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Abstract
In this article we studied about Dynamical System induced by Weighted tensor sum and tensor product operator
and multiplier representations of Lie groups.
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1. Introduction
Let Ux be an open subset of Cn and let H(Ux) denote the
algebra of all complex valued anaytic functions on Ux. Let
ϕ : Ux→Ux be an analytic map. Then f1 ◦ϕ � f2 ◦ϕεH(Ux)
for all f1, f2 ∈ H(Ux). The map f1 � f2→ f1 ◦ϕ � f2 ◦ϕ is a
linear transformation on H(Ux) and we denote it by Cϕ . Since
Cϕ( f1 � f2) = f1 ◦ϕ � f2 ◦ϕ =Cϕ f1 �Cϕ f2N is an algebra
homomorphism with Cϕ(1) = 1, where 1 is the constant one
function on Ux. If ϕ is a diffiomorphism, then Cϕ is invertible
and C−1

ϕ =Cϕ−1 . Since Cϕ◦ψ( f1 � f2) = f1 ◦ϕ ◦ψ � f2 ◦ϕ ◦
ψ =CϕCψ f1 �CϕCψ f2. Cϕ◦ψ =CϕCψ and hence ϕ→Cϕ is
not multiplicative . Let π : Ux→ C be a complex valued ana-
lytic map and ϕ : Ux→Ux be an analytic map. Then define the
map Cϕ �Mπg( f1 � f2) : H(Ux)�H(Ux)→ H(Ux)�H(Ux)
as (Cϕ �Mπg)( f1� f2) =Cϕ f1�Mπg f2. Then certainly Cϕ �

Mπg is a linear transformation on H(UX )�H(Ux) and it is
called the tensor sum operator and weighted transormation
on H(Ux) induced by ϕ and π . If ϕ(x) = x, then Mπg is the
multiplication transformation Mπ f = π. f and if π = 1, then
Cϕ �Mπg is the tensor sum operator on Cϕ and Mπg . The
class multiplication transformations and the class of tensor
sum transformations on H(Ux) are contained in the class of
weighted tensor sum operator. If H(Ux) has topology on it and
Cϕ and Mπ are continuous, then they are called tensor sum
operator and multiplication operator respectively. These op-
erator have been studied extensively during last five decades
or so and play significant roles in study of dynamical systems
, semi-groups of operators, Cauchy problems and Wavelet
theory for details we refer to [34,69,79].

In this article we present an application of weighted tensor
sum and tensor product operator and multiplier representation
of Lie groups. This establishes a connection between classical
mathematics and modern mathematics.

Definition 1. By an n−dimensional differentiable (real) man-
ifold, we mean a Housdorff topological space which is con-
nected and each point has a neighbourhood holomorphic to
some open subset of Rn similarly, we can define
n−dimensional differentiable complex manifold.

Definition 2. Let X be an n−dimensional differentiable man-
ifold and let C∞(X) be the algebra of all C∞−functions on
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X . Then a tangent vector at a point p ∈ X is a linear map
TP : C∞(X)→R such that TP( f1 f2) = f1(P)TP f2+ f2(P)TP f1,
for all f1, f2 ∈C∞(X)

The set TP(X) of all tangent vectors at P is called the
tangent space at P and the disjoint union of the tangent spaces
of X . i.e., T X = ∪P∈X TPX is called the tangent bundle of the
differentiable manifold X .

A vector field on X is a smooth map V : X → T X such
that the image of P denoted by VP, lies in TPX , the tangent
space at P. The vector field is smooth if for every f ∈C∞, the
function V f : X → R defined by V f (P) = VP( f ) is smooth
on X . The set of all smooth vector fields on X is denoted by
χ(X), which is also a vector space.

Definition 3. Let X and Y be two differentiable manifolds and
ϕ : X→Y be a smooth map. Then the composition transforma-
tion Cϕ : C∞(Y ) → C∞(X) is given by
Cϕ( f ) = f ◦ϕ . It is clear that for every f ∈C∞(Y ), f ◦ϕ ∈
C∞(X) and Cϕ is algebra homomorphism . This homomor-
phism is some times called pull-back map it is denoted as
ϕ∗. Suppose p ∈ X and ϕ(p) = q ∈ Y . Then define the map
ψp : Tp(X)→ Tq(Y ) as ψp f = Tp(Cϕ f ) = Tp(ϕ

∗ f ). This map
ψp is called differential map and denoted as dϕp.

Definition 4. A Lie group is non-empty set G with a binary
operation satisfying the following conditions.
1. G is a group (with identity enement e)
2. G is smooth manifold
3. G is a topological group. In particular, the group operation
G×G→ G and the inverse map G→ G are smooth.

By a Lie transformation group, we mean the triple
(X ,G,π), where G is a Lie group. X is a differentiable man-
ifold and π : X ×G→ X is a map satisfying the following
conditions.
1. π(x,e) = x, for all x ∈ X
2. π(x,gh) = π(π(x,g),h)
3. π is analytic in x and g. The map π is called an action of G
on X or a motion on X induced by G.
We say that G acts on X effectively if for every g ∈ G,g 6= e,
there exists p ∈ X such that π(p,g) 6= p and π is said to
act freely on X if for every g ∈ G, g 6= e and for every p ∈
X , π(p,g) 6= p.

2. Weighted tensor sum operator
induced by a Lie transformation group

Let (Ux,G,π) be a Lie tansformation group, where Ux is an
open subset of Cn, G is a Lie group and π is an action of G
on Ux. ie., π : Ux×G→Ux is a continuous map such that
π(x,e) = x and π(x,gh) = π(π(x,g),h) for all x ∈ Ux and
g,h ∈ G, where e is the identity element of G. For g ∈ G, let
the map πg : Ux →Ux be defined as πg(x) = π(x,g), for ev-
ery x ∈Ux. The map πg is a diffiomorphism and π−1

g = πg−1 .
This πg induces the tensor sum operator Cπg on H(Ux). We
denote this transformation by Cg. Clearly Cgh = CgCh. Let

CG = {Cg : g ∈ G}. Then Cg is a group under tensor sum
operator. The map g→Cg is a homomorphism from G to CG.
Define πG : B(H(Ux))×CG→ B(H(Ux)) as πG(A,Cg) = ACg,
where B(H(Ux)) is the vector space of all linear transforma-
tion on H(Ux). Then πG is an action of CG on B(H(Ux)).
Similarly, G acts on H(Ux) with action π ′ induced by ten-
sor sum operator. ie., π ′ : H(Ux)×G→ H(Ux) is defined as
π ′( f1 � f2) = Cg( f1 � f2) = Cg f1 �Cg f2. Thus a Lie group
action on Ux gives rise to an action of G on H(Ux) gives rise to
an action of G on H(Ux) and an action on B(H(Ux)) induced
by the tensor sum operator.

For x ∈Ux, the map πx : G→Ux as πx(g) = π(x,g), for
every g ∈ G. The range of πx = {π(x,g) : g ∈ G} and it is
called the orbit of x. We denote it by Ox and the collection
{Ox : x ∈Ux} is called the orbit space.

Let Hb(Ux) denote the space of all bounded analytic func-
tions and H0(Ux) denote the space of analytic functions van-
ishing at infinity. Then Hb(Ux) and H0(Ux) are Banach spaces
of analytic functions with norm defined as
|| f1 � f2||= sup{|| f1(x)||+ || f2(x)|| : x ∈ X}
Then it has basis of closed absolutely neighbourhoods of the
origin of the form
B = { f1 � f2 : f1, f2 ∈ B(H(Ux)) : || f1 � f2|| ≤ 1}
Let v : Ux×G→ C be an analytic map and let vh(x) = v(x,h)
for x∈ X . For h,g∈G, define the map vhCg : H(Ux)→H(Ux)
as (vhCg( f1 � f2)) = vh f1 ◦πg � vh f2 ◦πg.
Then vhCg is weighted tensor sum operator on H(Ux) induced
by the pair (h,g). Consider the map T̂ : G→ B(H(Ux)) de-
fined by T̂ (g) = vhCg. We see later that T̂ is a homomor-
phism under certain condition on v. Thus every element g
of G gives rise to a weighted tensor sum operator and trans-
formations with weighted function vh. In general, every el-
ement (h,g) ∈ G×G gives rise to weighted tensor sum op-
erator vhCg. Thus the mapping T ′ : G×G→ B(H(Ux)) de-
fined as T ′(h,g) = vhCg. Clearly T ′(h,g) = vhCg = T (g) and
T ′(h,e) = Mvh (multiplication transformation induced by vh).

Theorem 1. Let (Ux,G,π) be a Lie transformation group and
v : Ux×G→ C be an analytic map. Then

(i) Cg is a coninuous operator on Hb(Ux) and Cgh =CgCh.

(ii) vhCg is continuous on Hb(Ux) if vh is bounded.

(iii) Cg is invertible , for every g ∈ G.

(iv) vhCg is invertible if vh 6= 0.

(v) The map ϕ : G→ B(H(Ux)) defined by ϕ(g) =Cg is a
homomorphism and hence it is a representation of G on
H(Ux).

Proof.
(i). Since ||Cg( f1 � f2)||= ||Cg( f1)||� ||Cg( f2)||
= sup

x∈Ux

{||( f1◦πg)(x)||� ||( f2◦πg)(x)|| for every x�x∈Ux�

Ux}
≤ sup

x∈Ux

|| f1(πg(x))||� || f2(πg(x))||
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≤ sup
x∈Ux

||( f1(x)||� sup
x∈Ux

||( f2(x)||

≤ || f1||� || f2||
≤ || f1 � f2||
≤ 1
Therefore Cg is continuous.
(ii). ||vhCg( f1 � f2)||= ||vhCg( f1)||� ||vhCg( f2)||
= sup

x∈Ux

{||vh(x)( f1 ◦πg)(x)||� ||vh(x)( f2 ◦πg)(x)||}

≤ sup
x∈Ux

||vh(x) f1(πg(x))||� sup
x∈Ux

||vh(x)( f2(πg(x))||

≤ sup ||vh(x)||sup || f1(x)||� sup ||vh(x)||sup || f2(x)||
≤C|| f1(x)||�C|| f2(x)||
≤C|| f1 � f2||, for all x ∈Ux
≤ || f1 � f2||
≤ 1
where C is a positive constant.
(iii). C−1

g =Cg−1

Since Cg−1Cg( f1 � f2) =Cg−1Cg( f1)�Cg−1Cg( f2)
=Cg−1( f1 ◦πg)�Cg−1( f2 ◦πg)
= f1 ◦πg ◦πg−1 � f2 ◦πg ◦πg−1

= f1 � f2
(iv). ker vhCg = { f1� f2 : vhCg( f1� f2) = vhCg f1�vhCg f2 =
0}= {0}
For vhCg( f1 � f2) = 0
⇒ vhCg( f1)� vhCg( f2) = 0
⇒ vh( f1 ◦πg)(x)� vh( f2 ◦πg)(x) = 0
⇒ f1(x)� f2(x) = 0
⇒ f1 � f2(x) = 0
Since vh(x) 6= 0, for every x ∈Ux,

Let f1, f2 ∈ H(Ux) and let f ′1 =
f1◦πg−1

vh◦πg−1
and f ′2 =

f2◦πg−1

vh◦πg−1
.

Then f ′1, f ′2 ∈ H(Ux) and vhCg f ′1 = f1 and vhCg f ′2 = f2.
Hence vhCg is invertible.
(v). ϕ(gh)( f1 � f2) = ϕ(gh)( f1)�ϕ(gh)( f2)
=Cgh f1 �Cgh f2
= f1 ◦πgh � f2 ◦πgh
= f1 ◦πh ◦πg � f2 ◦πh ◦πg
=CgCh f1 �CgCh f2
=CgCh( f1 � f2)
= ϕgϕh( f1 � f2)

Note 2. If A(Ux) denote the vector space of all complex -
valued functions on Ux which are analytic in some neighbour-
hood of 0, then most of results reported, so for are true in case
of A(Ux). Clearly H(Ux) is contained in A(Ux).

Definition 5. An analytic mapping v : Ux×G→ C is called
a co-cycle over G if v(x,e) = 1 and vgh = vg. vh ◦ πg for
every g and h in G. A co-cycle v is called co-boundary if
vg(x) =

β (πg(x))
β (x) , i.e., vg =

β◦πg
β

, for some 0 6= β ∈ H(Ux). In
case v is a co-boundary, the weighted tensor sum operator
vgCg is given by
vgCg( f1 � f2) = vgCg( f1)� vgCg( f2)
= β−1Cg(β f1)�β−1Cg(β f2)

In the following theorem, we present a representation of

Lie group G in terms of the weighted tensor sum operator.

Theorem 3. Let (Ux,G,π) be a Lie transformation group and
let v be a co-cycle over G. Then vgCg is a weighted tensor sum
operator on H(Ux) and the mapping
T̂ : G→ B(H(Ux)) given by T̂ (g) = vgCg is a multiplier rep-
resentation of G, where B(H(Ux)) is the algebra of all linear
transformation on H(Ux)

Proof. We have already seen that vhCg is a weighted tensor
sum operator on H(Ux). We shall show that the mapping T̂ is
a representation.
(i)Since [T̂ (g)( f1 � f2)](x) = [T̂ (g) f1]x� [T̂ (g) f2](x)
= [vgCg f1](x)�[vgCg f2](x)for every f1, f2 ∈H(Ux), g∈G and
x ∈Ux
We have [T̂ (e)( f1 � f2)](x) = [T̂ (e) f1](x)� [T̂ (e) f2](x)
= ve(Ce f1)(x)� ve(Ce f2)(x)
= ve(x)(Ce f1)(x)� ve(x)(Ce f2)(x)
= v(x,e) f1(π(x,e))� v(x,e) f2(π(x,e))
= f1(x)� f2(x)
= ( f1 � f2)(x)
Hence T̂ (e) = 1.
(ii) Let g and h be in G. Then for f1, f2 ∈ H(Ux)
T̂ (gh)( f1 � f2) = T̂ (gh)( f1)� T̂ (gh)( f2)
= vghcgh f1 � vghcgh f2
= vg.vh ◦πg. f1 ◦πh ◦πg � vg.vh ◦πg. f2 ◦πh ◦πg
= vg.(vh. f1 ◦πh)◦πg � vg.(vh. f2 ◦πh)
= vg(T̂ (h) f1)◦πg � vg(T̂ (h) f2 ◦πg)
= T̂ (g)T̂ (h) f1 � T̂ (g)T̂ (h) f2
= T̂ (g)T̂ (h)( f1 � f2)
Thus T̂ (gh) = T̂ (g)T̂ (h). This shows that T̂ is a homomor-
phism and hence a multiplier representation of G induced by
co-cycle v.

Note 4. If v is a co-boundary over G, then representation T̂
is given by
[T̂ (g1 �g2)](x) = T̂ (g1)� T̂ (g2) =

β◦πg1
β

Cg1 �
β◦πg2

β
Cg2 ,

which is also a weighted tensor sum operator.

Definition 6. Let G be a local Lie group and Ux be a open
subset of Cn. Suppose π is a mapping form Ux×G→ Cn.
Then G acts on Ux as a local Lie transformation group if

1. π(x,g) is analytic in x and g.

2. π(x,e) = x for all x ∈Ux

3. π(x,gh) = π(π(x,g),h) if π(x,g) ∈Ux

It is evident that πg is locally an injection for g in small
neighbourhood of e. We denote this local Lie transformation
group by triple (Ux,G,π)l
Let (Ux,G,π)l be a (local) Lie transformation group acting
on an open neighbourhood Ux of Cn,0 ∈ Ux and let A(Ux)
be the vector space of all complex-valued functions on Ux
analytic in a neighbourhood of 0. Then a (local) multilplier
representation T̂ of G on A(Ux) with multiplier v, consists of
a mapping T̂ (g) on A(Ux) defined for g ∈ G, f1, f2 ∈ A(Ux)

411



Dynamical system induced by weighted tensor sum and tensor product operator with Lie group representations —
412/414

by
[T̂ (g)( f1 � f2)](x) = [T̂ (g) f1]x� [T̂ (g) f2](x)
= vg(x) f1(πg(x))� vg(x) f2(πg(x));x ∈Ux,πg(x) ∈Uxand
πg(x) = π(x,g)
In the following theorem we generalise Theorem *2* to give
a multiplier representation of local Lie group in terms of
weighted tensor sum operator.

Theorem 5. Let (Ux,G,π)l be a local Lie transformation
group and let v : Ux×G→C be a co-cycle over G. Let A(Ux)
be the vector space of all complex-valued functions on Ux
which are analytic on a neighbourhood of 0. Then f1 � f2→
vg.Cg f1�vg.Cg f2 is a weighted tensor sum operator on A(Ux)
and g→ vgCg is a (local) multiplier representation of G on
A(Ux).

Proof. The proof runs parallel to the proof of Theorem *2*.

Note 6. (Cg( f1 � f2))(x) = f1(πg(x))� f2(πg(x)), whenever
πg(x) ∈Ux, since πg is locally an injection, f1 ◦πg � f2 ◦πg ∈
A(Ux).

Definition 7. Let G be a local Lie group. Then the Lie algebra
L(G) of the local Lie group G it is the set of all tangent vectors
at e equipped with the operations of vector addition and Lie
product. Let T̂ be a multiplier representation of G and let
f1 � f2 ∈ A(Ux). If α ∈ L(G), then T̂exp αt( f1 � f2) ∈ A(Ux)
for sufficiently small values of |t|.

The generalised Lie derivative Dα( f1 � f2) of an analytic
function f1 � f2 under 1-parameter group exp αt, t ∈ R is the
analytic function.
Dα( f1 � f2)(x) = Dα f1(x)�Dα f2(x)
= d

dt

[
T̂exp αt f1

]
(x)� d

dt

[
T̂exp αt f2

]
(x) at t = 0.

In case v = 1, the generalised Lie derivative becomes the
ordinary Lie derivative.

We shall cite the following example from [*4*], to illus-
trate Theorem *3*.

Example 7. Let G = SL(2), the Lie group of 2×2 matrices
with determinant 1. Let Ux be an open subset of Cn and v
be the cocycle over G defined by v(z,g) = (bz+d)2n, where

g =

(
a b
c d

)
∈ SL(2) and 2n is not a non-negative integer.

If π is the map from Ux×G→ C defined by π(z,g) = az+c
bz+d ,

then the multiplier representation of SL(2) with v as multiplier
is given by the following weighter tensor sum operator.
[T̂g( f1 � f2)](z) = vg(z) f1(πg(z))� vg(z) f2(πg(z))
= v(z,g)(Cg f1)(z)� v(z,g)(Cg f2)(z)
= v(z,g) f1(π(z,g))� v(z,g) f2(π(z,g))
= (bz+d)2n f1

( az+c
bz+d

)
� (bz+d)2n f2

( az+c
bz+d

)
= (bz+d)2n

[
f1
( az+c

bz+d

)
� f2

( az+c
bz+d

)]
= (bz+d)2n( f1 � f2)

( az+c
bz+d

)

3. Dynamical System Induced by
Weighted tensor sum operator and Lie

group representations
Let X be a Complex Banach space and Ux be a balanced open
subset of Banach space x and y. Let πg : Ux×C defined by
πg(x) = egh(x) for all g ∈ R and x ∈Ux, where h ∈ B(H(Ux))
and ‖h‖

∞
= sup{‖h(x)‖ : x ∈Ux}. Also ϕt : R→ R is defined

ϕt(w) = t +w the self-map.

Theorem 8. Let (Ux,G,π) be a Lie transformation group and
v : Ux×G→ C be an analytic map. Then

(i) Cg �Mπg is a continuous operator on Hb(Ux)�Hb(Ux)
and Cgh �Mπg ≤ 1.

(ii) vh(Cg�Mπg) is continuous on Hb(Ux)�Hb(Ux) if vh is
bounded.

(iii) Cg �Mπg is invertible for every g ∈ G.

(iv) vh(Cg �Mπg) is invertible if vh 6= 0.

(v) The map ϕ : G→ B(H(Ux))� B(H(Ux)) defined by
ϕ(g) =Cg �Mπg is a homomorphism and hence it is a
representation of G on H(Ux)�H(Ux).

Proof. (i) Since
∥∥Cg f1 �Mπg f2

∥∥= sup
∥∥Cg f1

∥∥+∥∥Mπg f2
∥∥

for every t ∈ R
≤ sup

∥∥ f1 ◦πg(x)
∥∥+∥∥πg(x)

∥∥‖ f2(x)‖ for every x� x ∈Ux �
Ux

≤ sup‖ f1(x)‖
∥∥∥egh(x)

∥∥∥‖ f2(x)‖
≤ sup‖ f1(x)‖

∥∥e|g|‖h‖∞
∥∥‖ f2(x)‖

≤ sup‖ f1(x)‖‖ f2(x)‖
≤ ‖( f1 � f2)(x)‖
≤ 1
Therefore Cg�Mπg is continuous at the origin. Hence proved.
(ii) Since

∥∥vh(Cg f1 �Mπg f2)
∥∥= sup‖vh(x)‖

(∥∥Cg f1
∥∥+∥∥Mπg f2

∥∥)
for every t ∈ R
≤ sup‖vh(x)‖

∥∥ f1 ◦πg(x)
∥∥ ·∥∥πg(x)

∥∥‖ f2(x)‖
≤ sup‖vh(x)‖

∥∥ f1(πg(x))
∥∥∥∥∥egh(x)

∥∥∥‖ f2(x)‖
≤ sup‖vh(x)‖‖ f1(x)‖

∥∥e|g|‖h‖∞
∥∥‖ f2(x)‖

≤ c‖ f1(x)‖‖ f2(x)‖as t→ 0
≤ c‖( f1 � f2)(x)‖ ≤ 1 where c is positive constant.
(iii) C−1

g =Cg−1.
Since

(
C−1

g (Cg f1 �Mπt f2)
)
=
(
C−1

g Cg f1
)
�
(
C−1

g Mπt f2(x)
)

=
(

f1 ◦πg ◦πg−1
)
�πg(x)

(
f2 ◦πg−1

)
= f1 � f2
(iv) ker vh(Cg �Mπg) = {( f1 � f2) :

∥∥vh(Cg f1 �Mπg f2)
∥∥ =

0}= {0}
For

∥∥vh(Cg f1 �Mπg f2)
∥∥= 0

⇒ vh
(
(Cg f1(x))� (Mπg f2(x))

)
= 0

⇒ vh (( f1 ◦πg(x))� (πg(x) f2(x))) = 0
⇒ vh ( f1 ◦πg � f2 ◦πg) = 0
⇒ vh (( f1 � f2) = 0
Since vh(x) 6= 0, for every x ∈Ux.

412



Dynamical system induced by weighted tensor sum and tensor product operator with Lie group representations —
413/414

Let f1 � f2 ∈ H(Ux)�H(Ux) and let f ′1 =
f1◦πg−1
vh◦πg−1

and f ′2 =
f2◦πg−1
vh◦πg−1

.

Then f ′1 � f ′2 ∈H(Ux)�H(Ux) and vh(Cg f ′1 �Mπg f ′2) = f1 �
f2.
Hence vh(Cg �Mπg) is invertible.
(v) ϕ(gh)( f1 � f2) = (Cgh �Mπg)( f1 � f2)
=Cgh f1 �Mπgh f2
= f1 ◦πgh � f2 ◦πgh
= f1 ◦πh ◦πg � f2 ◦πh ◦πg
=CgCh f1 �CgCh f2 = ϕ(g)ϕ(h)( f1 � f2)

Definition 8. An analytic mapping v : Ux×G→C is called a
co-cycle over G
if v(x,e) = 1 and vgh = vg · vh ◦ πg for every g and h in G.

A Cocycle v is called co-boundary if vg(x) =
β (πg(x))

β (x) i.e.,

vg =
β0πg

β
for some 0 6= β ∈H(Ux). In case v is a co-boundary,

the weighted tensor sum operator vg(Cg �Mπg) is given be
vgCg f1 � vgMπg f2 = β−1Cg(β f1)�β−1Mπg(β f2).

In the following theorem we present a representation of
Lie group G in terms of the Dynamical system and weighted
tensor sum operator.

Theorem 9. Let (Ux,G,π) be a Lie transformation group and
let v be a co-cycle over G. Then vg(Cg �Mπg) is a dynam-
ical system and weighted tensor sum operator on H(Ux)�
H(Ux) and the mapping T̂ : G→ B(H(Ux))�B(H(Ux)) given
by T̂ (g) = vg(Cg �Mπg) is a multiplier representation of G,
where B(H(Ux))�B(H(Ux)) is the algebra of all linear trans-
formation on H(Ux)�H(Ux).

Proof. We have already seen that vg(Cg�Mπg) is a dynamical
system and weighted sum operator on H(Ux)�H(Ux). We
shall show that the mapping T̂ is a representation. Since[
(T̂ (g)( f1 � f2)

]
(x) = v(g)

[
Cg f1 �Mπg f2)(x)

]
= vg [ f1 ◦πg(x)]� [πg f2(x)]
= vg [ f1(x)� f2(x)]
= vg(x)( f1 � f2)(x)for every f1 � f2 ∈ H(Ux)�H(Ux),g ∈
G and x ∈Ux as t→ 0
We have

[
T̂ (e)( f1 � f2)

]
(x) = (ve(Ce f1 �Mπe f2))(x)

= ve(x) [Ce f1(x)�Mπe f2(x)]
= ve(x) [ f1 ◦πe(x)�πe(x) f2(x)]
= ve(x) [ f1(π(x,e))� f2 ◦πe(x)]
= v(x,e)( f1 � f2)(x) f or every x ∈Ux
= ( f1 � f2)(x) Hence T̂ (e) = 1.
2. Let g and h be in G. Then for f1 � f2 ∈ H(Ux)�H(Ux),
T̂ (gh)( f1 � f2)(x) = vgh(Cgh f1 �Mπgh f2)

= vgvh ◦πg
(
( f1 ◦πgh)� ( f2 ◦πgh)

)
= vg · vh ◦πg · f1 ◦πh ◦πg � vg · vh ·πg · f2 ◦πh ◦πg
= vg · (vh · f1 ◦πh)◦πg � vg · (vh · f2 ◦πh)◦πg
= vg · (T̂ (h) f1)◦πg � vg · (T̂ (h) f2)◦πg
= T̂ (g)T̂ (h)( f1 � f2)
Thus T̂ (gh) = T̂ (g)T̂ (h). This shows that T̂ is a homomor-
phism and hence a multiplier representation of G induced by
co-cycle v.

Note 10. If v is a co-boundary over G, then representation T̂ is
given by
T̂ (g) = β◦πg

β
(Cg �Mπg), which is also a dynamical system

and weighted tensor sum operator.

Theorem 11. Let (Ux,G,π)l be a local Lie transformation
group and let v : Ux×G→C be a co-cycle over G. Let A(Ux)
be the vector space of all complex valued functions on Ux
which are analytic on a neighbourhood of 0. Then f1 � f2→
vg.(Cg f1�Mπg f2) is a weighted tensor sum operator on A(Ux)
and g→ vg(Cg �Mπg) is a local multiplier representation of
G on A(Ux).

Proof. The proof runs parallel to the proof of Theorem *4*.

Note 12. (Cg f1�Mπg f2)(x)=Cg f1(x)�Mπg f2(x), whenever
πg(x) ∈Ux, since πg is locally an injection.

Theorem 13. Let (Ux,G,π) be a Lie transformation group
and v : Ux×G→ C be an analytic map. Then

1. Mπg �Cg is a continuous operator on Hb(Ux)�Hb(Ux)
an Mπg �Cg ≤ 1.

2. vh(Mπg �Cg) is continuous on Hb(Ux)�Hb(Ux) if vh is
bounded.

3. Mπg �Cg is invertible for every g ∈ G.

4. vh(Mπg �Cg) is invertible if vh 6= 0

5. The map ϕ : G→ B(H(Ux))� B(H(Ux)) defined by
ϕ(g) = Mπg �Cg is a homomorphism and hence it is a
representation of G on H(Ux)�H(Ux)

Proof. The proof runs similar to the proof of the Theorem
*8*.

Theorem 14. Let (Ux,G,π) be a Lie transformation group
and let v be a co-cycle over G. Then vg(Mπg �Cg) is a
weighted tensor sum operator on H(Ux)� H(Ux) and the
mapping T̂ : G→ B(H(Ux)) given by T̂ (g) = vg(Mπg �Cg) is
a multiplier representation of G, where B(H(Ux))�B(H(Ux))
is the algebra of all linear transformation on H(Ux)�H(Ux).

4. Dynamical system induced by
weighted tensor product operator and Lie

group representations

Theorem 15. Let (Ux,G,π) be a Lie transformation group
and v : Ux×G→ C be an analytic map. Then

1. Cg⊗Mπg is a continuous operator on Hb(Ux)⊗Hb(Ux)
and Cg⊗Mπg ≤ 1.

2. vh(Cg⊗Mπg) is continuous on Hb(Ux)⊗Hb(Ux) if vh is
bounded.

3. Cg⊗Mπg is invertible for every g ∈ G.
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4. vh(Cg⊗Mπg) is invertible if vh 6= 0.

5. The map ϕ : G→ B(H(Ux))⊗ B(H(Ux)) defined by
ϕ(g) =Cg⊗Mπg is a homomorphism and hence it is a
representation of G on H(Ux)⊗H(Ux).

Theorem 16. Let (Ux,G,π) be a Lie transformation group
and let v be a co-cycle over G. Then vg(Cg⊗Mπg) is a dy-
namical system and weighted tensor product operator on
H(Ux)⊗H(Ux) and the mapping T̂ : G→ B(H(Ux))
⊗B(H(Ux)) given by T̂ (g) = vg(Cg⊗Mπg) is a multiplier rep-
resentation of G, where B(H(Ux))⊗B(H(Ux)) is the algebra
of all linear transformation on H(Ux)⊗H(Ux).

Theorem 17. Let (Ux,G,π)l be a local Lie transformation
group and let v : Ux ×G→ C be a co-cycle over G. Let
A(Ux) be the vector space of all complex valued functions
on Ux which are analytic on a neighbourhood of 0. Then
f1⊗ f2 → vg.(Cg f1⊗Mπg f2) is a weighted tensor product
operator on A(Ux) and g→ vg(Cg⊗Mπg) is a local multiplier
representation of G on A(Ux).

Theorem 18. Let (Ux,G,π) be a Lie transformation group
and v : Ux×G→ C be an analytic map. Then

1. Mπg⊗Cg is a continuous operator on Hb(Ux)⊗Hb(Ux)
an Mπg ⊗Cgh ≤ 1.

2. vh(Mπg⊗Cg) is continuous on Hb(Ux)⊗Hb(Ux) if vh is
bounded.

3. Mπg ⊗Cg is invertible for every g ∈ G.

4. vh(Mπg ⊗Cg) is invertible if vh 6= 0

5. The map ϕ : G→ B(H(Ux))⊗ B(H(Ux)) defined by
ϕ(g) = Mπg ⊗Cg is a homomorphism and hence it is a
representation of G on H(Ux)⊗H(Ux)
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