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Even and odd strongly multiplicative graphs

M. Joice Punitha' and A. Josephine Lissie®”

Abstract

A graph G = (V(G),E(G)) with p vertices is said to be even strongly multiplicative if the vertices of G can be
labeled with p distinct integers 1,2,..., p such that the labels induced on the edges by the product of labels of the
end vertices are all distinct and even.

If the vertices of G are labeled with distinct integers 1,2,3,...,2p — 1 such that the label induced on the edges by
the product of labels of the end vertices should all be odd and distinct then the graph is said to be odd strongly

multiplicative.
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1. Introduction

The study of strongly multiplicative graphs and strongly mul-
tiplicative labeling methods was introduced and defined by
assigning of values, usually represented by integers, to the
edges and/or vertices of a graph such that the labels induced
on the edges by the product of labels of the end vertices are
all distinct [1]. Now strongly multiplicative labeled graphs
often serve as models in a wide range of applications. Such
applications including coding theory and communication net
work addressing. The brief survey on applications of strongly

multiplicative labeled graphs is reported in [2]. The present
work is targeted to discuss one such labeling known as odd
and even strongly multiplicative labeling has been introduced
and defined as follow.

A graph G is said to be even strongly multiplicative if the
labels induced on the edges by the product of labels of the
end vertices are all distinct and even.

A graph G is said to be odd strongly multiplicative if the
labels induced on the edges by the product of labels of the
end vertices are all distinct and odd.

The strongly multiplicative, even strongly multiplicative
and odd strongly multiplicative are different concepts. A
graph may posses one or both of these or neither.

Remark 1.1. For strongly multiplicative labeling the p ver-
tices are labeled with p consecutive integers 1,2,3,..., p but
for odd strongly multiplicative labeling p vertices are labeled
with integers 1,2,3,...,2p — 1. We denote even strongly mul-
tiplicative as ESML and odd strongly multiplicative as OSML.

Remark 1.2. Most of graphs can be proved to be odd strongly
multiplicative by the choice of the large vertex set but identi-
fying even strongly multiplicative graphs is challenging and
interesting. For example most of the complete graph k,, are
SML and OSML but not ESML See fig 1.
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Figure 1. Variation of SML in Complete Graph K3, K4, K5

2. Path related Graph

2.1 Path Graph P,
Theorem 2.1. The path graph P, is odd strongly multiplica-
tive.

Proof. Let the vertex set of path graph P, be V = {v;, 1 <i <n}
and the edge setbe E = {¢; = (vi,vi+1) /1 <i<n—1}.De-
fine the vertex labeling V (P,) as a bijective map f:V — N
such that f (v;) =2i—1, 1<i<n.

Claim: All the edge labelings in the edge set E are odd and
distinct. If ¢; and e, are distinct edges in E then to prove
g(ei) # g (ep). Assume that

g(ei) =g (ep)
(VlthJrl) g("pa"pﬂ)
FOi) fier) =f(vp) f (vps1)
(2i—-1)(2i+1)=2p-1)2p+1)=i=p,

a contradiction for i. Hence g(e;) # g(ep),V1 <i,p <n.
Thus all edge labelings in E are distinct and odd. Hence path
is odd strongly multiplicative. O

Theorem 2.2. The Path P, is even strongly multiplicative.

Proof. Let the vertex set of P, be V = {v;/1 <i < n} and the
edge set of P, be E = {e; = (vi,vit1) /1 <i<n—1}. The
labeling of vertices of P, is defined as bijection map f:V — N
such that f (v;) =i,1 <i <n. Define an edge induced function
g:E — Nsuchthatforalle; € E,g(e;) = f (vi) f (vig1),1 <
i <n— 1. Thus by this edge labelings of E it is obivous that

312

all labelings in E are even and distinct. Hence the Path P, is
even strongly multiplicative. O

2.2 Comb Graph P, © K,

Definition 2.3 ([5]). Let P, be a path on n vertices. The comb
graph is defined as P, ® Ky. It has 2n vertices and 2n — 1
edges.

Theorem 2.4. The Comb graph P, ® K| is odd strongly mul-
tiplicative for all n.

Proof. Let the vertex set of B, ©K; be V = {v;,1 <i<n}
and the edge set be E = E] UE,, where

E; ={ej= (vi,viq1),1<i<n—1},
Ey ={ej = (vi,vnsi),1 <i<2n}

Define the vertex labeling of B, ® K; as a bijection map f :
V — N such that
f(vi) =2i— lvf(anri) = 2(n+l) - lal <i<n.

To prove all the edge labelings in E are odd and distinct.
It is sufficient to prove that the labeling within the edge set E
and E,; among E; and E, are odd and distinct.
Claim: All the labelings in edge set E| are odd and distinct.
Define an edge induced function g : E; — N such that for all
ei € E;

=fvi)fvis1)=QRi—D2>GE+1)-1),1<i<n-—1.

g(ei)



Therefore the edge labelings in E; are odd yet it remains to
prove that all edge labelings in £ are distinct. If ¢; and e, are
distinct edges in E then to prove g (e;) # g (ep,). Assume that

g(ei) =g (ep)
VtaVH—l) g(VpanH)
F i) f Wisr) =f (vp) f (vp+1)
Q2i—-DR2i+1)=2p—-1)2p+1)=i=p,

a contradiction for i. Hence g (¢;) # g(ep),V1 <i,p<n—1.
Thus all edge labelings within £ are odd and distinct.
Claim: All the labelings within edge set E, are odd and
distinct. Define an edge induced function g : E; — N such
that for all ¢; € E»

=fvi)fvpi) = Ri—1)(2(n+i)—1),1<i<n—1.

Therefore the edge labelings in E; are odd yet it remains to
prove that all edge labelings in E are distinct. If ¢; and e, are
distinct edges in E5 then to prove g (¢;) # g (e,). Assume that

g (ei)

g(ei) =g(ep)
g Vi, vnri) =8 (Vp,Vnip)
FOi) f ngi) =F (vp) f (vatp)
2i-1)Q2n+i)-1)=2p—-1)(2(n+p)—1)
x(2n+x) =y(2n+y), wherex=2i—1,y=2p—1
x=-"2n—-y=i=(1—n—p),

a contradiction for i. Hence g(e;) # g(ep),V1 <i,p <n.
Thus all edge labelings within E; are odd and distinct.
Claim: All edge labelings among E| and E; are odd and
distinct. If ¢; € Ey and ¢, € E; are distinct edges, then to
prove g(e;) # g(ep). Fori#p,1<i<n—1land1<p<n.
Assume that,

g (ei) =g (ep)
g (vi,vir1) g(VpaVn+17)
FOi) fGier) =f (vp) f (vnsp)
2i—1)2i+1)=2p—1)2(n+p)—1)

:>i=%\/(2p—l)(2n+2p—l),

a contradiction for i. Hence g (¢;) # g(ep),V1 <i<n—1.
Thus all edge labelings in £y and E; are odd and dis-
tinct. Hence all labelings induced on the edge set E of comb
graph are odd and distinct. Hence comb graph P, ® K; is odd
strongly multiplicative for even n > 2. U

Theorem 2.5. The comb graph P, ® K}, is even strongly mul-
tiplicative for all n > 2.

Proof. Let the vertex set of comb graph P, ©Kj be V =
{vi/1 <i < 2n} and the edge set be E = E| UE,, where

={ei=(vi,viy1) /1 <i<n—1},
={ei= (vi,vni) /1 <i<n}
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Define the vertex labeling of L, as f : V — N such that for
1<i<n

2i—1,i—odd
f(vi)_{ 2i, i— even

2i,i—odd
f(VnJri) :{ 2i—1

We claim that all the edge labelings in E are even and distinct.

i— even

v1él v:%4 V=5 va=8 Vvi1=2n-3  v,=2n

L
[
|
‘

+-
I
I
I
)

Vus2=3 Vit3=6 Vies=T Vaa=2n-2  v2an=2n-1

Figure 2. ESML of Comb Graph P, ® K

var1=2

Claim: All edge labelings are distinct and even in E;. Define
an edge induced function g : E; — N such that for all ¢; € E},

gle) =f (i) f(vipr) = (2i=1)2i,1 <i<n—1.
Therefore the edge labeling in E; is even yet it remains to

prove that the edge labelings are distinct. If e; and e, are
distinct edges in E| then to prove g (e;) # g(ep). Assume that

g(ei) =¢ (ep)
g(Vi,Vi+1) :g(VpanH)
FO)f i) =f(vp) f (vps1)

1
(2i—12i=2p—12p=i=5—p,

a contradiction for i. Hence g (¢;) # g (ep) V1 <i,p<n—1.
Thus all edge labelings in E; are distinct and even.

Claim: All edge labelings in E; are distinct and even. Define
an edge induced function g : E; — N such that for all ¢; € E»,

gle)=F ) f(nyi) = Ri—1)2i,1 <i<n.
Therefore the edge labelings in E; is even yet it remains to
prove that the edge labelings are distinct. If e¢; and e, are
distinct edges in E; then to prove g (e;) # g(ep). Assume
that,
g(ei) =g (ep)
8 (Vi;VnJri) =8 (VP7V;1+17)

F i) f (Vi) :f("p)f("nﬂ?)

(2i—1)2i=(2p—1)2p = i = &

2
a contradiction for i. Hence g(e;) # g(ep),V1 < i,p <n.
Thus all edge labelings in E; are distinct and even.

Claim: All edge labelings are distinct and even in E; and
E>. If e; € Ey and e, € E; are distinct edges, then to prove
g(ei)#g(ep). Fori#p,1<i<n—1land1 <p<n. Assume

- D,

that
g (ei) =g (ep)
g(vlavlJrl) g(vl)aanrp)
FOi) f(ier) =f (vp) f (vatp)
Qi—1)2i=2p—-1)2p=i= ! -,

2



a contradiction for i. Hence g(e;) # g(ep),V1 <i<n-—1.
Thus all edge labelings in E; and E> are distinct and even.
Hence all edge labeling induced on the edge set E of comb
graph are distinct and even. Therefore Comb graph is even
strongly multiplicative. O

3. Ladder graph L,

Definition 3.1 ([6]). The ladder graph L, is defined by L, =
P, X K where P, is a path on n vertices and K, is a path on
two-vertices.

Theorem 3.2. The Ladder graphs L, is odd strongly multi-
plicative for alln > 2.

Proof. Let the vertex set of L, be V = {v;,1 <i < n} and the
edge set be E = E| UE,, where

Ey={ei=(vi,vit1),1 <i<n—1,n+1<i<2n—1}
={ei= (vi,vnyi),1 <i<n}

The labeling of vertices of L, is defined as bijection f : V — N
such that for all 1 <i<n f(v;) =2i—1 and f(vy1i) =
2(n+i) — 1. To prove Ladder graphs L, is odd strongly mul-
tiplicative, the labelings in the edge set E should be odd and
distinct.

Claim: All the labelings in edge set E;| are odd and distinct.
Define an edge induced function g : E; — N such that for all
ei € Eq,

gle)=fvi)f(vir1) =

Therefore the edge labelings in £y are odd. If ¢; and e, are
distinct edges in E; then to prove g(e;) # g(ep,). For i #
p,1<i,p<n—1,n+1<ip<2n—1. Assume that

g(ei) =g (ep)

g (vi,viy1) g(vavPH)

F i) fisr) =f (vp) f (vp+1)
(2i—1)2i+1)=2p—-1)2p+1)=i=p,

Qi-1)Q2i+1),1<i<n—1

a contradiction for i. Hence g (¢;) # g(ep),V1 <i,p<n—1.
Thus all edge labelings in E; are odd and distinct.

Claim: All the labelings in edge set E; are odd and distinct.
Define an edge induced function g : E; — N such that for all
ei € Es,

gle) =fi)f(usi) = 2i—1)(2n+2i—1),1<i<n

Therefore the edge labelings in E are odd. If e; and e, are
distinct edges in E5 then to prove g (¢;) # g (e,) Assume that

g (ei) =g (ep)

g Vi, Vi) = (Vp7Vn+p)

L) f Onti) =F (vp) f (Vnsp)

2i—1)2n+2i—1)=2p—1)2n+2p—1)
x=-2n—y=i=1-—n—p,

I Il
<>o o9
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a contradiction for i. Hence g(e;) # g(ep),V1 <i,p <n.
Thus all edge labelings in E> are odd and distinct.

Claim: All the edge labelings among E; and E; are odd and
distinct. If ¢; € E and e, € E are distinct edges, then to prove
glei)#glep). Fori#p,1<i<n—1,n+1<i<2n—1and
1 < p < n. Assume that

g (ei) =g (ep)
g(vi,vir1) g("p:"ner)
FO)f i) =F (p) f Vasp)
2i—-1)2i+1)=2p—-1)2n+2p—1)

—_—

=i=5/@p-D@n+2p-1),

a contradiction for i. Hence g(e;) # g(ep),V1 <i<n-—1.
Thus all edge labelings in E; and E, are odd and distinct.
Hence all edge labelings in ladder graph are odd and distinct.

O

Theorem 3.3. The Ladder graph L, is even strongly multi-
plicative for alln > 2.

Proof. Let the vertex set of L, be V = {v;,1 <i<2n} and
the edge set E = Ey UE,, where

Ey={ei=(vi,viy1),1 <i<n—landn+1<i<2n—1}
={ei= (vi,vnti),1 <i<n}.

Define the vertex labeling of L, as a bijection map f:V — N
such that for 1 <i<n,

2i—1,i—odd
fvi) _{ 2i, i— even
2i,i— odd
f(V”+’)_{ 2i—1, i— even
=1 =4 =5 V=8 vs=9 Vni=20-3  y=n
-t -
[
[
[
-
=l v=d V=6 =T rms=10 Vi=2n-2  vu=2n-1

Figure 3. ESML of Ladder L,

To prove even strongly multiplicative, we claim that all
the edge labelings in E are distinct and even. Claim: All edge
labelings are distinct and even in E1 Define an edge induced
function g : E; — N such that for all ¢; € E,

ge) =f nti) f ngie1) =2i(2i—1),n+1<i<2n—1.
Therefore the edge labelings in Ej is always be even yet it
remains to prove that the edge labelings are distinct. If ¢;

009 nn,,
5:

; ‘a’uv



and e, are distinct edges in E; then to prove g(e;) # g(ep).
Assume that,

g(ei) =g (ep)
g (VntisVnrit1) =8 (Vn+p,Vn+p+1)
f Onsi) f (Vntisn) :f(Vi1+p)f(vﬂ+p+l)

1
(2i-1)2i=(2p-1)2p=i=5—p,

a contradiction for i. Hence g (e;) # g(ep),Vn+1<i,p <
2n — 1. Thus all edge labelings in E; are distinct and even.
For the cases in proving the labeling of edges in E, E>, and
E1&E, are distinct and even, the proof is similar to that of
the proof of comb graph. Therefore all edge labeling in lad-
der graph are distinct and even. Hence ladder graph is even
strongly multiplicative for all n > 2. O

Thus all Path related graphs like path, comb and ladder
graphs are both odd and even strongly multiplicative.

4. Star Related Graphs

In this section star related graphs such as star and bistar are
confirmed to be odd and even strongly multiplicative graphs.

Definition 4.1 ([3]). A star S, is the complete bipartite graph
K ». It is also defined as a tree with one internal node and n
leaves.

4.1 Star Graphs
Theorem 4.2. The star graphs are odd strongly multiplica-
tive.

Proof. let the vertex set of star graph be V = {v;,1 <i <n}
and the edge set be E = {e; = (vi,v;),2 <i < n}. Define the
vertex labeling of S, as a bijection map f : V — N such that

1, i=1
f(v">_{ 2i—1, i=23...n

To prove Star graphs are odd strongly multiplicative, the label-
ings in the edge set £ should be odd and distinct. If ¢; and ¢,
are distinct edges in E then to prove g (¢;) # g (e,). Assume
that,

g (e;) :g(ep)
gvi,vi) =g (vi,vp)
L) f)=f ) f(vp)
12i—1)=12p—-1)=i=p,

a contradiction for i. Hence g(e;) # g(ep),V2 < i,p < n.
Thus all edge labelings in the star graphs are distinct and odd.
Thus the Star graph S, is odd strongly multiplicative. O

Theorem 4.3. The star graph S, is even strongly multiplica-
tive.
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Proof. Letthe vertex set of star graph S, be V ={v;/1 <i<n}
and the edge set be

E={e;=(vi,vy),1 <i<n-—1}.

Define the vertex labeling of star graph as a bijection map f :
V — N such that

f)=i+12<i<n—1,f(v)=1

and f (v,) = 2. Define an edge induced function g : E — N

vi=1

Vi 1= vy=3

o vi=d4

Vs =igg-] @— — — — — — — —

va=5

Figure 4. Star Graph

such that for all ¢; € E,
gle) = () F(va) =2(i+1),2 i <n—1.

Thus all edge labelings of E are even and distinct. Hence star
graph S, is even strongly multiplicative for all n > 2. 0

4.2 Bi-star Graph B(m,n)

Definition 4.4 ([4]). The Bi-star B(m,n) is a two star graph,
one with m+ 1 and other with n+ 1 vertices along with
an edge joining the apex of the two star graphs.The Bi-star
B(m,n) has m+n+ 2 vertices and m+n+ 1 edges.

Theorem 4.5. The Bi-star B(m,n) is even strongly multiplica-
tive for all m < n.

Proof. Let the vertex set of bi-star graph B(m,n) be V =
{vi/1 <i<m+n+2} and the edge setbe E = EyUE,U{e},
where e = (Viynt 1, Vintni2)

Ey ={ei = (vi,Vmini2),1 <i<m}
E; :{ei = (Vm+iavzn+n+l)/l <i< I’l}

Define the vertex labeling of B(m,n) as a bijective map f :
V — N such that,

Fv)=2i,1<i<m
fmsi) =2i—1,1<i<m
fmys) =2m+im+1<i<n



If m+ n is odd then,

f msnt1) =m+n+ 1, f (Vppni2) =m+n+2.
If m+nis even then

f Omeny1) =m+n+2,f Vpinia) =m+n+1.

To prove bi-star is even strongly multiplicative we claim that
all the edge labelings in E are distinct and even.

vi= Va+m=m+n -
V=4 Vo= ntn-1
vi=he L
~ ”
e — _ N \Ve2=mtntl < _ e Vi1 =2mtl

e Vmsn 1 =0 THTINS

- v veE2m-l

V1 =2(m-1) »

Vi =2m Vms1=1  Vmi2=3

Figure 5. ESML of bi-star B(m,n), m+ n-even

Consider the case when m < n and m + n is even.

Claim: All the edge labelings in E; are distinct and even.

Define an edge induced function g : E1 — N such that for all
ei € Eq,

g(e,-) =f i) f Vmins2) =

Therefore all the edge labeling in E; is even, it remains to
prove that the edge labeling are distinct. If e¢; and e, are
distinct edges in E to prove g (¢;) # g (ep). Assume that

2ilm+n+1),1 <i<m.

g (ei) =g (ep)
(Vlavm+n+2) g(Vp»Vzn+n+2>
F i) f Vmtni2) f(v ) f (Vmtn+2)
2im+n+1)=2p(m+n+1)=i=p,

a contradiction for i Hence g (e;) # g (ep),V1 <i, p <n. Thus
all edge labelings in E; are distinct and even.

Claim: All edge labelings within E; are distinct and even.

Define an edge induced function g : E5 — N such that for all
ei € Es,

(2i—1)(m+n+2),1<i<m
Cm+iy(m+n+2),m+1<i<n

=f Vm+i) f Vmint1) =

=f Vmti) f Vmint1) =

Therefore all the edge labelings in E, are even yet it remains
to prove that the edge labelings are distinct. If ¢; and e, are
distinct edges in E» then to prove g (e;) # g (ep).

Case 1: Fori# p,1 <i<mand m+1 < p < n Assume that

g(e:)
g(e:)

g(ei) =g(ep)
g(Vm+t7Vm+n+1) =8 (vm+pavm+n+1)
f(Vm+l) (Vm+n+1) f(V:n+p>f(Vm+n+l)
2i—1)(m+n+2)=2m+p)(m+n+2)
2m+1+p
s
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a contradiction for i Hence g (e;) # g (ep),V1 < i <m.
Case 2: For i # p,1 <i,p < m. Assume that

(ei) =g (ep)

8 (Vm+l7 Vm+n+1 (Verpa Vm+n+1 )

f(vm+t) (Vm+n+1 (Vm+p)f(vm+n+l)

i) =g
) =g
)=f
)=(2p

(2i—1)(m+n+2 —1)(m+n+2)
= i = p, a contradiction for i. Hence g (¢;) # g(ep),V1 <
i,p <m.
Case 3: For i # p,m+1 <i,p < n. Assume that,

g(ei) =g(ep)
8 Vmtis Vmant1) =8 (Vimtps Vmni1)
f(Vm-H) (Vm+n+1) f(vm+p)f(vzn+n+1)
@Cm+i)(m+n+2)=2m+p)(m+n+2)

= i = p, a contradiction for i. Hence g (e;) # g(e,),V1 <
i,p < m. Thus all edge labelings in E; are distinct and even.
Claim: All the edge labeling in E| and E; are distinct and
even If ¢; € E| and e, € E; are distinct edges, then to prove
g(ei) # 8 (ep).

Case 1: For i # p,1 <i,p < m. Assume that,

g(ei) =g(ep)
gWisVimyny2) =8 (Vm+p7vm+n+1)
F ) f Omant2) = f msp) £ Vmtntr)
2im+n+1)=2p—1)(m+n+2)

2Cp—1)(m+n+2)

==
: 2(m+n+1)

)

a contradiction for i. Hence g (e;) # g (ep),V1 <i,p <m.
Case 2: Fori# p,1 <i<mand m+1 < p <n. Assume
that,

g(ei) =g (ep)
g Vi, Vmint2) =8 (Vm+pv Vintnt1)
F i) f Vimtns2) f(Vm+p)f(V2n+1)
2im+n+1)=2m+p)(m+n+2)
_(@2m+p)(m+n+2)

)

2(m+n+1)

a contradiction for i. Hence g (e;) # g(ep),V1 <i < m and
m+1 < p <n. Thus all edge labelings in E; and E, are
distinct and even.

The labelings in E; U (e) and E; U (e) can be proved to be
distinct and even. Similar proof holds in the case when m +n
is odd. Thus B(m,n),m < n is even strongly multiplicative.
Case 2: When m > n. Interchanging the role of m and 7 in
above proof, we can prove that all edge labelings in B(m,n)
are distinct and even.Thus B(m,n),m > n is even strongly
multiplicative.

Case 3: When m = n. Define the vertex labeling of B(m,n)
as f : V — N such that

f(vl)ZZZalSl§m7f(vm+l):21_171§l§n



and for m+ n is even

fOmint1) =m+n+2, f (Vimpini2) =m+n+1.

Thus the edge labelings in B(m,n) are even strongly multi-
plicative for all m and n. O

Theorem 4.6. The bi-Star is odd strongly multiplicative for
allm < n.

Proof. Let the vertex set of B(m,n) be
V={v,1<i<m+n+2}
and the edge set be E = Ey UE, U{e}, where

€= (Vm+n+1 s Vm+n+2) s
El :{ei = (Viavm+n+2) 71 S i S m}

E, :{ei = (Vm+iavm+n+l) 1 <i< n}

Define the vertex labeling of B(m,n) as a bijection map f :
V — Nsuchthat f (v;)) =2i—11<i<m, f(psi)=2(m+
H—1,1<i<n+2.

To prove Bi-star is odd strongly multiplicative, the label-
ings in the edge set E should be odd and distinct.
Claim : All edge labelings in £} are odd and distinct Define
an edge induced function g : £y — N such that for all ¢; € E},

= f(Vl')f(Vl71+n+2) =

Therefore the edge labelings in E is odd. If ¢; and e, are
distinct edges in E; then to prove g (¢;) # g (e,). Assume that,

g(ei) =g (ep)

i) =g (e

g (Vi Vmini2) =8 (Vpa Vimtnt2)
)=f
)

g(ei) Q2i—1)2(m+n+2)—1),1 <i<m.

F i) f Vmsnt2 (v ) (Vingn42)
Qi—1D)2(m+n)+3)=2p—1)2(m+n)+3)

= i = p, a contradiction for i. Hence g (¢;) # g(ep),V1 <
i, p < n. Thus all edge labelings in E; are odd and distinct.
Claim: All labelings in edge set E> are odd and distinct.
Define an edge induced function g : E; — N such that for all
ei € by,

= f (Vmti) f Vminr1) =

Therefore the edge labelings in E; are odd. If ¢; and e, are
distinct edges in E then to prove g (¢;) # g (e,). Assume that,

g(ei) =g (ep)

i)
8 (Vm+t7vm+n+1)
)
]

g (ei) Qi—1)2(m+n+1)—1),1<i<n.

(Vm+pa vn1+n+1)

gle
=8
=f Vm+p) f (Vm4nt1)
Cp—1D2(m+n+1)—1]

f(Vm+z) (Vm+n+1
Qi-D2(m+n+1)—1

= i = p, a contradiction for i. Hence g (¢;) # g(ep),V1 <
i, p < n. Thus all edge labelings in E> are odd and distinct.

Claim: All edge labelings among E; and E; are odd and
distinct. If ¢; € Ey and e, € E are distinct edges, then to
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prove g (e;) #g(ep). Fori# p,1 <i<m,1 < p <n. Assume
that,

g(ei

g(VanJrn+2
FOi) f Vmsns2
(2i-1)2(m+n+2)—1

»)

(e
(Vm+pa Vin4n+1 )
(

~—_ — ~— —

gle

=8

f vn+p) (Vm+n+1)

2Cp-1)2(m+n+1)-1)
. (2p—1)@2(m+n)+1)

—i= 2(m+n)+3 ’

a contradiction for i. Hence g (¢;) # g (e,),V1 <i < m. Thus
all edge labelings of Bi-Star graph are odd and distinct. Thus
Bi-Star graph is odd strongly multiplicative for n > 2.

Remark 4.7. When m > n, bi-star graph can be proved to
be OSML and ESML by interchanging the role of m and n in
above proof, we can prove that all edge labelings in B(m,n)
are distinct and even. Thus B(m,n),m > n is even strongly
multiplicative.

Remark 4.8. When m = n. bi-star graph can be proved to be
OSML and ESML by defining the vertex labeling of B(m,n)
as f:V — N such that f(v;) =2i,1 <i<m,f(vpti) =
2i—11<i<nandform+niseven f(Vmint1) =m+n+
2, f Vngnso) =m+n+1.

Thus all star related grpahs like star and bi-star graphs are
both odd and even strongly multiplicative. O

5. Cycle graph C,

Theorem 5.1. The cycle C, is odd strongly multiplicative.

Proof. To prove C,, is odd strongly multiplicative when n £
2 r=23,.......
Let the vertex set of C, be V = {v;,1 <i<n} and the
edgesetbefor 1 <i<n—1,E = {e; = (vi,vig1) U (vu,v1) }.
Define the vertex labeling of C, be defined as bijection
map f:V — N such that f(v;) =2i— 1,1 <i<n.
Claim : All the labelings in edge set E are odd and distinct.
Define an edge induced function g : E — N such that for all
e €Egle))=Fv)f(vir1)=2i—1)2i+1),1<i<n-—1.
Therefore the edge labelings in E is odd yet it remains to
prove the labelings are distinct. If e; and e, are distinct edges
in E then to prove g (e;) # g (ep). Assume that,

g(ep)
g(vp,va)
=f(v ) (VP+1)
2p-1)Q2p+1)=i=p,

g (ei)

g (vi,vit1)

i) f (vigr)
(2i—1)(2i+1)

p—

a contradiction for i. Hence g (¢;) # g (ep),V1 <i,p<n—



Fori+# p,1 <i<n-—1,p=n. Assume that,

g(ei) =g (ep)
g(vi,vis1) =g (Vu,v1)

F i) fig1) =f (va) f (1)
Qi—1)2i+1)=2n—1)1 = i= \/z

a contradiction for i. Hence g(e;) # g(ep),V1 <i<n—1.
Thus all edge labelings in E are odd and distinct. To prove C,
is odd strongly multiplicative when n = 2r?,r =2,3,.... Let
the vertex set of C, be V = {v;/1 < i < n} and the edge set be

E={ei= (vi,viy1)U (vn,v1),1 <i<n—1}.

Define the vertex labeling of C, as follows as f : V — N such
that
3, i=1
fvi)= L, i=2
2i—1, 3<i<n

it can be proved similarly that all edge labeling in E are odd
distinct. Hence Cycle G, is odd strongly multiplicative n > 2.
Similar it can analysed that cycle C, is ESML.

O

6. Conclusion

As every graph does not admit odd and even strongly multi-
plicative labeling it is very interesting to investigate graphs
or graph families which admit odd and even strongly multi-
plicative labeling. In the present work we investigate three
new families of odd and even strongly multiplicative graphs.

Finding odd and even strongly multiplicative labeling for
other interconnection networks are quite challenging.
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