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A note on t-Cayley hypergraphs
K.T. Neethu1* and V. Anil Kumar2

Abstract
In this paper we study some properties of t-Cayley hypergraph in terms of algebraic properties. This did not
attract much attention in the literature.
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1. Introduction
A hypergraph H is a pair (V (H);E(H)), where V (H) is a
finite nonempty set and E(H) is a finite family of nonempty
subsets of V (H). The elements of V (H) are called vertices
and the elements of E(H) are called edges. Two vertices in a
hypergraph are adjacent if there is a hyperedge which contains
both vertices [1].

A path of length k in a hypergraph (V (H);E(H)) is an
alternating sequence (v1,e1,v2, . . . ,vk,ek,vk+1) in which vi ∈
V (H) for each i = 1,2, . . . ,k+1,ei ∈ E(H),{vi,vi+1}⊆ ei for
i = 1,2, . . . ,k and vi 6= v j and ei 6= e j for i 6= j.

A hypergraph is connected if for any pair of vertices, there
is a path which connects these vertices [1]

Let G be a group, Ω a subset of G\{1} and t an integer
satisfying 2 ≤ t ≤ max{o(ω) : ω ∈ Ω}. In [8], M. Buratti
introduced t-Cayley Hypergraph H = t−Cay[G : Ω] as fol-
lows:

V (H) :=G and E(H)= {{g,gω, . . . ,gω
t−1} : g∈G,ω ∈Ω}.

He proved that t-Cayley Hypergraphs are vertex transitive
and regular. Moreover, he obtained a necessary and sufficient
condition for t-Cayley Hypergraphs to be connected.

In [6] H. Galeana Sanchez and Cesar Hernandez-Cruz
introduced the concepts of k- transitivity and k-path transitiv-

ity in Cayley digraphs. A digraph G is k− transitive if the
existence of a path (x0,x1, . . . ,xk) of length k in G implies that
x0 and xk are adjacent. A digraph is called k− path transitive
if whenever there is a xy path of length less than or equal to
k and a yz path of length less than or equal to k, then there
exists a xz path of length less than or equal to k.

Anil Kumar V. and Mohanan T. generalised the concept
of k-transitivity as follows[3]: Let m and n be two positive
integers such that m > n. A digraph G is (m,n)− transitive if
whenever there is a directed path of length m from x to y there
is a directed path of length n from x to y.

In this paper we study some graph theortic properties in
terms of algebraic properties.

2. Main Results
Let G be a group with identity element 1 and let Ω be a subset
of G\{1}. We define

A := {wn : w ∈Ω, n = 1,2, . . . , t−1}\{1}.

A t-Cayley Hypergraph H = t−Cay[G : Ω] is complete if
and only if G = A.

Proof. First, assume that H be a complete hypergraph. Then
for x ∈ G, 1 and x are adjacent. This implies that 1,x ∈ e =
{gsi : 0≤ i≤ t−1} , for some g ∈ G, and some s ∈Ω. This
implies there exists p,q ∈ {0,1, . . . , t−1} such that 1 = gsp

and x = gsq. Observe that

x = gsp.sq−p = sq−p ∈ A.

Since x ∈G is arbitrary, G⊆ A. Obviously, A⊆G. Therefore,
G = A.



A note on t-Cayley hypergraphs — 330/331

Conversely, assume that G=A. We want to show that H is
complete. Let x,y∈G. Then y= xz for some z∈G. Since G=
A, z ∈ A. Then z = wr, for some w ∈Ω and r ∈ {1,2, . . . , t−
1}. This implies that y = xwr. This means that x,y belongs
to an edge e = {xwi : 0 ≤ i ≤ t− 1}. Therefore x and y are
adjacent. This completes the proof of the theorem.

A hypergraph G is a hasse− diagram if G is connected
and for any path x0,x1, . . . ,xn, n ≥ 2 from x0 to xn in G, x0
and xn are not adjacent.

H is a hasse-diagram if and only if H is connected and
A∩An = /0 for n≥ 2.

Proof. First, assume that H is a hasse-diagram. Let x ∈
An, n ≥ 2. Then there exists wr1

1 ,wr2
2 , . . . ,wrn

n ∈ A where
w1,w2, . . . ,wn ∈ Ω and r1,r2, . . . ,rn ∈ {1,2, . . . , t − 1} such
that x=wr1

1 wr2
2 . . .wrn

n . Clearly wr1
1 wr2

2 . . .wri−1
i−1 , wr1

1 wr2
2 . . .wri

i ,
(i ∈ {2,3, . . .n}), are adjacent. Then 1,wr1

1 ,wr1
1 wr2

2 ,
. . . ,wr1

1 wr2
2 . . .wrn

n = x is a path of length n from 1 to x. But
since H is a hasse-diagram 1 and x are not adjacent. That
is, there exist no edge e = {gwi : 0 ≤ t− 1}, g ∈ G, w ∈ Ω

such that 1,x ∈ e. This implies x 6= 1.wr for any w ∈Ω, r ∈
{0,1, . . . , t − 1} which gives x 6∈ A. That is x ∈ An implies
x 6∈ A for n≥ 2. Therefore A∩An = /0 for n≥ 2.

Conversely assume that H is connected and A∩An = /0
for n ≥ 2. Let x,y ∈ G. Then there exists a path, say, x =
x0,x1, . . . ,xn = y from x to y of length n≥ 2. This implies that
there exists gi ∈G and wi ∈Ω such that xi−1,xi ∈ {giwk

i : 0≤
k ≤ t−1}, i = 1,2, . . . ,n. Observe that xi = xi−1wri

i for some
ri ∈ {1,2, . . . , t−1}. Then

y = xn = xwr1
1 wr2

2 . . .wrn
n (2.1)

If x and y are adjacent, then there exist g ∈ G and w ∈Ω such
that x,y ∈ {gwk : 0≤ k ≤ t−1}. Then

y = xwk0 (2.2)

for some k0 ∈ {1,2, . . . , t− 1}. From (2.1) and (2.2), wk0 =
wr1

1 wr2
2 . . .wrn

n , which implies wk0 ∈ An. This implies that
wk0 ∈ A∩An, (since wk0 ∈ A), which is a contradiction to
the assumption that A∩An = /0 for n≥ 2. Hence x and y are
not adjacent. Thus H is a hasse-diagram. This completes the
proof.

The hypergraph H is k-transitive if and only if Ak ⊆ A.

Proof. Assume that H is k-transitive. Let x ∈ Ak. Then
there exists wr1

1 ,wr2
2 , . . . ,wrk

k ∈ A where w1,w2, . . . ,wk ∈ Ω

and r1,r2, . . . ,rk ∈{1,2, . . . , t−1} such that x=wr1
1 wr2

2 . . .wrk
k .

Obviously, 1,wr1
1 ,wr1

1 wr2
2 , . . . ,wr1

1 wr2
2 . . .wrk

k = x is a path
from 1 to x of length k. Since H is k-transitive, 1 and x are
adjacent. Then there exist w ∈Ω such that x = 1.wr for some
r ∈ {1,2, . . . , t − 1} which implies that x = wr ∈ A. Hence
Ak ⊆ A.

Conversely assume Ak ⊆ A. Let x,y ∈ V (H) be such
that there exists a path of length k from x to y, say, x =

x0,x1, . . . ,xk = y. Then we obtain y = x.wr1
1 wr2

2 . . .wrk
k for

some wri
i ∈A, where wi ∈Ω, ri ∈{1,2, . . . , t−1}, i= 1,2, . . . ,k.

Since Ak ⊆ A, wr1
1 wr2

2 . . .wrk
k ∈ A. Then there exist w ∈Ω and

r ∈ {1,2, . . . , t−1} such that wr = wr1
1 wr2

2 . . .wrk
k . This gives,

y = xwr which clearly implies x and y are adjacent. Hence H
is k-transitive.

H is k-path transitive implies

SA∪SA2∪ . . .∪SAk ⊆ S,

where S = A∪A2∪ . . .∪Ak.

Proof. Let x ∈ SA∪SA2 ∪ . . .∪SAk. Then x ∈ SAi for some
i ∈ {1,2, . . . ,k}. Then there exist wr1

1 ,wr2
2 , . . . ,wri

i ∈ A, r1,r2,
. . . ,ri ∈{1,2, . . . , t−1}, and a∈ S such that x= awr1

1 wr2
2 . . .wri

i .
Clearly a,awr1

1 ,awr1
1 wr2

2 , . . . ,awr1
1 wr2

2 . . .wri
i = x is a path from

a to x of length i≤ k. Also a ∈ S implies that a ∈ Ar for some
integer r such that 1≤ r≤ k. Then there exist ap1

1 ,ap2
2 , . . . ,apr

r ∈
A, (ai ∈ Ω, p1, p2, . . . , pr ∈ {1,2, . . . , t− 1}), such that a =
ap1

1 ap2
2 . . .apr

r . This implies that 1,ap1
1 ,ap1

1 ap2
2 , . . . ,ap1

1 ap2
2

. . .apr
r = a is a path from 1 to a of length r ≤ k. Since H is

k-path transitive there exists a path from 1 to x of length q less
than or equal to k. Let this path be 1 = x0,x1, . . . ,xq = x. This
implies that there exists w j ∈Ω and s j ∈ {1,2, . . . , t−1}, 1≤
j ≤ q, such that

x1 = x0ws1
1 = ws1

1 ,

x2 = ws1
1 ws2

2 ,

...

x = ws1
1 ws2

2 . . .wsq
q .

This implies that x ∈ Aq ⊆ A∪A2∪ . . .∪Ak = S. Equivalently,

SA∪SA2∪ . . .∪SAk ⊆ S.

This completes the proof.

H is k-path transitive if and only if

(A∪A2∪ . . .∪Ak)2 ⊆ A∪A2∪ . . .∪Ak

Proof. Assume H is k-path transitive. Let x ∈ (A∪A2∪ . . .∪
Ak)2. Then x = a1a2, such that a1,a2 ∈ A∪ A2 ∪ . . .∪ Ak,
implies a1 ∈ Ap, a2 ∈ Aq for some p,q ∈ {1,2, . . . ,k}. Then
a1 = x1x2 . . .xp and a2 = y1y2 . . .yq where x1,x2, . . . ,xp,y1,y2,

. . . ,yq ∈ A. Then x = a1y1y2 . . .yq = a1wr1
1 wr2

2 . . .wrq
q , wi ∈

Ω, ri ∈ {1,2, . . . , t−1} for all i ∈ {1,2, . . . ,q}. Clearly there
exists a path from a1 to x of length q ≤ k. Again a1 =
x1x2 . . .xp implies that there exist a path from 1 to a1 of
length p ≤ k. Now since H is k-path transitive there ex-
ists a path from 1 to x of length m ≤ k. Then there exist
s1,s2, . . . ,sm ∈Ω such that x = sp1

1 sp2
2 . . .spm

m , p1, p2, . . . , pm ∈
{1,2, . . . , t−1}. This implies that x ∈ Am ⊆ A∪A2∪ . . .∪Ak.
Hence (A∪A2∪ . . .∪Ak)

2 ⊆ A∪A2∪ . . .∪Ak.
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Conversely, assume (A∪A2∪ . . .∪Ak)
2 ⊆ A∪A2∪ . . .∪

Ak. Let there exist a path from x to y of length i≤ k and a path
from y to z of length j ≤ k. Then there exists w1,w2, . . . ,wi,
v1,v2, . . . ,v j ∈Ω and r1,r2, . . . ,ri, p1, p2, . . . , p j ∈{1,2, . . . , t−
1} such that y = xwr1

1 wr2
2 . . .wri

i and z = yvp1
1 vp2

2 . . .v
p j
j .

Then z = xwr1
1 wr2

2 . . .wri
i vp1

1 vp2
2 . . .v

p j
j = xa1a2, where a1 ∈ Ai

and a2 ∈ A j. This implies z = xa0 where a0 = a1a2 ∈ (A∪
A2 ∪ . . .∪Ak)2. Then by assumption a0 ∈ A∪A2 ∪ . . .∪Ak

and hence a0 ∈ Ap, for some p≤ k. Then z = xuq1
1 uq2

2 . . .uqp
p ,

u1,u2, . . . ,up ∈ Ω,q1,q2, . . .qp ∈ {1,2, . . . , t − 1}. This im-
plies that there exist a path from x to z of length p≤ k. Hence
H is k-path transitive.

H is (m,n)-transitive if and only if Am ⊆ An.

Proof. Suppose H is (m,n)-transitive. Let x∈ Am. Then there
exist w1,w2, . . . ,wm ∈ Ω and r1,r2, . . . ,rm ∈ {1,2, . . . , t− 1}
such that x = wr1

1 wr2
2 . . .wrm

m . Then 1,wr1
1 ,wr1

1 w2r2, . . . ,w
r1
1 wr2

2
. . .wrm

m is a path from 1 to x of length m. Since H is (m,n)-
transitive, there exist a path 1 = x0,x1, . . . ,xn = x from 1 to
x of length n. Then there exist gi ∈ G and wi ∈ Ω for i ∈
{1,2, . . . ,n} such that xi−1,xi ∈ ei = {giwk

i : 0 ≤ k ≤ t− 1}.
Then xi = xi−1wki

i for some ki ∈ {1,2, . . . , t− 1}. Then x =

xn = 1.wk1
1 wk2

2 . . .wkn
n , implies x ∈ An. Hence Am ⊆ An.

Conversely assume that Am ⊆ An. Let x,y ∈ G such that
there exist a path from x to y of length m. Then there exists
w1,w2, . . . ,wm ∈ Ω and r1,r2, . . . ,rm ∈ {1,2, . . . , t− 1} such
that y = x.wr1

1 wr2
2 . . .wrm

m . Since Am ⊆ An, wr1
1 wr2

2 . . .wrm
m ∈ An.

This implies that there exists v1,v2, . . . ,vn ∈ Ω and k1,k2,
. . . ,kn ∈{1,2, . . . , t−1} such that wr1

1 wr2
2 . . .wrm

m = vr1
1 vr2

2 . . .vrn
n .

Then y = xvr1
1 vr2

2 . . .vrn
n . Clearly x,xvk1

1 ,xvk1
1 vk2

2 , . . . ,xvr1
1 vr2

2
. . .vrn

n = y is a path from x to y of length n. Hence H is
(m,n)-transitive.
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