy and neutrosophic set was intro-
duced by Florentin Smarandache in 1999 [6]. The neutro-
sophic set is the generalization of classical sets, fuzzy set[9],
intuitionstic fuzzy set[1], interval valued intuitionistic fuzzy
sets [2] and so on. The concept of fuzzy set and intuitionstic
fuzzy set unsuccessful when the relation is indeterminate.

The theory of fuzzy sets was introduced by Zadeh
in 1965[9] as a generalizations of crisp sets. Since then the
fuzzy sets and fuzzy logic are used widely in many applica-
tions involving uncertainty. Attanasov introduced the concept
of intuitionistic fuzzy sets in 1986 [1] which is an extension
of fuzzy set. In intuitionistic fuzzy set, each element of the
set representing by a membership grade and non-membership
grade. Some other generalizations of fuzzy sets are bipolar
valued fuzzy set [4], vague set [3] and so on.

A neutrosophic set N is classified by a Truth mem-
bership function TN , Indeterminacy membership function IN ,
and Falsity membership function FN , where TN , IN , andFN
are real standard and non-standard subsets of ]0−,1+[.

Wang etal. [7] introduced the notion of single valued neutro-
sophic sets.

The notion of the automaton was first fuzzified by Wee
[8]. The concept of single valued neutrosophic finite state
machine was introduced by Tahir Mahmood [5]. In this pa-
per, the concept of reducibilty and stability relation in single
valued neutrosophic automata are introduced. Also proved
that stabilty relation is an equivalence relation in single valued
neutrosophic automata.

2. Preliminaries
In this section, we recall some definitions and basic results
which will be used throughout the paper.

Definition 2.1. [5] A fuzzy automata is triple F = (S,A,α)
where S,A are finite non empty sets called set of states and
set of input alphabets and α is fuzzy transition function in
S×A×S→ [0,1].

Definition 2.2. [6] Let U be the universe of discourse. A
neutrosophic set (NS) N in U is characterized by a truth mem-
bership function TN , an indeterminacy membership function
IN and a falsity membership function FN , where TN , IN , and
FN are real standard or non-standard subsets of ]0−,1+[. That
is
N = {〈x,(TN(x), IN(x),FN(x))〉 ,x∈U, TN , IN ,FN ∈ ]0−,1+[ }
and with the condition
0− ≤ sup TN(x)+ sup IN(x)+ sup FN(x)≤ 3+.
we need to take the interval [0,1] for technical applications
instead of ]0−,1+[.



Characterizations of single valued neutrosophic automata using relations — 284/285

Definition 2.3. [6] Let U be the universe of discourse. A sin-
gle valued neutrosophic set (NS) N in U is characterized by a
truth membership function TN , an indeterminacy membership
function IN and a falsity membership function FN .
N = {〈x,(TN(x), IN(x),FN(x))〉 ,x ∈U, TN , IN ,FN ∈ [0,1].}

Definition 2.4. [5] F = (S,A,N) is called single valued neu-
trosophic automaton (SV NA for short), where S and A are
non-empty finite sets called the set of states and input symbols
respectively, and N = {〈ηN(x),ζN(x),ρN(x)〉} is an SV NS in
S×A×S. The set of all words of finite length of A is denoted
by A∗. The empty word is denoted by ε, and the length of each
x ∈ A∗ is denoted by |x|.

Definition 2.5. [5] F = (S, A, N) be an SV NA. Define an
SV NS N∗ = {〈ηN∗(x),ζN∗(x),ρN∗(x)〉} in S×A∗×S by

ηN∗(qi, ε, q j) =

{
1 if qi = q j

0 if qi 6= q j

ζN∗(qi, ε, q j) =

{
0 if qi = q j

1 if qi 6= q j

ρN∗(qi, ε, q j) =

{
0 if qi = q j

1 if qi 6= q j

ηN∗(qi,xy,q j) = ∨qr∈Q[ηN∗(qi,x,qr)∧ηN∗(qr,y,q j)],
ζN∗(qi,xy,q j) = ∧qr∈Q[ζN∗(qi,x,qr)∨ζN∗(qr,y,q j)],
ρN∗(qi,xy,q j) = ∧qr∈Q[ρN∗(qi,x,qr)∨ρN∗(qr,y,q j)],
∀qi,q j ∈ S, x ∈ A∗ and y ∈ A.

3. Characterization of SVNA using
relations

Definition 3.1. Let F = (S,A,N) be an SVNA. If F is said to
be deterministic SVNA then for each qi ∈Q and x∈ A there ex-
ists unique state q j such that ηN∗(qi,x,q j)> 0. ζN∗(qi,x,q j)<
1, ρN∗(qi,x,q j)< 1.

Definition 3.2. Let Θ = p1, p2, ..., pz be a partition of the
states set S such that if ηN∗(qi,x,q j) > 0. ζN∗(qi,x,q j) < 1,
ρN∗(qi,x,q j)< 1. for some x ∈ A then qi ∈ psand q j ∈ ps+1.
Then Θ will be called periodic partition of order z ≥ 2.
An SVNA F is periodic of period z ≥ 2 if and only if z =
Maxcard(Θ) where this maximum is taken over all periodic
partitions Θ of F. If F has no periodic partition, then F is
called aperiodic. Throughout this paper we consider aperi-
odic SVNA.

Definition 3.3. Let F = (S,A,N) be an SVNA. A relation R
on a set S is said to be an equivalence relation if it is reflexive,
symmetric and transitive.

Definition 3.4. Let F =(S,A,N) be an SVNA. An equivalence
relation R on a set S is said to be congruence relation if
∀qi,q j ∈ Q and x ∈ A, qi R q j implies that then there exists
ql ,qk ∈ S such that
ηN∗(qi,x,ql)> 0,ηN∗(q j,x,qk)> 0
ζN∗(qi,x,ql)< 1,ζN∗(q j,x,qk)< 1 and
ρN∗(qi,x,ql)> 0,ρN∗(q j,x,qk)< 1.

Definition 3.5. Let F = (S,A,N) be an SVNA. If qi and
q j, qi,q j ∈ S are said to be reducible relation and it is de-
noted by qiϒq j if there exist a word w ∈ A∗,qk ∈ S such that
ηN∗(qi,w,qk)> 0⇔ ηN∗(q j,w,qk)> 0
(ζN∗(qi,w,qk)> 0⇔ ζN∗(q j,w,qk)< 1
ρN∗(qi,w,qk)> 0⇔ ρN∗(q j,w,qk)< 1

Example 3.6. Let F = (S,A,N) be an single valued neutro-
sophic automaton, where
S = {q1,q2,q3,q4}, A = {x,y}, and N are defined as below.
(ηN∗ ,ζN∗ ,ρN∗)(q1,x,q4) = [0.6,0.4,0.5]
(ηN∗ ,ζN∗ ,ρN∗)(q1,y,q2) = [0.3,0.5,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q2,x,q3) = [0.5,0.1,0.3]
(ηN∗ ,ζN∗ ,ρN∗)(q2,y,q4) = [0.7,0.4,0.3]
(ηN∗ ,ζN∗ ,ρN∗)(q3,x,q2) = [0.1,0.7,0.5]
(ηN∗ ,ζN∗ ,ρN∗)(q3,y,q4) = [0.2,0.4,0.6]
(ηN∗ ,ζN∗ ,ρN∗)(q4,x,q1) = [0.6,0.2,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q4,y,q3) = [0.3,0.4,0.5]
The states q2 and q3 are reducible since ηN∗(q2,xy,q4)> 0⇔
ηN∗(q3,xy,q4)> 0 ζN∗(q2,xy,q4)< 1⇔ ζN∗(q3,xy,q4)< 1,
and ρN∗(q2,xy,q4)< 1⇔ ρN∗(q3,xy,q4)< 1

Definition 3.7. Let F = (S,A,N) be an SVNA. If two states
qi and q j are said to be stability related and it is denoted
by qiΩ q j if for any word w1 ∈ A∗ there exists a word w2 ∈
A∗, qk ∈ S such that
ηN∗(qi,w1w2,qk)> 0⇔ ηN∗(q j,w1w2,qk)> 0
ζN∗(qi,w1w2,qk)< 1⇔ ζN∗(q j,w1w2,qk)< 1
ρN∗(qi,w1w2,qk)< 1⇔ ρN∗(q j,w1w2,qk)< 1

Example 3.8. Let F = (S,A,N) be an single valued neutro-
sophic automaton, where
S = {q1,q2,q3,q4}, A = {x,y}, and N are defined as below.
(ηN∗ ,ζN∗ ,ρN∗)(q1,x,q4) = [0.3,0.4,0.5]
(ηN∗ ,ζN∗ ,ρN∗)(q1,y,q2) = [0.5,0.2,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q2,x,q3) = [0.7,0.1,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q2,y,q4) = [0.1,0.6,0.3]
(ηN∗ ,ζN∗ ,ρN∗)(q3,x,q2) = [0.2,0.5,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q3,y,q4) = [0.5,0.2,0.3]
(ηN∗ ,ζN∗ ,ρN∗)(q4,x,q1) = [0.6,0.3,0.3]
(ηN∗ ,ζN∗ ,ρN∗)(q4,y,q3) = [0.7,0.3,0.2]

For anyword w ∈ A∗, there exists a word xyy ∈ A∗ such
that
ηN∗(q1,wxyy,qk)> 0⇔ ηN∗(q4,wxyy,qk)> 0
ζN∗(q1,wxyy,qk)< 1⇔ ζN∗(q4,wxyy,qk)< 1
(ρN∗(q1,wxyy,qk)< 1⇔ ρN∗(q4,wxyy,qk)< 1and
ηN∗(q2,wxyy,ql)> 0⇔ ηN∗(q3,wxyy,ql)> 0.
ζN∗(q2,wxyy,ql)< 1⇔ ζN∗ ,(q3,wxyy,ql)< 1.
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ρN∗(q2,wxyy,ql)> 0⇔ ρN∗(q3,wxyy,ql)< 1.
The states q1,q4 and q2,q3 are stability related.

Remark 3.9. (i) Reducibility relation is not an equivalence
relation in SVNA. Since transitive relation does not exists.

Example 3.10. Let F = (S,A,N) be a single valued neutro-
sophic automaton, where
S = {q1,q2,q3,q4}, A = {x,y}, and N are defined as below.
(ηN∗ ,ζN∗ ,ρN∗)(q1,x,q3) = [0.3,0.5,0.6]
(ηN∗ ,ζN∗ ,ρN∗)(q1,y,q1) = [0.5,0.2,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q2,x,q1) = [0.7,0.2,0.3]
(ηN∗ ,ζN∗ ,ρN∗)(q2,y,q1) = [0.1,0.5,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q3,x,q4) = [0.3,0.4,0.5]
(ηN∗ ,ζN∗ ,ρN∗)(q3,y,q4) = [0.5,0.3,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q4,x,q2) = [0.6,0.2,0.4]
(ηN∗ ,ζN∗ ,ρN∗)(q4,y,q4) = [0.7,0.3,0.2]

In the above SVNA F ∃ a word yy ∈ A∗ such that
ηN∗(q1,yy,q1)> 0⇔ ηN∗(q2,yy,q1)> 0
ζN∗(q1,yy,q1)< 1⇔ ζN∗(q2,yy,q1)< 1
(ρN∗(q1,yy,q1)< 1⇔ ρN∗(q2,yy,q1)< 1
Therefore the states q1 and q2 are reducible.
Also there exists a word xy ∈ A∗ such that ηN∗(q2,xy,q1) >
0⇔ ηN∗(q4,xy,q1)> 0
ζN∗(q2,xy,q1)< 1⇔ ζN∗(q4,xy,q1)< 1
(ρN∗(q2,xy,q1)< 1⇔ ρN∗(q4,xy,q1)< 1
Therefore the states q2 and q4 are reducible but q1 and q4 are
not reducible for anyword w ∈ A∗.
Hence reducibility relation is not transitive.

Theorem 3.11. Let F = (S,A,N) be an SVNA. Stability rela-
tion on SVNA F is an Equivalence relation.

Proof. Let F = (S,A,N) be an SVNA. Clearly stability re-
lation on SVNA F is reflexive and symmetric. For proving
stability relation is an equivalence relation it is enough to
prove that it is transitive.
Let qiΩq j and q jΩqk.
To prove qiΩqk, we need to prove for anyword u1 ∈ A∗, there
exists a word u ∈ A∗,qn ∈ S such that
ηN∗(qi,w1w2,qn)> 0⇔ ηN∗(qk,u1u,qn)> 0
ζN∗(qi,w1w2,qn)< 1⇔ ζN∗(qk,u1u,qn)< 1
ρN∗(qi,w1w2,qn)< 1⇔ ρN∗(qk,u1u,qn)< 1.
Since qi Ω q j for any word u1 ∈ A∗ there exists a word u2 ∈ A∗

and a state qm ∈ S such that
ηN∗(qi,u1u2,qm)> 0⇔ ηN∗(q j,u1u2,qm)> 0
ζN∗(qi,u1u2,qm)< 1⇔ ζN∗(q j,u1u2,qm)< 1
ρN∗(qi,u1u2,qm)< 1⇔ ρN∗(q j,u1u2,qm)< 1.
Since q j Ωqk we have for any word u1u2 ∈ A∗ there exists a
word u3 ∈ A∗,qn ∈ S such that
ηN∗(q j,u1u2u3,qn)> 0⇔ ηN∗(qk,u1u2u3,qn)< 1
ζN∗(q j,u1u2u3,qn)< 1⇔ ζN∗(qk,u1u2u3,qn)> 0
ρN∗(q j,u1u2u3,qn)< 1⇔ ρN∗(qk,u1u2u3,qn)< 1.

ηN∗(q j,u1u2u3,qn)> 0⇔ ηN∗(qi,u1u2u3,qn)> 0
ζN∗(q j,u1u2u3,qn)< 1⇔ ζN∗(qi,u1u2u3,qn)< 1
ρN∗(q j,u1u2u3,qn)< 1⇔ ρN∗(qi,u1u2u3,qn)< 1. [Since q j Ω qi].

ηN∗(qi,u1u2u3,qn)> 0⇔ ηN∗(qk,u1u2u3,qn)> 0
ζN∗(qi,u1u2u3,qn)< 1⇔ ζN∗(qk,u1u2u3,qn)< 1

ρN∗(qi,u1u2u3,qn)< 1⇔ ρN∗(qk,u1u2u3,qn)< 1.
Now, choose u2u3 = u.
For any word u1 ∈ A∗ there exists word u∈ A∗ and qn ∈ Ssuch
that ηN∗(qi,u1u,qn)> 0⇔ ηN∗(qk,u1u,qn)> 0
ζN∗(qi,u1u,qn)< 1⇔ ζN∗(qk,u1u,qn)< 1
ρN∗(qi,u1u,qn)< 1⇔ ρN∗(qk,u1u,qn)< 1.
Hence, qi Ω qk.

4. Conclusion
In this paper we introduce reducibility and stability relation in
single valued neutrosophic automata. We have shown by ex-
ample that reducibility relation is not an equivalence relation
and prove that stability relation is an equivalence relation.
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