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A bit on the zeros of Dα f (z) of a polynomial f (z)
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Abstract
In this paper, we prove a variant of enestrom and kakeya theorem. Indeed, for a given a polynomial f (z) with real
coefficients, we are providing a bounded region such that any zero of Dα f (z) lie in this region must be a simple
zero if coefficients of D

′
α f (z) are monotonic, and any zero of Dα f (z) which does not lie in this region must be a

simple zero if coefficients of D
′
α f (z) are alternative.
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1. Introduction
Given a polynomial f (z) of degree n with complex coeffi-
cients, we define the polar derivative of f (z) with respect to a
number α . We denote it by Dα f (z) and defined as follows:

Dα f (z) = n f (z)+(α− z) f
′
(z).

One notes that Dα f (z) is polynomial of degree at most n−1.
The polar derivative Dα f (z) generalizes ordinary derivative
in the limiting case as α tends to infinity. Indeed, one has

lim
α−→∞

Dα f (z)
α

= f
′
(z).

In [5, 11], Enestrom and kakeya studied the distribution of
zeros of f (z). Indeed they obtain the following result:

Theorem 1.1. Let f (z) = ∑
n
j=0 k jz j be the nth degree polyno-

mial with real coefficients such that for some 0<k0 ≤ k1 ≤
...≤ kn−2 ≤ kn−1 ≤ kn then all zeros of f (z) lies in |z| ≤ 1.

In [1], Aziz and Mohammad studied the multiplicity of
zeros of f (z), and they proved the following result:

Theorem 1.2. Let f (z) = ∑
n
j=0 k jz j be the nth degree polyno-

mial with real coefficients such that for some 0<k0 ≤ k1 ≤
...≤ kn then all zeros of f (z) of modulus greater than or equal
to n

n+1 are simple.

Gulzar, Zargar,Akhter in [9] are extended the above results
to the polar derivatives, in [2–4, 6–8, 10] there exist some
generalizations and extentions of Enestrom Kakeya theorems,
in this article also f (z) is a polynomial of degree n with real(R)
coefficients and bt denotes the coefficient of differentiation
of polar derivative (t − 1)[tαkt + (n− (t − 1))kt−1] for t =
2,3,4, ..,n.

2. Main Results
Theorem 2.1. Let f (z) = ∑

n
j=0 k jz j be the polynomial of de-

gree n and α ∈ R, such that for some

bn ≥ bn−1 ≥ ...≥ b4 ≥ b3 ≥ b2.

Then all zeros of Dα f (z), which lie in

|z| ≤ |b2|
bn + |bn|−b2

are simple.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Corollary 2.1. If f (z) = ∑
n
j=0 k jz j is a polynomial of degree

n and α ∈ R, such that for some

bn ≥ bn−1 ≥ ...≥ b4 ≥ b3 ≥ b2 > 0.
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Then all zeros of Dα f (z), which lie in

|z| ≤ |b2|
2bn−b2

are simple.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Theorem 2.2. Let f (z) = ∑
n
j=0 k jz j be the polynomial of de-

gree n and α ∈ R, such that for some

bn ≤ bn−1 ≤ ...≤ b4 ≤ b3 ≤ b2.

Then all zeros of Dα f (z), which lie in

|z| ≤ |b2|
b2−bn + |bn|

are simple.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Corollary 2.2. If f (z) = ∑
n
j=0 k jz j is a polynomial of degree

n and α ∈ R, such that for some

0 < bn ≤ bn−1 ≤ ...≤ b4 ≤ b3 ≤ b2

then all zeros of Dα f (z), which lie in |z| ≤ 1 are simple. Where
bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Remark 2.1. 1. Corollary 2.1 follows thereom 2.1 if bt >
0.

2. Corollary 2.2 follows thereom 2.2 if bt > 0.

Theorem 2.3. Let f (z) = ∑
n
j=0 k jz j be the polynomial of de-

gree n and α ∈ R, s≥ 1 and η > 0 such that for some

sbn ≥ bn−1 ≤ bn−2 ≥ ...≥ b5 ≤ b4 ≥ b3 ≤ b2+η i f n is even

OR

sbn ≥ bn−1 ≤ bn−2 ≥ ...≤ b5 ≥ b4 ≤ b3 ≥ b2−η i f n is odd

then all zeros of Dα f (z), which does not lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)}

are simple if n is even
OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)}

are simple if n is odd.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Corollary 2.3. If f (z) = ∑
n
j=0 k jz j is a polynomial of degree

n and α ∈ R, such that for some

bn ≥ bn−1 ≤ bn−2 ≥ ...≥ b5 ≤ b4 ≥ b3 ≤ b2 i f n is even

OR

bn ≥ bn−1 ≤ bn−2 ≥ ...≤ b5 ≥ b4 ≤ b3 ≥ b2 i f n is odd

then all zeros of Dα f (z), which does not lie in

|z| ≤ 1
|bn|
{bn +b2 + |b2|+2(bn−2 +bn−4 + ...+b6

+b4)−2(bn−1 +bn−3 + ...+b5 +b3)}

are simple if n is even
OR

|z| ≤ 1
|bn|
{bn−b2 + |b2|+2(bn−2 +bn−4 + ...+b5

+b3)−2(bn−1 +bn−3 + ...+b6 +b4)}

are simple if n is odd.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Corollary 2.4. If f (z) = ∑
n
j=0 k jz j is a polynomial of degree

n and α ∈ R, such that for some

0 < bn ≥ bn−1 ≤ bn−2 ≥ ...≥ b5 ≤ b4 ≥ b3 ≤ b2 > 0 i f n is even

OR

0 < bn ≥ bn−1 ≤ bn−2 ≥ ...≤ b5 ≥ b4 ≤ b3 ≥ b2 > 0 i f n is odd

then all zeros of Dα f (z), which does not lie in

|z| ≤ 1
|bn|
{bn +2(bn−2 +bn−4 + ...+b6 +b4 +b2)

−2(bn−1 +bn−3 + ...+b5 +b3)}

are simple if n is even
OR

|z| ≤ 1
|bn|
{bn +2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)}

are simple if n is odd.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Theorem 2.4. Let f (z) = ∑
n
j=0 k jz j be the polynomial of de-

gree n and α ∈ R, such that for some

rbn≤ bn−1≥ bn−2≤ bn−3≥ ...≤ b5≥ b4≤ b3≥ b2−η i f n is even

OR

rbn ≤ bn−1 ≥ bn−2 ≤ bn−3 ≥ ...≥ b5 ≤ b4 ≥ b3 ≤ b2+η i f n is odd
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then all zeros of Dα f (z), which does not lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}

are simple if n is even
OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}

are simple if n is odd.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Corollary 2.5. If f (z) = ∑
n
j=0 k jz j is a polynomial of degree

n and α ∈ R, such that for some

bn ≤ bn−1 ≥ bn−2 ≤ bn−3 ≥ ...≤ b5 ≥ b4 ≤ b3 ≥ b2 i f n is even

OR

bn ≤ bn−1 ≥ bn−2 ≤ bn−3 ≥ ...≥ b5 ≤ b4 ≥ b3 ≤ b2 i f n is odd

then all zeros of Dα f (z), which does not lie in

|z| ≤ 1
|bn|
{|b2|−bn−b2 +2(bn−1 +bn−3 + ...+b5

+b3)−2(bn−2 +bn−4 + ...+b6 +b4)}

are simple if n is even
OR

|z| ≤ 1
|bn|
{b2−bn + |b2|+2(bn−1 +bn−3 + ...+b6

+b4)−2(bn−2 +bn−4 + ...+b5 +b3)}

are simple if n is odd.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Corollary 2.6. If f (z) = ∑
n
j=0 k jz j is a polynomial of degree

n and α ∈ R, such that for some

0 < bn ≤ bn−1 ≥ bn−2 ≤ bn−3 ≥ ...≤ b5 ≥ b4 ≤ b3 ≥ b2 > 0

if n is even
OR

0 < bn ≤ bn−1 ≥ bn−2 ≤ bn−3 ≥ ...≥ b5 ≤ b4 ≥ b3 ≤ b2 > 0

if n is odd.
Then all zeros of Dα f (z), which does not lie in

|z| ≤ 1
|bn|
{−bn +2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}

are simple if n is even
OR

|z| ≤ 1
|bn|
{−bn +2(bn−1 +bn−3 + ...+b6 +b4 +b2)

−2(bn−2 +bn−4 + ...+b5 +b3)}

are simple if n is odd.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n

Remark 2.2. 1. Corollary 2.3 follows Theorem 2.3 if s =
1, η = 0.

2. Corollary 2.4 follows Theorem 2.3 if s = 1, η = 0 and
b j ≥ 0.

3. Corollary 2.5 follows Theorem 2.4 if r = 1, η = 0.

4. Corollary 2.6 follows Theorem 2.4 if b j ≥ 0 and r = 1,
η = 0.

3. Proof of the theorems
Proof of theorem 2.1
Let f (z) = knzn+kn−1zn−1+ ...+k1z+k0, be the polynomial
of deree n with real coefficients. Then by the definition of
Dα f (z), we have

Dα f (z) =n f (z)+α f
′
(z)− z f

′
(z)

=n(knzn + kn−1zn−1 + ...+ k1z+ k0)

+α(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

− z(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

=[nαkn +(n− (n−1))kn−1]zn−1

+[(n−1)αkn−1 +(n− (n−2))kn−2]zn−2 + ...

+[2αk2 +(n−1))k1]z +[αk1 +nk0],

Then,

D
′
α f (z)= bnzn−2+bn−1zn−3+bn−2zn−4+...+b4z2+b3z+b2,

where bt =(t−1)[tαkt +(n−(t−1))kt−1] for t = 2,3,4, ...,n.
Now consider g(z) = zn−2D

′
α f ( 1

z ) and h(z) = (1− z)g(z). So
that,

h(z) =(1− z)[b2zn−2 +b3zn−3 +b4zn−4 + ...+bn−2z2

+bn−1z +bn]

h(z) =−b2zn−1 +(b2−b3)zn−2 +(b3−b4)zn−3 + ...

+(bn−2−bn−1)z2 +(bn−1−bn)z+bn

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{
|b2−b3|+

|b3−b4|
|z|

+
|b4−b5|
|z|2

+ ...+
|bn−1−bn|
|z|n−3 +

|bn|
|z|n−2

}]
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Also, if |z|>1 then 1
|z|<1, therefore

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{
|b2−b3|+ |b3−b4|

+ ...+ |bn−1−bn|+ |bn|
}]

≥|b2||z|n−2
[
|z|− 1

|b2|
{

b3−b2 +b4−b3

+ ...+bn−bn−1 + |bn|
}]

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{
−b2 +bn + |bn|

}]

Hence |h(z)|>0, provided that |z|>−b2+bn+|bn|
|b2|

.

Hence all the zeros of h(z) with |z|>1 lie in |z| ≤ −b2+bn+|bn|
|b2|

.
But those zeros of h(z) whose modulus is less than or equal
to 1 already satisfy

|z| ≤ −b2 +bn + |bn|
|b2|

.

Since all zeros of h(z) are also the zeros of g(z) lie in

|z| ≤ −b2 +bn + |bn|
|b2|

,

therefore all the zeros of g(z) lies in

|z| ≤ −b2 +bn + |bn|
|b2|

.

But D
′
α f (z) = zn−2g( 1

z ) it follows, by choosing z with 1
z ,

therefore all zeros of D
′
α f (z) lies in

|z| ≥ |b2|
bn + |bn|−b2

.

Therefore D
′
α f (z) does not vanish in

|z| ≤ |b2|
bn + |bn|−b2

.

In other words all zeros of Dα P(z) which lie in

|z| ≤ |b2|
bn + |bn|−b2

are simple.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n
Proof of theorem 2.2
Let f (z) = knzn+kn−1zn−1+ ...+k1z+k0, be the polynomial
of deree n with real coefficients. Then by the definition of

Dα f (z), we have

Dα f (z) =n f (z)+α f
′
(z)− z f

′
(z)

=n(knzn + kn−1zn−1 + ...+ k1z+ k0)

+α(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

− z(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

=[nαkn +(n− (n−1))kn−1]zn−1

+[(n−1)αkn−1 +(n− (n−2))kn−2]zn−2 + ...

+[2αk2 +(n−1))k1]z +[αk1 +nk0],

Then

D
′
α f (z) =bnzn−2 +bn−1zn−3 +bn−2zn−4 + ...

+b4z2 +b3z+b2

where bt = (t−1)[tαkt +(n−(t−1))kt−1] for t = 2,3,4, ...,n
Now consider g(z) = zn−2D

′
α f ( 1

z ) and h(z) = (1− z)g(z). So
that,

h(z) =(1− z)[b2zn−2 +b3zn−3 +b4zn−4 + ...

+bn−2z2 +bn−1z +bn]

h(z) =−b2zn−1 +(b2−b3)zn−2 +(b3−b4)zn−3 + ...

+(bn−2−bn−1)z2 +(bn−1−bn)z+bn

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{
|b2−b3|+

|b3−b4|
|z|

+
|b4−b5|
|z|2

+ ...+
|bn−1−bn|
|z|n−3 +

|bn|
|z|n−2

}]
Also, if |z|>1 then 1

|z|<1, therefore

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{
|b2−b3|+ |b3−b4|+ ...

+ |bn−1−bn|+ |bn|
}]

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{

b2−b3 +b3−b4 + ...

+bn−1−bn + |bn|
}]

|h(z)| ≥|b2||z|n−2
[
|z|− 1

|b2|
{

b2−bn + |bn|
}]

Hence |h(z)|>0, provided that |z|> b2−bn+|bn|
|b2|

.

Hence all the zeros of h(z) with |z|>1 lie in |z| ≤ b2−bn+|bn|
|b2|

.

But those zeros of h(z) whose modulus is less than or equal
to 1 already satisfy

|z| ≤ b2−bn + |bn|
|b2|

.

363



A bit on the zeros of Dα f (z) of a polynomial f (z) — 364/368

Since all zeros of h(z) are also the zeros of g(z) lie in

|z| ≤ b2−bn + |bn|
|b2|

,

therefore all zeros of g(z) lies in

|z| ≤ b2−bn + |bn|
|b2|

.

But D
′
α f (z) = zn−2g( 1

z ) it follows, by choosing z with 1
z ,

therefore all zeros of D
′
α f (z) lies in

|z| ≥ |b2|
b2−bn + |bn|

.

Therefore D
′
α f (z) does not vanish in

|z| ≤ |b2|
b2−bn + |bn|

.

In other words all zeros of Dα P(z) which lie in

|z| ≤ |b2|
b2−bn + |bn|

are simple.
Where bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3, ...,n
Proof of theorem 2.3
Let f (z) = knzn+kn−1zn−1+ ...+k1z+k0, be the polynomial

of deree n with real coefficients. Then by the definition of
Dα f (z), we have

Dα f (z) =n f (z)+α f
′
(z)− z f

′
(z)

=n(knzn + kn−1zn−1 + ...+ k1z+ k0)

+α(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

− z(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

=[nαkn +(n− (n−1))kn−1]zn−1

+[(n−1)αkn−1 +(n− (n−2))kn−2]zn−2 + ...

+[2αk2 +(n−1))k1]z +[αk1 +nk0],

Then

D
′
α f (z) =bnzn−2 +bn−1zn−3 +bn−2zn−4 + ...

+b4z2 +b3z+b2

where bt = (t−1)[tαkt +(n−(t−1))kt−1] for t = 2,3,4, ...,n
Now Consider g(z) = (1− z)D

′
α f (z), so that

g(z) =(1− z)[bnzn−2 +bn−1zn−3 +bn−2zn−4 + ...

+b4z2 +b3z +b2]

=−bnzn−1 +(bn−bn−1)zn−2 +(bn−1−bn−2)zn−3

+(bn−2−bn−3)zn−4 + ...+(bm+1−bm)zm−1

+(bm−bm−1)zm−2...+(b4−b3)z2 +(b3−b2)z+b2

Also, now apply both sides mode, we get the following

|g(z)|=|−bnzn−1 +(bn−bn−1)zn−2 +(bn−1−bn−2)zn−3

+(bn−2−bn−3)zn−4 + ...+(bm+1−bm)zm−1

+(bm−bm−1)zm−2 + ...+(b4−b3)z2

+(b3−b2)z+b2|

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn−bn−1|+

|bn−1−bn−2|
|z|

+
|bn−2−bn−3|
|z|2

+ ...+
|b3−b2|
|z|n−3 +

|b2|
|z|n−2

}]
If |z|>1 then 1

|z|<1, we have the following

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn−bn−1|+ |bn−1−bn−2|

+ ...+ |b4−b3|+ |b3−b2|+ |b2|
}]

≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn− sbn + sbn−bn−1|

+ ...+ |b3− (b2 +η)−η |+ |b2|
}]

≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn− sbn|+ |sbn−bn−1|

+ ...+ |b3− (b2 +η)|+ |η |+ |b2|
}]

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
(1− s)|bn|+ |sbn−bn−1|

+ ...+ |b3− (b2 +η)|+ |η |+ |b2|
}]

≥|bn||z|n−2
[
|z|− 1

|bn|
{
(1− s)|bn|+ sbn−bn−1 +bn−2

−bn−1 + ...+b2 +η−b3 +η + |b2|
}]

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
(s−1)|bn|+ sbn +b2 + |b2|

+2η +2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)
}]

i f n is even

OR

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
(s−1)|bn|+ sbn−b2 + |b2|

+2η +2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)
}]

i f n is odd,

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
(s−1)|bn|+ sbn +b2 + |b2|

+2η +2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)
}]

i f n is even
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OR

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
(s−1)|bn|+ sbn−b2 + |b2|

+2η +2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)
}]

i f n is odd

Hence |g(z)|> 0 provided

|z|> 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)}.

OR

|z|> 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)}.

This shows that all the zeros of g(z) whose modulus is greater
than 1 are lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)}.

OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)}.

Since the zeros of g(z) whose modulus is less than or equal to
1 are already lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)},

OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)},

it follows that all the zeros of g(z) lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)},

OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)}.

Since all the zeros of g(z) are also the zeros of D
′
α f (z) lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)},

OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)},

Thus all the zeros of D
′
α f (z) lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)},

OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)},

In other words all the zeros of Dα f (z) which does not lie in

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn +b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b6 +b4)

−2(bn−1 +bn−3 + ...+b5 +b3)},

are simple if n is even.
OR

|z| ≤ 1
|bn|
{(s−1)|bn|+ sbn−b2 + |b2|+2η

+2(bn−2 +bn−4 + ...+b5 +b3)

−2(bn−1 +bn−3 + ...+b6 +b4)},

are simple if n is odd, where
bt = (t−1)[tαkt +(n− (t−1))kt−1] for t = 2,3,4, ...,n
Proof of Theorem 2.4
Let f (z) = knzn+kn−1zn−1+ ...+k1z+k0, be the polynomial
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of deree n with real coefficients. Then by the definition of
Dα f (z), we have

Dα f (z) =n f (z)+α f
′
(z)− z f

′
(z)

=n(knzn + kn−1zn−1 + ...+ k1z+ k0)

+α(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

− z(nknzn−1 +(n−1)kn−1zn−2 + ...+ k1)

=[nαkn +(n− (n−1))kn−1]zn−1

+[(n−1)αkn−1 +(n− (n−2))kn−2]zn−2 + ...

+[2αk2 +(n−1))k1]z +[αk1 +nk0], T hen,

D
′
α f (z) =bnzn−2 +bn−1zn−3 +bn−2zn−4 + ...

+b4z2 +b3z+b2

where bt = (t−1)[tαkt +(n−(t−1))kt−1] for t = 2,3,4, ...,n
Now Consider g(z) = (1− z)D

′
α f (z), so that

g(z) =(1− z)[bnzn−2 +bn−1zn−3 +bn−2zn−4 + ...

+b4z2 +b3z +b2]

=−bnzn−1 +(bn−bn−1)zn−2 +(bn−1−bn−2)zn−3

+(bn−2−bn−3)zn−4 + ...+(bm+1−bm)zm−1

+(bm−bm−1)zm−2...+(b4−b3)z2

+(b3−b2)z+b2

Also, now apply both sides mode, we get the following

|g(z)|=|−bnzn−1 +(bn−bn−1)zn−2 +(bn−1−bn−2)zn−3

+(bn−2−bn−3)zn−4 + ...+(bm+1−bm)zm−1

+(bm−bm−1)zm−2 + ...+(b4−b3)z2

+(b3−b2)z+b2|

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn−bn−1|+

|bn−1−bn−2|
|z|

+
|bn−2−bn−3|
|z|2

+ ...+
|b3−b2|
|z|n−3 +

|b2|
|z|n−2

}]

If |z|>1 then 1
|z|<1, we have the following

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn−bn−1|+ |bn−1−bn−2|

+ ...+ |b4−b3|+ |b3−b2|+ |b2|
}]

≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn−bn−1|+ |bn−1−bn−2|

+ ...+ |b3−b2|+ |b2|
}]

≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn− rbn + rbn−bn−1|

+ |bn−1−bn−2|+ ...+ |b4−b3|

+ |b3− (b2−η)−η |+ |b2|
}]

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{
|bn− rbn|+ |rbn−bn−1|

+ |bn−1−bn−2|+ ...+ |b4−b3|

+ |b3− (b2−η)|+ |η |+ |b2|
}]

≥|bn||z|n−2
[
|z|− 1

|bn|
{
(1− r)|bn|+ |rbn−bn−1|

+ |bn−1−bn−2|+ ...+ |b4−b3|

+ |b3− (b2−η)|+ |η |+ |b2|
}]

|g(z)|

≥ |bn||z|n−2
[
|z|− 1

|bn|
{
(1− r)|bn|+bn−1− rbn +bn−1

−bn−2 +bn−3−bn−2 + ...+b5−b4

+b3−b4 +b3− (b2−η)+η + |b2|
}]

i f n is even

OR

|g(z)|

≥ |bn||z|n−2
[
|z|− 1

|bn|
{
(1− r)|bn|+bn−1− rbn +bn−1

−bn−2 +bn−3−bn−2 + ...+b4−b5

+b4−b3 +b2 +η−b3η + |b2|
}]

i f n is odd,

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{

2η + |bn|+ |b2|−b2

− r(bn + |bn|)+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)
}]

i f n is even

OR

|g(z)| ≥|bn||z|n−2
[
|z|− 1

|bn|
{

2η + |bn|+ |b2|+b2

− r(bn + |bn|)+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)
}]

i f n is odd,

Hence |g(z)|> 0 provided

|z|> 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}.

OR
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|z|> 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}.

This shows that all the zeros of g(z) whose modulus is greater
than 1 are lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}.

OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}.

Since the zeros of g(z) whose modulus is less than or equal to
1 are already lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}.

OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}.

it follows that all the zeros of g(z) lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}.

OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}.

Since all the zeros of g(z) are also the zeros of D
′
α f (z) lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}.

OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}.

Thus all the zeros of D
′
α f (z) lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)}.

OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}.

In other words all the zeros of Dα f (z) which does not lie in

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|−b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b5 +b3)

−2(bn−2 +bn−4 + ...+b6 +b4)} ,

are simple i f n is even,

OR

|z| ≤ 1
|bn|
{2η + |bn|+ |b2|+b2− r(bn + |bn|)

+2(bn−1 +bn−3 + ...+b6 +b4)

−2(bn−2 +bn−4 + ...+b5 +b3)}
are simple, i f n is odd,

where bt = (t−1)[tαkt +(n−(t−1))kt−1] for t = 2,3,4, ...,n
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