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P,-Decomposition in Boolean function graph of B3;(G)
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Abstract

For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Boolean function
graph B(Kp,L(G),NINC) of G is a graph with vertex set V(G) UE(G) and two vertices in B(Kp,L(G),NINC) are
adjacent if and only if they correspond to two non adjacent edges of G or to a vertex and an edge not incident to

it in G. For brevity, this graph is denoted by B;(G). In this paper, P4- decomposition in Boolean Function Graph
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1. Introduction

Graphs discussed in this paper are undirected and simple
graphs. For a graph G, let V(G) and E(G) denote its vertex
set and edge set respectively. A graph with p vertices and
g edges is denoted by G(p,q). The corona G| o Gy of two
graphs G| and G is defined as the graph obtained by taking
one copy of G (which has p; vertices) and p; copies of G,
and then joining the ith vertex of G; to every vertex of in the
ith copy of G,. For any graph G, GoK is denoted by G+.

A decomposition of a graph G is a family of edge-disjoint
subgraphs {G1,G3,...,Gi} suchthat E(G) =E (G)UE (G)U
U...UE(Gy). If each G; is isomorphic to H, for some
subgraph H of G, then the decomposition is called a H-
decomposition of G. In particular, a Py-decomposition of a
graph G is a partition of the edge set of G into paths of length
3. In this case, G is said to be Ps-decomposable. Several
authors studied various types of decomposition by impos-
ing conditions on Gi in the decomposition. Heinrich, Liu
and Yu[3] proved that a connected 4-regular graph admits a
Py-decomposition if and only if |E(G)| = 0( mod 3). Sunil

Kumar [10] proved that a complete r- partite graph is Ps-
decomposable if and only if its size is a multiple of 3. P.
Chithra Devi and J. Paulraj Joseph [1] gave a necessary and
sufficient condition for the decomposition of the total graph of
standard graphs and corona of graphs into paths on three edges.
Janakiraman et al., introduced the concept of Boolean function
graphs [4 — 6]. For any graph G, let V(G) and E(G) denote
the vertex set and edge set of G respectively. The Boolean
function graph B(Kp,L(G),NINC) of G is a graph with ver-
tex set V(G) UE(G) and two vertices in B(Kp,L(G),NINC)
are adjacent if and only if they correspond to two non adjacent
edges of G or to a vertex and an edge not incident to it in G.
For brevity, this graph is denoted by B3(G).

In this paper, P4-decomposition in Boolean Function Graph
B(Kp,L(G),NINC) of some standard graphs are obtained.

2. Prior Results

Observation 2.1 ([6]). Let G be a graph with p vertices and
q edges.

1. L(G) is an induced subgraph of B3(G) and the sub-
graph of B3(G) induced by vertices of G in B3(G) is
totally disconnected.

2. Ifd; = degg (vi),vi € V(G), then the number of edges
in B3(G) is (¢/2)(2p+q—3)— 1/2L1<i<pd}

3. The degree of a vertex of v in B3(G) is ¢ — degs(v) and
the degree of avertex ¢’ of L(G) in B3(G) is degy ) (¢/) +
p—2
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4. Both G and B3(G) are regular if and only if either G is
totally connected or G is complete.

3. Main Results

In the following, P4- decomposition of B3 (B,) ,B3(Cy),B3 ( K1)

and corona graphs are found.
Theorem 3.1. Letn >3

1. Ifnis odd, then B3 (P,) —
posable.

((n+1)/2)K, is P,— decom-

2. Ifnis even, then B3 (P,) —
posable.

((n—2)/2)K3 is Ps— decom-

Proof. Let V(B,) = {vi1,v2,...,v,} and ¢; = (v;,vit1),i =
1,2,...

,n— 1 be the edges of P,. Then

V1,V2,.3,Vn,€1,€2,...,€p—1 EV(B3 (Pn))B3 (P”)

has (2n— 1) vertices and ((3n* — 11n+10) /2) edges. It is
to be noted that, in all the sets the suffixiin y; is integer modulo
n and j in ej is integer modulo n —1,vg = v, and eg = ¢, — 1.
Casel.nisodd, n>17.

Then the edge set of B (F,) can be decomposed into ((n* —4n
+3)/2)Py and ((n+1)/2)K>4 The edge set of ((n+1)/2)K,
is given by the set

{UE 2 {meny Ul(eren) n=Len)} |

The edge set of ((n2 —4n+ 3) /2) Py is given by the edge set

A<1),i: 1,2,...,4, where,

n—5)/2 n— 1
A() U( : )/ {Ul:llAEl)}7

J=
{(vl7el+]+1) (ei+,i+lvei) ) (ejvvi+j+l)}
(n—1)/2

U A

i=1

2 {(Vu €it(n— 1/2) (i+(n—1)/27ei)a(ei7Vi+(n—1)/2)}
A(3) Ul(n13/2 l( ’
AP ={(e1.v), viseit (141)/2). (€12 Vi n1y/2)
A® {(Vn 1)25€(n+1 2)v(e(n+1>/2’vn)a(ane<n—1>/2)}
Here,
(AD) =((n—1)(n—5)) /2Py, (A®)) = (n— 1) /2) Py,
(A®) = ((n—3)/2)Ps, (AW) =P,

Hence, B3 (P,) — ((n+1)/2)K; is P4- decomposable.
Case 2. niseven,n>6

Then the edge set of B3 (P,) can be decomposed into (
+4)/2)Py and ((n—2)/2)K;. The edge set of ((n—2)

given by the set {U " 4)/2{(vn,ei+2)}u {(e1,en—

(n®>—4n
/2)K; is
1)}. The
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edge set of ((n* —4n+4) /2) P, is given by the edge sets
A(S),A(6) and A7) where

n—4)/2 n— 5
0 o 4

{ (Vlvel+]+l) (ei+,f+1 ,€i) 3 (thiJerrl) }
(n—

( ) =U", 2)/2 Ai 7
6 = {( €it1 7vi) ) (vivei + (n/Z)) 9 (ei+(n/2)avi+(n—2)2)}
AD ={(e2,v), (vue1), (e1,vu-1)}

Here, (A®)) 2= (((n—1)(n—4))/2)Py, (A©)) = (n—2) /2) B4,
(AB)y = Py, Hence, B3 (P,) — ((n —2)/2)K, is Py— decom-
posable. 0

Theorem 3.2. For n > 6, the graph B3 (C,
composable.

) —nK; is Py- de-

Proof. Let V (Cy) = {vi,va,...
1,2

)

,Vn} and e = (Viavi+1)7i =
yoooyn—1,e, = (vy,v1) be the edges of C,. Then

V1,V2y..+,Vn,€1,€2,...,€, EV(B3 (Cn))B3 (C’l)

has 2n vertices and % (3n2 — 7n) edges. It is to be noted that,
in all the sets the suffices in y; and j in ej are integers modulo
n,vy = v, and ey = e,.

Case 1. nisodd, n>17.

Then the edge set of B3 (C,;) can be decomposed into

% (n2 — 3n) Py

and nK». The edge set of nKj is given by the set

Ui”:1 {(ViaeH»an)} .

The edge set of ((n?> —3n) /2) P4 is given by the edge set B,
where

-3)/

U{ B}

J=
={(eir2j-1,vi) (vireiraj) (eir2jseivj1) }

Here, (B 2 (n(n —
decomposable.

Case 2. niseven,n>6
Then the edge set of B3 (C

3)/2)Ps. Hence, B3 (C,) —nK; is Py—

») can be decomposed into

((nz —3n) /2) Py
and nK,. The edge set of nK, is given by the set

n

U {(Vi7 ei+11—2)} .

i=1



P4-Decomposition in Boolean function graph of B;(G) — 421/424

The edge set of ((n*> —3n) /2) P4 is given by the edge sets
B® and B(3), where

@ MG)/Z { <2)}
B\ = UL \B .
=1 !
B§,2<> ={(eir2j-1,vi), (viseir2j) , (eis2j,€irjm1) }

n/2
B® ={J B,
i=1

353) ={(vi,€itn-3), (€itn-3,€r(n—6)2) -
(ei+(n—6)Za V(n+2)/2+i—1) }

(n(n—4)/2)Py and (B®) 2 (n/2)P;. There-
O

o~

Here, (B%))
fore, B3 (C,) — nK; is P,— decomposable.

Theorem 3.3. Let n > 4.
1. Ifn=0(mod3), then B3 ( K1 ) —nP3 is Ps-decomposable.
2. Ifn=1(mod3), then B3 (K, ) is PA— decomposable.

3. If n=2(mod3), then B3 (K, ,) —nK, is P4— decom-
posable.

Proof. Let V (Ky,) = {v,v1,v2,...,vn}, Where v is the cen-
tral vertex and e; = (v,v;),i = 1,2,...,n be the edges of K ,,.
Then v,vi,va,....,v,e1,€2,...,6, €V (B3 (K1) B3 ( K1)
has (2n+ 1) vertices and (n* —n) edges.

In all the sets defined below, the suffices are integers
modulo n and vy = v, e = ey,.
Case 1. n =0(mod3),n > 3.
Then the edge set of B3 ( K ,) can be decomposed into

((n2 —3n) /3) Py
and nP3. The edge set of nP3 is given by the set

{(eiv1,vi), (viseir2)}

Cs=

i=1
The edge set of ((n® —3n) /3) P4 is given by the edge set

{urici'},

CE,I )= {(eiv2jr1,vi) (viseirajia)  (€ivajiavirajen) }

Here, (CV) 2 ((n(n—3)/3)P;. Therefore, B3 ( K1 ,) — nPs
is P1— decomposable.

Case 2. n=1(mod3),n >4

Then the edge set of B3 ( K| ») can be decomposed into

((n2 —n) /3) Py

The edge set of ((n? —n) /3) Py is given by the edge set C(?),
where

n—3)/3
c) gt ) )/

j=

o~

(n—1)/3

U {Uinzlcﬁ'?)}7

j=1

c?

Cf) ={(eir2j-1,vi) (viseir2j) ; (eiv2j,vis3j) }
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Here, (C?)) 2 ((n(n—1)/3)Py) Therefore, B3 ( K ,) is P4—
decomposable.

Case 3. n =2(mod3),n > 5.

Then the edge set of B3 ( K1) can be decomposed into

((n2 — Zn) /3) Py

and nK,. The edge set of nK5 is given by the set

Ui {(viseiv)}-

The edge set ((n> —2n) /3) P is given by the edge set C%),
where

c® =y

{Utnzlcﬁ)}7
CE:) ={(eis2j,vi)» (viseisaji1) » (€ivajir,vipsjvt) }

~

Here, (C®))
Py— decomposable.

(n(n—2)/3)Ps Therefore, B3 (Ki ) —nky is
O

Theorem 3.4. Letn > 6.

1. Ifnis even, then B3 (P,") — ((3n—4)/2)K; is Po— de-
composable.

2. If nis odd, then B3 (P,}) — ((3n—1)/2)K; is Py— de-
composable.

Proof. LetV (PF)={vi,va,...vy,u1,ua,...,u, } where vy, vy,
...vy are the vertices of P, and uy,uy,...,u, are the pendant
vertices of P,+ and ¢; = (v;,vi+1)i=1,2,...,n— 1l and f;
(viyu;),i=1,2,... ,nbethe edges of P,+. Then vy, va,... vy, uy,
Uy, .. Uy, €1,€2, - n_1,f1,/2 -y Jun € V(B3 (P;).B3 (P;r)
has 4n — 1 vertices and (6n2 —12n+ 7) edges.

In all the sets, suffix j in ej is integer modulo n — 1 and the
suffix k in fi, ug, vy is integer modulo n,ug = uy, fo = fu,vo =
v, and eg = e;,_1.

Case 1. nis even, n > 6.
Then the edge set of B3 (P,*) can be decomposed into

((4n2—9n—|—6) /2) Py

and ((3n—4)/2)K,. The edge set of ((3n—4)/2)K; is given
by the set

n—4
2

(U5 (. i) }) U (U,-zl {meim}) U{(men 1)}

The edge set of ((4n* —9n+6) /2) P4 is given by the edge

0gl0
S0,
S5027:

(N
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sets MV i=1,2,...,7, where
=82 f ety (1)
M()—Uj {U M| }

{(61+2] 17V1) (Vi7ei+2j)a(ei+2j7ei+j71)}

b ().

MY ={ i fief) (Fa Si) - Fiovie )}
n/2

Y :UMt'(3)7
i=1
Mi(3) = { (Vi,fiJrn/Z) (fi+n/27fi) ) (fiaviJrn/Z)}
(n—=2)
U { U } ’
j=1 i=1
Mj(»f') ={(ei, firjr1), (firjrr,w) , (uireirj)}
M(S) :U;Z:_llMi(5>sz'(5) = {<unvei) ) (ehui) , (”i’fl”r])}

)

M(é) :Uln:il Mi(6> ,

6

M,'( ) :{(eiavn) ) (anei+(n—2)/2) ) (ei+(n—2)/27vi+(n+2)/2)}

MD ={(vi,en 1), (en 1,€1),(e1,v3)}
Here, (M) 2 (((n—1)(n—4))/3)Ps, (M) = (n(n—2)/2)
Py, (M) 2 (n/2)P; and (M™) 2= ((n—2)(n—1))Ps,
(MO)) = (n—1)Py, (M) = (n— 1)1, (M'7)) 2 Py.
Hence, B3 (Pnt) — ((3n—4)/2)K; is P;— decomposable.
Case 2. nis odd, n > 9.
Then the edge set of B3 (Pn™) can be decomposed into

((4n* —9n+35) /2) P

and ((3n—1)/2)K; The edge set of ((3n—1)/2)K; is given
by the set

(U (s £)}) U (ul {(vi+3,e,»+1>}) U{(vmen_s),

(visen—1),(v2,en—1)}

The edge set of ((4n2 —9n+ 5) / 2) Py is given by the edge
sets M® M) M) as in Case land the sets M®) M) p(10)
and MV where,

o =5)/2 [ty ()

M()—UJ {U LM }
={(eir2j-1,vi) , (vieir2j) , (eir2jr€irj1) }
=02 [ 2 (9)

M()—U, {Uileji }7

:{(VlvflJr/) (ﬁJrjaﬁ)a(ﬁaviJrj)}
o >:U<" 372410,

1= 1

M,-( ={(ei,vn), (Vns€ix(n12) (i (n12-Vit-(n432) }
_yn=1/24,10)

i=1 i )
Mj(] 2 = { (Vivei+(n74)) ) (ei+(n74)aei+(n77)2) )

(ei+(n77)/27 Vi+(n71)/z) }

Here <M<8)>%((n—l)(rz—S))/2P4,(M(9)>%(n(n—l)/2)P47
( 100y = ((n—3)/2)Py and (M("V)) = ((n—1)/2)P; Hence,
(P )—((3n—1)/2)K; is Py-decomposable. O

n

Theorem 3.5. For n > 6, the graph B3 (C;) — nK; is Py—
decomposable.

Proof. LetV (CF)={v1,v2, ..
., v, are the vertices of C,, and uy,us,...,

VUL U, ... Uy b, Where vy, vy,
u, are the pendant

vertices of Cn" and ¢; = (v;,vis1)i=1,2,....n—1, e,=
(vu,v1) and f; = (vi,u;),i = 1,2,...,n be the edges of C,+.
Then vi,va,...vp,ur,uz,...un,e1,€2,....€n, f1,f2,... fn €V

(B3 (C;f) - B3 (C;)) has 4n vertices and (6n* —8n) edges.

It is to be noted that in all the sets, all the suffices are
integers modulo n, fy = f,,vo = v, and ey = e, ug = up,.
Casel.niseven,n>06
Then the edge set of B3 (Cn™) can be decomposed into

(Zn2 — 3n) Py

and nK>. The edge set of nK> is given by the set U, { (u;, fi+1)}-
The edge set of (2n2 - Sn) Py is given by the edge sets N

i=1,2,...,6, where
(n —4)/2
= U ey
NJ(-,-I) ={ (ei+2j—1,vi) s (viseiraj) , (eivaj,eivj-1) }

n/2
—J~?,
i=1
N

i ={(viseivn-3) s (€in ()i
(€it(n-6)/25 Vitns2) }

+(n—6)/2),

(3) (HLZJ)/Z{ (2)}
NY = Ui”:lN'} )
J=1 !
NE'?):{(vi»ﬁJrj)7(fi+j7ﬁ)a(fivvi+j)}
n/2

| N,
i=1

Nl'(4) = { (viafiJrn/Z) y (fiJrn/Zvﬁ) ) (ﬁvvi+n/2)}
(n—2)
NG = L NI
U e
N](-,-S) = { (eiaﬁ+j+1) , (fi-&-j—}—lyui) s (”i7ei+j—1)}
n (6)
=~
Y

N,~<6> = {(Cirn2) i) s (isein-1)) s (€1 u) Vi1 }

Here, (N()) 2 (n(n—4)/2)P;, (N?)) 2 (n/2) Py,
(N®)Y 22 (n(n—2)/2)Py and (N?)) = (n/2) Py, (N®)) =< (n(n—
2))Py, (N©)) = nPy. Hence, B3 (C; ) —nK» is P4—decomposable.

nn,,
= 72
SN

422
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Case 2. nis odd, n > 5.
Then the edge set of B3 (C, ") can be decomposed into

(Zn2 — 3n) Py
and nK,. The edge set of nK, is given by the set

ULy {(wi, fis1)}-

The edge set of (2n® — 3n) Py is given by the edge sets N©*),
N©) as in Case 1 and the sets N(7) and N (8>, where

) (n=3)/2 ( n -
ND = {UNJ-,- }v

j=1 \i=1

N;-Z) ={(eir2j—1vi),(vi,ei +2)), (€ir2j €irj1) }
(n—1)/2

NO = U {uman),

J=1

N ={ i fig) o ) (frovie)) )

Here, (N)) 2 (n(n—3)/2)Py and (N®) = ((n(n—1)/2)Py
Hence, B3 (C;) — nK; is P;-decomposable. O

Theorem 3.6. Forn >3 and n = 0(mod3), the graph
Bs ((K{,) ko
is Py— decomposable.

Proof. Let
+
\% (Kl,n) ={V,v1,V2, ..V, Uy U1 U, Uy )

where v is the central vertex and ({vi,v2,...v,}) = K| , and
u,uy,uy,...,u, are the pendant vertices of K ,+ and ¢; =
(vvi), i=1,2,...,nand f=(vu),fi=
be the edges of K , ™ Then v, vy, va,... vy, u,u1,u, ..
cens oo fa €V (33 (Klfn) B3 (K1,n*) has (4n+
1) vertices and ((11n> —n) /2) edges. In all the sets, suffix
in vi, u ¢; and f; is integers modulo n, fy = f,,vo = v, and
ey = €y, Ugp = Uy.
Case 1. niseven, n > 6.
Then the edge set of B3 ( Ki,n") can be decomposed into
((1 n*— 3n) /6) Py and nK,. The edge set of nK» is given
by the set U, {(v, fi)} . The edge set of ((11n* —3n) /6) P,

.Mn7317€27

(vi,u,'),iZI,z,...,n

is given by the edge sets Q - ,Q , Where

Q“:Uj" oo},

={(eirj,vi), (vireiyj1) s (eirjr1virs)) }
(n

Q( ) :Uj’ | 272 Uinle.(ﬁZ')},
Qg.lz.) :{(v,-,ﬁ+j) (ﬁ+jaﬁ)7(fi’vi+j)}
Q n/2Q 3)

Ql(3) = { (VhfiJrn/Z) ) (ﬁ+n/27ﬁ) ) (ﬁavi+n/2)}
(n—1)

U {vrell}.

j=1
le‘) = {(ei7ﬁ+i) ) (ﬁJrjaui) ; (ui7€i+j)}
Q(S) :Uirl=1Q§5)7
0 ={(vi, 1), (£ £) (fro)}
Q) :Uin:1Q§6>
o

Q(4) —

= { (€i+(2n—3)/37 Vi) ’ (Vi,€i+(2n/3)) s
(ei+(2n/3) ) ui+2n/3) }

Here, (01)) 2 (n(n— 3)/3)Py, (0®) = (n(n—2)/2)Py,
(0P)) = (n/2)P1 (QW) = (n(n — 1)1, (Q1)) = nPy, (Q°)
= nPy.

Hence, B3 ( K T_n) —nK> is P;— decomposable.

Case 2. nisodd ,n>9

Then the edge set of B3 ( K| ,+) can be decomposed into
((1 1n? — 3n) /6) Py and nK;. The edge set of nK is given by
the set ! ; {(v, f;)} . The edge set of ((11n* —3n) /6) Py is
given by the edge sets, Q ,Q ,Q(6) as in Case 1 and the
sets Q(7) and Q(S), where

n—3)/3 n 7
Q(7):UJ(:1 ) {Ui=1Q5'i)}’

Qji(7) ={(eirjvi), (vis€irjr1) s (€irjr1,vizaj—2) }
®) <"Llj/2{ <8>}
0" = U035 ¢y
1 !

QE'? = {(Vivfiﬂ') y(fiei fif) s (s Vi+i)}
3)/3)Ps, (Q®) = ((n(n—1)/2)Py).

) —nK> is Py-decomposable. O

Here, (Q7)) = (n(n—
Hence, B3 ( K tn
Theorem 3.7. For n > 4 and n = 1(mod 3), the graph

B3 (Ki,")—2nK,

is Py- decomposable.

Proof. Then the edge set of B3 (
into ((11n*—5n) /6) P4 and 2nK,. The edge set of ZnKz

K Tn) can be decomposed

423
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is given by the set U, {(v, fi),(ui,e;)}. The edge set of
((11n —5n) /6) Py is given by the edge sets 0?),0), 0@,
Q(S) as in Theorem 3.6 and the set Q(g) where,

0¥ =u " {ut 0},
QE?) _ {(eHj,Vi) , (Vi7€i+j+1) , (ei+j+lavi+3j) } .

Here, (Q) = (n(n—1)/3)P,. Hence, Bs (Kfn> —2nK; is
Py— decomposable.

Theorem 3.8. Forn > 5 and n =2(mod 3), the graph
Bs ( KT,,) — 3K,
is Py— decomposable.

Proof. Then the edge set of B3 ( Kfn) can be decomposed

into ((1 1n?— 7n) /6) Py and 3nK,. The edge set of 3nK> is
given by the set U {(wﬁ) ,(uisei), (vi,ei+(2n,3)/3)}

The edge set of ((1 1n? — 7n) /6) Py is given by the edge
sets 0, 00) 0®) a5 in Theorem 3.6 and the set Q'Y where

010 (g, o),
Q;i(10) ={(eirjovi), (vireirjsr) s (eivjen,viesj) }-

Here, (0\'0) = (n(n—2)/3)P, Hence, B3 ( Kfn) —3nK; is
Py— decomposable. U

4. Conclusion

In this paper, P4-Decomposition of Boolean Function Graph
B(Kp,L(G),NINC) of path, cycle, stars and corona graphs
are obtained.
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