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A bit on the zeros of D, f(z) of a polynomial f(z)

K. Praveen Kumar'* and B. Krishna Reddy?

Abstract

In this paper, we prove a variant of enestrom and kakeya theorem. Indeed, for a given a polynomial f(z) with real
coefficients, we are providing a bounded region such that any zero of D, f(z) lie in this region must be a simple
zero if coefficients of D), f(z) are monotonic, and any zero of D, f(z) which does not lie in this region must be a

simple zero if coefficients of D, f(z) are alternative.
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1. Introduction

Given a polynomial f(z) of degree n with complex coeffi-
cients, we define the polar derivative of f(z) with respect to a
number or. We denote it by D, f(z) and defined as follows:

Daf(z) =nf(z)+(a—2)f (2).

One notes that Dy f(z) is polynomial of degree at most n — 1.
The polar derivative Dy f(z) generalizes ordinary derivative
in the limiting case as & tends to infinity. Indeed, one has

D
lim of (Z)
a—e

=1 (2).

In [5, 11], Enestrom and kakeya studied the distribution of
zeros of f(z). Indeed they obtain the following result:

Theorem 1.1. Let f(z) =Yk 7/ be the n' degree polyno-
mial with real coefficients such that for some 0<ko < k1 <
e <kn—n < kn_1 <k, then all zeros of f(z) lies in |z| < 1.

In [1], Aziz and Mohammad studied the multiplicity of
zeros of f(z), and they proved the following result:

Theorem 1.2. Let f(z) =Y ok 7/ be the n'" degree polyno-
mial with real coefficients such that for some 0<ko < k; <
oo < ky, then all zeros of f(z) of modulus greater than or equal
to ;1 are simple.

Gulzar, Zargar,Akhter in [9] are extended the above results
to the polar derivatives, in [2—4, 6-8, 10] there exist some
generalizations and extentions of Enestrom Kakeya theorems,
in this article also f(z) is a polynomial of degree n with real(R)
coefficients and b, denotes the coefficient of differentiation
of polar derivative (t — 1)[totk; + (n — (t — 1))k,—;] for t =
2,3,4,..,n.

2. Main Results

Theorem 2.1. Let f(z) = Yi_ok;z/ be the polynomial of de-
gree n and o € R, such that for some

by >2bp12>...2 by > b3 > bs.
Then all zeros of Dy f (z), which lie in

o < el
- bn+ |bn‘ _b2

are simple.
Where by = (t — 1)[tak, + (n— (t — 1))k fort =2,3,...,n

Corollary 2.1. If f(z) =¥} ok 2/ is a polynomial of degree
nand o € R, such that for some

by >2by_12>..2by>b3>by>0.



Then all zeros of Do f (z), which lie in

O ]
= 2b,— by

&
are simple.
Where by = (t — 1)[tak; + (n— (t — 1))ke—1] fort =2,3,...,n

Theorem 2.2. Let f(z) = ;fzo k jzj be the polynomial of de-
gree n and o € R, such that for some

bn < bnfl <..< b4 < b3 < b2~

Then all zeros of Do f(z), which lie in

e
“by—b,+ ‘by[|

are simple.
Where by = (t — 1)[tak; + (n— (t — 1))k;—1] fort =2,3,...,n

Corollary 2.2. If f(z) =Y _ok 7/ is a polynomial of degree
nand o € R, such that for some

0<b,<by 1<..<bys<b3<Db

then all zeros of D f (z), which lie in |z| < 1 are simple. Where
by=(t—1D[toks+(n—(t—1))k_1] fort =2,3,...,n

Remark 2.1.
0.

1. Corollary 2.1 follows thereom 2.1 if b; >

2. Corollary 2.2 follows thereom 2.2 if by > 0.

Theorem 2.3. Let f(z) = i—0 kjz/ be the polynomial of de-
greenand a € R, s > 1 and 1 > 0 such that for some

sby >by_1 <by_2>..2bs<by>b3<by+nifniseven

OR
sby > b1 <by_2>..<bs Zb4§b32b2—nif”i50dd

then all zeros of Do f(2), which does not lie in

7| <
<<

{(s = D)[bu| +sby + b2+ [b2| +27

+2(by—2+bp—g+...+bg+by)
—2(by—1+bp_3+...+b5+b3)}

are simple if n is even
OR

1

z| <
<<

(S— 1)‘bn| +sb, — by + ‘b2| +21

+2(by—2+bp_a+...+bs +b3)
—Z(bn,1 +by—3+...+bg +b4)}

are simple if n is odd.
Where by, = (t — 1)[tak;+ (n— (t —1))k—1] fort =2,3,...,n

A
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Corollary 2.3. If f(z) = Yok 7/ is a polynomial of degree
nand o € R, such that for some

by >by1 <by_2>..>2bs<by>b3s<byif niseven

OR
by >by 1 <byp2>..<bs>by<b3>byif nisodd
then all zeros of Dy f(2), which does not lie in

1

7| <
<< T

{by+bs+ |ba| +2(bp—2+by—a+...+bg
+b4> —Z(bn_l +b,_3+...+bs +b3)}

are simple if n is even

OR

1

7l <
<

{bn —by+ |b2| +2(bp—2+bp_s+ ...+ bs

£ b3) = 2(byt +bus + o+ b+ bs)}
are simple if n is odd.

Where by = (t — 1)[tok, + (n— (t — 1))k,—1] fort =2,3,...,n
Corollary 2.4. If f(z) = Yok 2/ is a polynomial of degree

nand o € R, such that for some

0<b,>b,_1<by2>..2b5s<by>b3<by>0ifniseven

OR
0 < by>bpt <byo>..<bs>by<by>by>0if nisodd
then all zeros of Dy f(z), which does not lie in
1

z7l <
<< T

{bn+2(by-2+by-s+ ...+ b6 +bs+b)
—2(bp—1+by_3+...+bs +b3)}

are simple if n is even
OR

b

7| <
<< T

{bn —|—2(bn72 +bp_a+...+bs +b3)
—2(bp1+by3+4...+bs+bg)}

are simple if n is odd.

Where by = (t — 1)[tatk; + (n— (t — 1))ke—1] fort =2,3,...,n
Theorem 2.4. Let f(z) =¥} ok 7/ be the polynomial of de-
gree nand a € R, such that for some

thy <by_1 >by 2<by, 3>..<bs>by<b3>by—nifniseven

OR

rby <by_1>by,_2<b,_3>..2b5<bs>b3<by+nifnisodd



then all zeros ofDaf(z), which does not lie in

el < Z={20 + [bal + |b2| = b2 — r(bn + |ba])

\b |
+2(by—1+bp—3+...+bs+b3)
_Z(bn72+bnf4+ +b6 +b4)}

are simple if n is even

OR

lz) < |{2n+|b n| + |b2| + b2 — r(by+|bn|)

by
+2(by—1+bp—3+...+bs+bs)
—2(bp2+bpa+...+bs+b3)}

are simple if n is odd.
Where by = (t — 1)[tak; + (n— (t — 1))ke—1] fort =2,3,...,n

Corollary 2.5. If f(z) =Y" i ijzf is a polynomial of degree
nand o € R, such that for some

bn Sbn_] an_z Sbn_3 Z S b5 Z b4 S b3 2 b2 ifnis even

OR
by <by_12by2< bn—3 >z bS <by> b3 <b ifn is odd

then all zeros of Do f(2), which does not lie in

|Z‘ < ‘b |{‘b2| b2+2(bn_1+bn_3+...+b5
n
+b3) 72(1?,,,2 +by_a+...+bg +b4)}
are simple if n is even
OR
1
lz] < W{bz —by+ |ba| +2(by—1 +by3+...+ b
n
+b4)—2(by—2+by_a+...+bs +b3)}

are simple if n is odd.
Where by = (t — 1)[ratk,; +

Corollary 2.6. If f(z) =Y _ok 7/ is a polynomial of degree
nand o € R, such that for some

(n—(t—1))k1] fort =2,3,...,n

0<by<by12by2<by3>..<bs>by<b3>by>0

if nis even
OR
0<bpn<by—12bp2<by3>..2b5<by>b3<by>0
if nis odd.

Then all zeros ofDaf(z), which does not lie in

lz| < —{—bu+2(byp—1+by—3+...+bs+b3)

\b |
—2(bp—2+bp_s+...+bs+bs)}

are simple if n is even
OR
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lz| < —{=by+2(by—1 +bp—3+...+bs+bs+b2)

|b |
—2(by—2+bp_a+..+bs+b3)}

are simple if n is odd.

Where b, = (t — 1)[tak, + (n— (t — 1))k—1] fort =2,3,...,n
Remark 2.2. 1. Corollary 2.3 follows Theorem 2.3 if s =
I,n =0.

2. Corollary 2.4 follows Theorem 2.3 if s=1, 1 =0 and
b;>0.

3. Corollary 2.5 follows Theorem 2.4 ifr=1, 1 =0.

4. Corollary 2.6 follows Theorem 2.4 if b; > 0 and r = 1,
n =0.

3. Proof of the theorems

Proof of theorem 2.1

Let f(z) = kn?" + ky—12"~ '+ ...+ k1z+ ko, be the polynomial
of deree n with real coefficients. Then by the definition of
Dqf(z), we have

Daf(z) =nf(2) + af (z) — 2f ()

:n(knz"—kkn,]z"*l +...+kizt+ko)
+a(nk, " 4 (n— 1k, 12" 2+ ..+ k)
—z2(nk 2 4 (n— Dy 12" 4.4 Kp)

=[notk, + (n— (n—1))k,_1]2"""
+[(n—1)athy 1 + (n— (n—2))kn_2]2" 2 + ...
+[20tky + (n—1))k1 ]z + [otky + nko),

Then,

Dof(2) =bu2" 24 by 2" 4 byn? ™ A ba? + brz b,
where b, = (t—1)[tak;+(n—(r—1))k—| fort =2,3,4,....,n
Now consider g(z) = Z”_zD'af(%) and h(z) = (1 —z)g(z). So
that,

h(z) =(1 = 2)[bad" 2+ 532" 3+ by 4 ...+ by 22?
+bn712+bn]
h(z) =—ba" '+ (by — b3)Z" 2 + (b3 — ba)?" >
+ (by—2 —by—1)2* + (bu_1 — bn)z+ by
_ bs—b
Q)| 2lbal 1] - |{|bz—b3|+| =
|bs — bs| |bn—1 — \b |
+ +...+
|Z|2 ‘ |n 3 |Z|n 2}



Also, if |z|>1 then é<1, therefore

Ih(Z)IZIbzIZI"‘z{IZI |b|{\bz b3| + |b3 — b4
+...+bn1—bn|+bn|}]

1
— ——1{b3—by+bs—b
_zl |b2|{ 3—by+bs—b3

bn—l + ‘bn| }:|

(- m+m+ww}

>|ba 2"

+ it by —

[h(2)| >[ba|lz" 2

Z
i Ibl

Hence |h(z)|>0, provided that |z|>%§+‘b"|

Hence all the zeros of A(z) with |z|>1 lie in |z| < %:‘Hb"l.

But those zeros of /1(z) whose modulus is less than or equal
to 1 already satisfy

ol < —by + by + | by
- |ba| '

Since all zeros of h(z) are also the zeros of g(z) lie in

il < —by + b, + |by|

therefore all the zeros of g(z) lies in

—by + by, + | by

7| <
i |ba|

But D, f(z) =

therefore all zeros of D, f(z) lies in

z”’2g(%) it follows, by choosing z with %,

ol > bl
- bn+ |bn‘ _b2

Therefore D), f(z) does not vanish in

|Z‘<¢-
1= b+ [ba| — b2

In other words all zeros of Dy P(z) which lie in

<
a bn+‘bn|_b2

are simple.

Where b, = (t — 1)[tak,+ (n— (t — 1))k,_1] fort =2,3,....n
Proof of theorem 2.2

Let f(z) = ky2" +ky—12" ' + ... + k1 2+ ko, be the polynomial

of deree n with real coefficients. Then by the definition of

363

A bit on the zeros of D, f(z) of a polynomial f(z) — 363/368

D¢ f(z), we have

Daf(z) =nf(2) +af (z) — 2f (2)
:n(knz"Jrkn,]z"_l +...+kizt+ko)
+ a(nk, " 4 (n— 1)k, 12" 2+ ..+ kp)
—z2(nk 2 4 (n— Dy 12" 4. 4 Ky)
=[notk, + (n— (n—1))k,_1]2"""
+[(n—1)athy_1 + (n— (n—2))kn_2]2" 2 + ...
+[20tky + (n— 1))k |z + [otky + nko),

Then
(Xf( ) nZ" 2+bn lZ +bn722'174+.-.
+by7> +b3z+ by

where b, = (t — 1)[tatk, + (n— (t — 1))k, fort =2,3,4,...,n
Now consider g(z) = z"’zD/af(%) and h(z) = (1 —2z)g(z). So
that,

h(z) =(1 = 2)[baz" 2+ b3z >+ by 4 ...

+bn7222 +bn712 +bn]
h(z) =—bot" '+ (by—b3)2" 2+ (b3 — by)?" >

+ (bn—2 - bn—l)Z2 + (bn—l - bn)Z + bn

_ |b3 — ba|
|h(z)| >|ba2||z]" 2 ||2] — s |{|b2 b+ ——= "
|bg — bs| |bn—1 — |b |
+
|Z|2 |Z‘n 3 |Z|n 2}

Also, if |z|>1 then ﬁ<1, therefore

B 1
|h(z)| >|ba2)|2)" 2 ||z] — @{\bg —b3|+ |b3 —ba| + ...

+ |bn71 _bn| + |bn|}]

_ 1
|h(2)| 2[b2llz" 2| |2| - @{bz—bg by —bst ...

+bp-1 —bn+|bn|}]

I 2ol [l o (b2t o}
Hence |h(z)|>0, provided that \z|>%ﬂb’"
Hence all the zeros of A(z) with |z|>1 lie in |z] < %ﬂb”‘

But those zeros of h(z) whose modulus is less than or equal
to 1 already satisfy

|Z| < b2 _bn + |bn|
- ba|



Since all zeros of h(z) are also the zeros of g(z) lie in

bszn‘i’ |bn|

7l <
o |b2 |

)

therefore all zeros of g(z) lies in

| ‘ < by bn+|bn|
|2
But D, f(z) = z”_zg(%) it follows, by choosing z with %,
therefore all zeros of D, f(z) lies in
b
2| > |72‘
by — by + |by]

Therefore D, f(z) does not vanish in

|ba|

o<
| ‘ b2_bn+|bn|

In other words all zeros of Dy P(z) which lie in

|2
o < ——
by — b, + |by|
are simple.
Where by = (t — 1)[tok; + (n— (t — 1))k,—1] fort = 2,3, ....n

Proof of theorem 2.3
Let f(2) = kn?" +kn—12"" ' +... + k1 2+ ko, be the polynomial

of deree n with real coefficients. Then by the definition of
D f(z), we have

Daf(z) =nf(z) +of () —zf (2)
=n(kp2" +kn_12" '+ ...+ kiz+ ko)
+ ot(nky? + (n— Dkp12" 2+ ...+ k1)
— 2(nkn?" '+ (0= Dkno12 2 + .+ k1)
=[natky, 4+ (n— (n—1))kp_1]2""
+[(n—=1)othy 1+ (n— (n—2))kn_2]2" 2+ ...
+ [2aky + (n—1))ki1]z + [otky + nko),

Then
Dy f(2) =bud" 2 +by12" 3+ by g
+b4Z +b3z+ by
where b, = (r—1)[rak, +(n—(t —1))k,—1] fort =2,3,4,...,n
Now Consider g(z) = (1 —z)D,,f(z), so that
2(2) =(1=2)[bp" 2+ by 12" 2+ by 22" ...
+ by2? + b3z + by

T+ (bn - bn—l)zni2 + (bn—l - bn—Q)Zn73
+ (buz —bu3)2" 4 ot (bt — b))

4 (b — b1)Z" 2. 4 (bg — b3)2> + (b3 — by)z+ by

_ ann
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Also, now apply both sides mode, we get the following
|g(2) =] - bp?d' !+ (bn — b1 )ZVHZ +(bp—1— bn—Z)Zni3
+ (bn72 - bnf3)Zn_4 +.+ (bm+1 - bm)Zm_l
+ (b = bw—1)Z" 2 + oo+ (bs — b3) 2
+ (b3 —ba)z+ bz\

18(2)] 2[ballzl" 2| |2| - o |{Ib

|bn72_bn73| |b3 _b2|
+...+
|22 IZI”‘3

‘bnfl - bn72|

|2

4

n71|+ |bn71 _bn72|

n71|+

|b2
|n 2

+

If |z|>1 then |—i‘<1, we have the following

|g(2)| =|ballz|" >

1
| — —{|ba—b
Z| ‘bn|{|n

+...+|b4—b3+|b3—b2+|b2|}]

2|bn‘|Z‘n_2

1
z| = —{|bn — by + by — by_1|
|bn|
+---+|b3(bz+n)n|+|bz|}]
B 1
2|bn‘|z‘n 2 ‘Z| - m{|bn_5bn| + |Sbn_bn71|
n

+...+|b3—(b2+n)|+|n|+|b2|}:|

18(2)| >[ballzl" 2| $)|Bal + 5By — b1

i |b|{

+...+|b3—(bz+n)+|n|+|bz|}}

> [buJ2]"* ||z — |b|{ )l + 5By — b1 +by—2

—by_1+..+br+1 —b3+n+|bz|}}

>|b, z"z{z
Q) 2 pulle 1~ {6
+2n +2( n_2+bn_4—‘r...+b6+b4)

1)|by| + sby + b2 + |b2]

—2(bn1+bn3+...+b5+b3)}] if niseven
OR
18| 2[bal 2[|z
IC
+2T[+2( n,2+bn74+...+b5+b3)

)|bu| + sby — by + |by]

—2(bp1+bp3+ ... +b6+b4)}] if nisodd,

18| 2[bal 2 2[|z
ICE
+2n +2( n—2+bn74+-~-+b6+b4)

1)|bn| + sby + by + b2

—2(bp—1+bp—3+...+bs +b3)}] if niseven
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OR

18(2)| >|bullzl" |I2] = b |{ 1)[bn| + sby — by + |b2
+2n+2(by—2+bp_a+...+bs+b3)
—2(by1+by3+...+be+bs)}| ifnisodd

Hence |g(z)| > 0 provided

lz| > —{(s —1)|bu| +sDp + b2+ 2| +27

\b |
+2(bn72+bn74+ +b6 +b4)
—Z(bn_l +b,_3+...+bs +b3)}

OR

1
el > o= Dlbal - sbn = b2+ [ba[ 421
n

+2(by—2+bp_a+...+bs+b3)
—2(bp_1 +by3+...+bg+bs)}.

This shows that all the zeros of g(z) whose modulus is greater
than 1 are lie in

1
—{(s—1)|by| + by + b3+ |ba] + 21

lz| <
b

+2(by—2+bp—a+...+bs+bs)
—2(bn_1 +b, 3+...+bs +b3)}.
OR

1
o< 6= Dol sby —ba kol +2m

+2(bn,2+bn,4+ ..+ bs +b3)
—2(bp—1+bp—3+...+bs+bs)}.

Since the zeros of g(z) whose modulus is less than or equal to
1 are already lie in

1
n

+2(bn,2+bn,4+ ...+ bg +b4)
_Z(bnfl +bn73 + ... +b5 +b3)}7

OR

1
|Z‘ S m{(s— 1)‘bn| +Sbn—b2+ ‘b2| +2n
n

+2(bn_2—|—bn_4 + ...+ b5 +b3)
—2(bp—1+bp—3+...+bs+ba)},

it follows that all the zeros of g(z) lie in
1
] < W{(S— 1)[bu| + by + b2+ b2| +21
n
+2(by—2+bp—a+...+bs+bs)
—2(bp1+bp3+...+bs+b3)},
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OR

1
o< Gl Dbl by = o] 21

+2(by—2+bp_a+...+bs+b3)
—2(by—1+bp—3+...+bs+ba)}.

Since all the zeros of g(z) are also the zeros of D f(z) lie in

1
lz| < b ‘{(S— 1)|bp| + sbp + by + |b2| 4+ 21

+2(by—2+bp—a+...+bs+bs)
72(bn,1 +bp_3+...+bs +b3)},

OR

|Z|< S—l)|bn|+sbn—b2+|b2‘+21’]

1
ol
+2(bn,2+bn74+ ...+ bs +b3)
—2(bp—1+by_3+...+bs+ba)},

Thus all the zeros of D), f(z) lie in

lz| < (s = 1)|by| +sby + by + |b2| + 210

1

62|
+2(by—2+bp—a+...+bs+bs)
—2(bp—1 +by—3+...+bs+b3)},

OR

1
—{(s—=1)|by| + sby

lz| <
|bn|

—by+|by|+27

+2(bp—2+bna+...+bs+b3)
—2(bn-14bn-3+...+bs+ba)},

In other words all the zeros of D, f(z) which does not lie in

1
ol < b ‘{(s_1)|bn|+5bn+b2+|b2‘+2n

+2(bn,2 +by—a+...+bg +b4)
—2(by—1+bp—3+...+bs+b3)},

are simple if n is even.
OR

1
2 < oy 6= Dol sb—ba ol +2m

+2(bn,2+bn74+ ...+ bs +b3)
—2(bp—1+by_3+...+bs+ba)},

are simple if n is odd, where

by=@t—D[tok +(n—(t—1))k_1]forr=2,3,4,....n
Proof of Theorem 2.4

Let f(z) = ko2 +kn 12" +... 4+ k12 + ko, be the polynomlal
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of deree n with real coefficients. Then by the definition of
Do f(2), we have

=nf(z)+of () —zf (2)
=n(kn2" +kn12" + ... +hiz+ ko)

+ o(nkn?" + (= Dkn1 2" 2+ .+ k1)
+(n— Dk, 12" 2 4.+ k1)
=[natky, 4+ (n— (n—1))ky_1]2""!
+[(n—1)othy 1+ (n— (n—2))kn_2]2" 2+ ...
+ [2aky + (n—1))ki]z + [0ty + nko), Then,

2 by 12 A by 0

+ b4 +b3z+by

Docf(z)

n—1

—z(nk,z

Dy f(z) = +...

where b, = (r — 1)[rak, +(n— (t —1))k,—1] fort =2,3,4,...,n
Now Consider g(z) = (1 —z)D,f(z), so that

:(1 —Z) [anan +bn71Zn
+ byz? + b3z + b))

8(2)

-3 —|—bn,2Z’174—|—...

= bnznil + (bn - bn—l)Zn72 + (bn—l - bn—Z)Z’HS
+ (ban - bn73)zn_4 +...+ (berl - bm)zm_l
+ (bm — b1 )Zm_2 + (b4 - bS)Zz

+ (b3 —b2)z+ b
Also, now apply both sides mode, we get the following

\g(z)| :| - bnzn_l + (bn - bnfl)zn_2 + (bnfl - bn72)Zn_3
+ (bpz —bp-3)"" 4+ .4 (bypy1 — )"
+ (b — by 1)2" 2+ ...+ (by — b3)7?

+(b3—b2)2+b2|
. byt — by
8@ 2 ballel" ™Il = - ‘{V’n n—1|+|nz|n
|bp—2 — b3 |b3 — bz| b2
+ +...+
|22 T 7}

If |z|>1 then ﬁ <1, we have the following

. 1
|8(2)] >[bnllz"2 |Z|7m{|bn*bn71‘+|bn717bn72|
n

+...+b4—b3|+b3—bz|+b2|}]

_ 1
>[by| |2 IZI—W{Ibn—b
L n

+ oot |by — ba| + bzl}]

n—l‘ + |bn—1 - bn—2|
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_ 1
b2 1= b= b b= b
n
+|bn—1 —bp_a|+ ...+ |bs — D3|

+|b3—(b2—71)—71|+|b2|}}

B 1
6601 2ol = {16 =10+ 1 |
n
+ |bp—1 —bp_z| + ...+ |bs — b3
o= (2= m)|+ 1]+ ]}

bl [l - e (01—

+|bp—1 —bp2| + ...+ |bs — 3|

P)|bal 4 |rbn — by—1|

+m—w—m+m+mﬂ

lg(2)]
2 2l = i (1=t
—by_r+by_3—b,_o+..+bs—by

+b3—b4+b3—(b2—n)+n+|b2}} if niseven

OR
18(2)]
> Il 1= (1=l byt~
—bys+by3—bp o+ ...+ by —bs

+b4—b3+b2+n—b3n+|b2}:| if nisodd,

18(2)| =[ballz]" {|Z|— r |{2n+|b nl =+ |ba| = by
—7(bu+ |ba|) +2(bp1 +by3+ ...+ bs+b3)
_2(bn2+bn4+...+b6+b4)}} if niseven
OR
18(2)| =1ball|"? {|Z| b ‘{277+|b n| 4 |ba| + b2
—r(b

—2(by2+by_4+...+bs +b3)}] if nisodd,

w+ 1bn]) +2(bp—1 +bp—3+ ...+ bs+ ba)

Hence |g(z)| > 0 provided

1
|z| > — {21 + |b,| + ||

—by—r(b b
|bn‘ 2 r(n+|n|)

+2(by—1+bp—3+...+bs+b3)
—2(bp2+bp-a+...+bs+bs)}.

OR



lz| > ——{2n +|bu| + |b2| + b2 — r(bu + |bal)

\b |
+2(by—1+bp—3+...+bs+bs)
_Z(bn72+bnf4+ +b5 +b3)}

This shows that all the zeros of g(z) whose modulus is greater
than 1 are lie in

ol < 7=A20 4 |bul + [b2| = b2 — r(bn + [bal)

\b |
+2(bn_1 +b,_3+...+bs +b3)
—2(bp—2+bp_a+...+bs+bg)}.

OR

lz| < —{2n + |by| + |b2| + b2 — r(by + |by])

\b |
+2(by—1 +bp—3+...+bs+ba)
—2(bp—2+bp_a+...+bs+b3)}.

Since the zeros of g(z) whose modulus is less than or equal to
1 are already lie in

el < =421 + [ba| + |b2| = b2 = r(bn + [bal)

\b |
—|—2(bn,1 +by—3+...+bs +b3)
—2(bp—n+bp_a+...+bs+bs)}.

OR

lz| < —{2n +|bu| + |b2| + b2 — r(by + |bul)

\b |
+2(bn71 +by—3+...4+ bg +b4)
—Z(bn_2+bn_4 + ...+ b5 +b3)}

it follows that all the zeros of g(z) lie in

el < =421 + [bal + |b2| = b2 = r(bn + [bal)

\b |
+2(by—1 +bp_3+...+bs+b3)
72(bn,2+bn,4+ ...+ bg +b4)}.

OR

lz| < —{2n +|bu| + |b2| + b2 — r(bu + |bul)

\b |
+2(by—1+bp—3+...+bs+bs)
_Z(bn—2+bn—4+ ot bs +b3)}

Since all the zeros of g(z) are also the zeros of D, f(z) lie in

1
{21 + |by| + |2
by|

o] < — b2 —r(bn+[bnl)

+2(by—1+bp—3+...+bs+b3)
—2(bp2+bpa+...+bs+by)}.
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OR
|z < b ‘{271+|b nl =+ |ba| by — (b + [bn])
—|—2(bn,1+bn,3+...+b(,+b4)

—2(by—2+bp—a+..+bs+b3)}.

Thus all the zeros of D), f(z) lie in

S b ‘{2n+|b n| |2 = ba — r(by + [ba)
+2(byp—1 +bp—3+... +bs +b3)
—2(bp—2 +bn_4-‘r...+b6+b4)}.

OR
|z < ‘{2n+|b n| 4 |b2| 4 ba — (b + [bl)

by
+2(bn_1 +by_3+... +b6+b4)
—Z(bn,2+bn,4+ .+ bs +b3)}.

In other words all the zeros of Dy, f(z) which does not lie in

|Z| < {2n+|b ‘+|b2‘ bz—r(bn+|bn|)

Ib |
+2(bp—1+by3+...+bs+b3)
72(bn,2+bn,4+ +b(,+b4)} R

are simple if n is even,

OR

2| < —{2n +|bn| + |b2| + b2 — r(by + |bal)

Ib |
+2(bn,1 +bp_3+...+bg +b4)
—2(by2+by4+...+bs+b3)}
are simple, if nis odd,

where by = (r — 1)[totk; + (n— (t — 1))ks—1 ] fort =2,3,4,....,n
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