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1. Preliminaries

In the following first we briefly recall amalgams of groups,
semigroups and free product of semigroup amalgams, then
we recall I'- semigroups, the amalgam of I'- semigroups and
their properties as described by M K Sen and Saha [9].

A group amalgam consists of three groups G,K and H,
called core of the amalgam and embeddings m : H — G and
n: H — K. The amalgam is said to be embeddable if we can
find another group 7 which contains GUK containing H. If
GUK = H in T, then amalgam is called strongly embeddable.
Schreierr (1927) in [3] and [10] has shown that group amal-
gam is always embeddable. But all semigroup amalgams are
not always embeddable.

Definition 1.1. (¢f.[6] ) A semigroup amalgam & = [{S;;i €
I} :U :{6;;i € I}] consists of a semigroup U, the core of the
amalgam, a family of mutually disjoint semigroups {S; :i € I}
and a family of monomorphisms 6; :U — S; i € I.

We say that the amalgam %" is embedded in another
semigroup T if there exists monomorphism g : U — T and

for each i € I a monomorphism y; : S; — T with
1. 6;u; = foreachiel.
2. SiuiNS;u; =Up forall i, j € I such that i # j.

The amalgam is called weakly embeddable if it satisfies con-
dition (1) only and is strongly embeddable if both conditions
are satisfied. We say that the embedding of the amalgam is
possible whenever such a semigroup 7" exists.

A free product is an operation that takes two algebraic
objects and construct a new object in the same category. For a
family of semigroups {S; : i € I} , the collection of all finite
strings of the form (ay,az,---,a,) for a; € {USi €l } is
a semigroup with operation juxtaposition and is known as
free product of semigroups denoted by IT*S;. The free product
I}, S; of the amalgam </ = [U;S;, ¢;] is defined as the quotient
semigroup of the ordinary free product IT*S; in which for each
i and j in I the image ¢;(u) of the image u of U in S; is
identified its image ¢;(u) in S;. Howie [6] showed that there
always exist a mapping {; from each S; of the amalgam to the
amalgamated free product with the following properties:

1. each y; is one-one .
2. wi(S;)Npj(S;) C u(U) for all i, j in I such that i # j.

If the above two conditions hold, then we say that the amalgam
o is naturally embedded in its free product and based on
this [6] [Theorem 8.2.4] proved that the semigroup amalgam
is embeddable in a semigroup if and only if it is naturally
embedded in its free product.



Definition 1.2. (c¢f.[9]) Let S,T" be two non-empty sets. Then
S is called a T'-semigroup if there exist a mapping from S X
I x S to S which maps (a,y,b) — ayb satisfying the condition
(ay)buc = ay(buc) forall a,b,c € S and y,u € T.

Let S be a I'-semigroup, A and B are two subsets of S
, then the set {ayb:a € A,b € By € I'} is denoted by AI'B.
A nonempty subset A C S of a I'-semigroup is called a I'-
subsemigroup of S if AT'A C A. For S, T be two I'-semigroups,
amapping f : S — T such that and f(ayb) = f(a)yf (D) for
each a,b € S and y € T is called a I'-semigroup homomor-
phism.

Next we generalize amalgams of semigroups to amalgams
of I'-semigroups in terms of I"-mappings.

Definition 1.3. Let Uy, S1,S2 be mutually disjoint non-empty
sets and T'g,I'1, 1" such that U is a Ty -semigroup called core
of the amalgam, S is a I'y -semigroup, S, is I'; -semigroup.
Then the collection o7 =[(U,T),(S1,1'1), (S2,12), f1, f2] con-
stitutes a U-semigroup amalgam where f; = ( f; , fl//) are I'-
monomorphisms such that fi, U — §; and fi” : Ty — I for

i=1{1,2}.

A T-semigroup amalgam [(U,Ty), (S1,T1), (S2,12), f1, /2]
is said to be embeddable in another I'-semigroup (7,T7)
if there exist mappings (I' -monomorphisms) g = (¢’,¢") :
(U,To) — (T,Tr) and g; = (g;,8; ) : (S;,T) — (T,T'r) where
gi:Si—>Tandg;/:F,-—>FT fori=1,2and g :U — T,
g" : Ty — 't such that the following holds true:

[1] : the diagram

(U, F0) (S1.T1)
\ J/gl commutes and
(Sz,rz (T,I'r)

[2] : g1((81,T1)) Nga((S2,I2)) = g((U,T))
The second condition can be restated as:

e whenever gl(smsll) = gz(Sz’)/zS/z) (for sl,s/1 €S,
sz,sl2 €S, n el and p» € I) there exists u € U
and Y € I'p such that f;(u) =s; and fiﬂ(}/o) =, for
i=1,2.

If the amalgam satisfies condition [1] then it is called
weakly ["-embeddable and if the amalgam satisfies both con-
ditions, then it is called strongly I"-embeddable.

2. Free product of I -semigroups

Free product of an indexed family of pairwise disjoint semi-
groups was introduced by J M Howie [6] and the notion of
free I"-semigroup was introduced by M K Sen [9]. In the fol-
lowing we define free product of a family of mutually disjoint
I-semigroups {S; : i € I'} and a family {I'; : i € T} which are
also mutually disjoint.
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Definition 2.1. Ler {I'; : i € T'} be a family of disjoint non-
empty sets, {S; : i € I} be a family of mutually disjoint T-
semigroups and x € U{S; : i € I}. Then there is a unique |
in I such that x € S; and | is called pointer of x, denoted by
I = §(x). Similarly for an element y € U{L; : i € I}, there is
a unique m in I such that y € I, and m is called pointer of }.

Consider A as the collection of all elements of the form
(X1,71,%2, %2, * s Ym—1,%m) Where m > 1 is an integer, x, €
u{s; : lEI} for n =1,2,3,---,m, % € U{I; : i € I} for
k=1,23,: —Land {(x4) # §(xnt1) # §(1) for n =
1,2,3,--- \m— 1 of all finite strings. Define the product of
two elements in A as follows: a = (a1, 71,a2,%, " , Ym—1,0m)
and b = (by,04,b2,0, -+ ,&,_1,b,) are elements in A and
Y €T, the productof aand bin Ais :

ayb: (a17"'7am’yb17"'7bn)
(017"' 7amvy7b17"' 7b’l)

Theorem 2.2. Let A = {(x1,%,X2,%," " s Ym—1,%m) } where
m > 1 is an integer, x, € U{S;:i € I} forn=1,2,3,---.\m
,eUliiielt fork=1,23,--- m—1. ThenAisaT-
semigroup

if {(am = C(y) =

otherwise

§(b1)

Proof:
For associativity, we have to consider the following cases. Let

a - (015717025727'“77m717am)
b = (bhalabZ;aZa"'aan—labn)
- (Claﬂ1u623ﬁ27”'7[317—176[7)
inAand o, in U{T'; : i € I}
When {(an) = {(a) = (b1) and {(by) = {(B) = C(c1)
aab :(aly}/laab’yZv"'a,}/mfhamabhala"'aanfl;bn)
bBc:blvah"'7an717bnﬁcl7ﬁla”'aBpflvcﬁ)
(aob)Bc = (a1, --,amthy,--- ,buBci, -+ ,cp)
= aa(bfc)

In a similar way one can see the associativity follows in other
situations also. Hence A is a I'- semigroup.

Free product of disjoint I'- semigroups

Here we are considering the case of two I'- semigroups over
the same I" and the case of a family of disjoint I'- semigroups
over the same I is similar in nature.

Consider non-empty sets S1,5,,I" and let S and S, are I'-
semigroups over the same I'. As earlier, the set of all elements
of the form (ay, y1,a2,%2, - , Ym—1,am) Whereay,az,--- ,a,, €
S1US2and 71,%, -+, Ym—1 € I'is aI'- semigroup and is called
free-I"-semigroup product over the alphabet S| U .S, relative to
I'. We denote it by S7T". The empty word is the word which
has a no letters. Operation on S;I"is defined as same as that
we defined earlier.

For

,'}/m,],am)
7aﬂ—17bn)

(alv,}/l7a27,y27"'
(blaa17b2aa27"'



inS;Candyel’

a,}/b: (a17...7am’}/bl7...7bn)
(Cll,‘” 7am7'}/vb17"' 7bn)

if §(am = G (b1)
if §(am # {(b1)

It is straight forward to check associativity for the various
cases arise, and so we can see that S;I" is a I"-semigroup.

Remark 2.3. There are elements of SII" which are strings
(a;) of length one where a; € S) US,. In fact SiT is generated
by strings of length one, since

(ala'}/lvaZaYZf" 7Ym71»am)
= (a1),(n),(a2),(12),+*, (Ym—-1), (@m)
for every (a1,Y1,a2,%2," -+, Yim—1,am) in S;T. So we exclude

the brackets in writing a string of length one.
A vital property of free products is the following.

Proposition 2.4. Let A = ST be the free-I"-product of two
I-semigroups over the same T. Then for each i € {1,2} there
exists a T-monomorphism 6; : (S;,T) — A given by, 6;(ayb) =
(ayb) associating the elements a,b € S{US, and vy € T with
the one letter word (ayb). If T is a T-semigroup over the
same I for which there is a I'-morphism y; : S; — T for each
i = 1,2 then there is a unique morphism A : A — T with the
property that the diagram

0;

Si A

—
A
T
commutes for everyi=1,2.

Proof:

Since each element ayb in S} U S, is also a word (ayb) in T,
we can consider S; U S, as a I'-subsemigroup of A. Given T
and I'-morohisms y; are given (i = 1,2), define A : A — T by,
)‘((alvyl7a27 T ,’)/m_1,am))

= Ve (@), 7 W a) (@2) B 1 Wi () (m)-

The expression on the right side is the product of elements
of T, hence A maps A into 7. Further A is a I'-morphism, for
(a17YIaa2vYZa T a'}/mflvam)

(b1, a1,b2,00,++ ,Qy—1,by)

elements of A and y € T, then if {(a,,) # (b1),

2‘(a,yb) A‘((ahyla"'
Ve (@),

A(a)yA(b)

7/}/"1*]aama’}/7b]aa17'“ 7bn))
VW) (B1)s W (b,) (On)

The above diagram commutes since
A6i(ayb) = A(6i(ayb))
= A((ayb))
= Y@ (@)rwew (b)
= Vi(ayb)
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hence A 6; = y;.

The uniqueness of the A follows from the way that A is
created by words of length one. If A is to make the diagram
commute then it is compulsory to have y;(ayb) = A((ayb))
for every i = 1,2. Then, if A is to be a I'- homomorphism we
must have
Alay,v,a2,%,  Ym—1,4m)
=Aa1), 71, A(a2), 2.+ s Ym—1,A(am)
= V() (@) N Ve (a2 (@2) V2 Y1 W (a,) (am)
for every ai,v1,a2,%, -+, Yn—1,0m In A.
ie., A must be exactly what we defined it.

Proposition 2.5. Letr S| and S be two I'-semigroups , A be
the free product of S1 and Sy and let H be a I'-semigroup such
that

o there exists a I'-monomorphism f; : S; — H fori=1,2.

o ifT is al'-semigroup and if there exist I'-monomorphism
gi:Si — T for i = 1,2 then there exists a unique T'-
monomorphism 8 : H — T such that the diagram

S,‘LH

%

commutes for everyi=1,2.
then H is isomorphic to A.

Proof

From the property of A in Proposition 2.4, when T = A
and y; = ¢; for i = 1,2 there is a unique ["-morphism (identity
map 15) A — A making the diagram

S —— A
l"f/
A

commutes for every i = 1,2.

By uniqueness 1, is the only I'-morphism from A into A
having the property. Similarly the identity map 14 is the only
I'-morphism from H into H with the property that the diagram

commutes for every i = 1,2.
Now apply Proposition 2.4 with T = H and y; = f; for
i = 1,2 then we have a morphism A from A to H such that



commutes for every i = 1,2.
Then by the assumed property of H with 7T =Aand g; = 6;
we obtain a I-morphism & : H — A such that the diagram

2.2)

commutes for every i = 1,2.
It follows that

516, =5fi =6
ASF = A6 = f;

that is, if we track together, the dragrams 2.1 and 2.2 in both
of the possible ways we obtain commutative diagrams

S—>AS*>H

b b

fori=1,2
by the uniqueness , we get,
oA = lA and A0 = 11-1

thus & and A are mutually inverse I'-isomorphisms and H ~ A
as required.

We denote by I' -Sgrp the category of I'-semigroups
which has the I'-semigroups as objects and the I'-homomorphisms
of I'-semigroups as arrows.

Then by the above two propositions we can conclude that
A is the unique coproduct in the sense of category theory.

3. Congruences and Free I'-product
In this section we discuss certain congruences on I'-semigroups.

Definition 3.1. (cf.[1]) Let S be a I'-semigroup. An equiva-
lence relation p on S is called congruence if xpy implies that

(xy2)p (yyz) and (zyxp(zyy) for all x,y,z € S and y € T..

Let p be a congruence relation on (S,T").
Then S/p = {p(x) : x € S} is the set of all equivalence classes
of elements of S with respect to p.

Theorem 3.2. (cf.[12]) Let p be a congruence relation on
I-semigroup (S,T"). Then S/p is a T-semigroup.

Theorem 3.3. (cf.[4]) Let (¢.,g) : (S1,T1) — (S2,12) be a
homomorphism. Define the relation p 4 o) on (S1,11) as fol-
lows:

P50y = O(x) = 9(¥).

Then p(y ) is a congruence on (S1,I').
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Theorem 3.4. (c¢f.[12]) Let S and T be I'-semigroups under
the same I" and ¢ : S — T be a I'-homomorphism. Then there
is a T-homomorphism  : s/kerd — T such that im¢ = imy
and the diagram

S#T

g

S/ker¢

commutes where (ker®)* is the natural mapping from S into
S/ker¢ defined by (ker$)* (x) = xker¢ for all x € S.

Corollary 3.5. S/ker¢ = im¢.

Free I'-product of amalgam
Free I'- product A = [(U,Ty), (S1,T1),(S2,12), f1, f2] of the
amalgam written as Ay is defined as the quotient semigroup
of the ordinary free I'- product A in which for each i = 1,2;
the image f) (uyu') of an element uyyu’ of (U,Tp) in (S1,17)
is identified with its image f2(uyou’) in (S2,12).

More precisely, denote 6; the natural I'-monomorphism
from S; to A = S;T, then we define Ay = S;T'/p where p is
the congruence on A generated by the subset

R = {(61f1(upi), 622 (uppu)) : uyoud’ € U}

of A X A.

It is clear that for each i = 1,2 there is a morphism Y; =
p#6,~ from S; — Ay. It is also clear from the definition of p
that we have a commutative diagram

3.1)

v,

lfz Iz

S%AU

So there exists a I'-morphism tt : U — Ay such that u =
i fl = fa.

Since u(U) < wi(S;),

we necessarily have @ (U) < i (S1) N pa(S2).

Hence the I'-amalgam is embedded in its free I" product if and
only if

e cach y; is one-one

o wi(S1)Nua(S2) < u(U)

If the above two conditions hold, we say that the amalgam is
naturally I'-embedded in its free I" product.

Theorem 3.6. The I'-semigroup amalgam

o =[(U,T),(S1,T1),(S2,12), f1, f2] is embeddable in a T-
semigroup if and only if it is naturally I'-embedded in its free
I" product.

Before moving to the proof, we have to make use of the
following result.



Proposition 3.7. If A is a I semigroup amalgam, the the free
I" product Ay of the amalgam is the pushout of the diagram
{U HSl}izl,Z- That is

(1) There exists for eachi = 1,2 al'-morphism ; : S; — Ay
such that the diagram {U — S; — Ay }i=12 commutes.
That is, W1 f1 = Ua f>.

(2) IfV is a I'-semigroup for which morphisms g; : S; —V
exist such that g1 fi = g2/, then there exists a unique
I'- morphism 6 : Ay — V such that the diagram

S;

LN
8i
5

Vv

Ay

commutes for eachi=1,2.

Proof

We have already observed property [1].
To see property [2], notice that by Proposition 2.4 there is a
unique morphism A4 : A — v such that

v

is a commutative diagram for each i = 1,2.
Now, forall u,u’ € U and yp € T

A6 fi(upn) = gifi(upu')
= gfr(upt)
= A0:f2(uypu’)

Hence (0, fi (uyou), 622 (uyou’)) € AoA~!. So from equa-
tion (3.1) RC A oA ™!, hence, since A 0 A~ is a congruence

p=R*CAor™!

By Theorem 3.4 it follows that the morphism A : A — V
factors through Ay = S/p,
that is, there is a unique morphism 0 : Ay — V such that

the diagram
ot
A —— Ay

J 2 commutes.
é
Vv

By the definition of g; and from the commutativity of the
above two diagrams, fori = 1,2

gi=A6,=38p"6, = 8

hence the diagram commutes.
Now we are going back to the proof of the theorem.
Proof:
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One way is obvious and suppose that A is embeddable in
a I'-semigroup T, so that there exists ['-monomorphisms
gi=(g5,8:): (S,I7) = (I,T7) fori=1,2and g = (g/,g") :
(U,To) — (T,T'r) such that fig; = f1g2 = g and such that
81(81)Nga(82) = g(4).

By Proposition 3.7 there exists a unique I'-morphism 6 :
Ay — T such that

is a commutative diagram for each i = 1,2.

For sysl,slyls/] € (81,I) ,if ,ul(sys/) = ,ul(slyls/l) then
Suppose
S(m(sys)) = S(wi(simsy)) so
gi(sys) = gilsinsy)
S’}/SI = Slyls/l

thus y; is a I'-monomorphism.

Similarly we get L is a '-monomorphism.

Suppose x € /.11S 1 N UpS2, without loss of generahty, as-
sume x = (slylsl) uz(szyzsz) where sl,sl €S, sz,sz €
Sg,’)/lErl and}’gGFz . ,

Then 5()6) = 5([.11 (Sl’}/lsl)) = gl(slylsl) € g (Sl). Similarly,
O(x) € g2(82). Thus d(x) € g1(S1) Nga(S2) = g(U) and so

there exist u = uypu’ € U such that §(x) = g(U).
That is
g1(s1715)) 81 (s17157)
= d(x)
= g(u)
g1fi(wyou')
similarly
p(2p5) = Sm(s2psy)
T
= g(u)
g2.f2(uyou')

Since g; is I-monomorphism it follows that fi (uypu') = 5171 sll
and f>(uyo’) = 52125, and so x = i (s1 %)) = i (f1 (wpoud))

and x = (1 (s2728,) = b fo(wyont) € p(U).
Thus A is naturally I'-embedded in Ay as required.

4. On Amalgam of Completely x-Regular
I'-Semigroups
In the following we define completely a-regular I"-semigroups

and provide necessary condition to the embeddability of their
amalgam.
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Definition 4.1. An element a € S is called o-regular if there =yi(s17s; ) yvals, h
exist elements x € S and @ € T such that a = aoxaa. If every _ -1 —1
element of a I'-semigroup is o-regular in S then S is called i (sl_ QUAZEN B
o-regular T-semigroup. = vi(syHywi(s)yya(s; )
— (o] -
Definition 4.2. For an a-regular T-semigroup S, an element = yi(s; ) yals2)vwa(s; ')
b € S is called o- inverse of an element a € S if a = aotbala =y (s; vy (sz}/sg )
and b = boaab for alla,b € Sand a €T. = v (57 ) ywa sy ysa)
1lzeﬁnil.:ion 43 An (x—;egular tver;ziimup S itv called'F-inven?e =y (Sl_l)Y'VZ (Sz_l )7 (s2)
-semigroup if every element in S has a unique Q-inverse in _ _
[ semiroup fevery 7 = vilsy)rvalsy ywi(sr)
—1 —1
=VYils AT 151781 V1
Definition 4.4. An element a is completely a-regular if there vl 171)7‘l/ ( EI)YW (157 7s1)
exist an element x in S such that a = aaxoa and aox = xoa = yils)rvalsy )rw(s)ry (sl )T¥i(s1)
foralla,x € S and o € T'. If all the elements in a I'-semigroup =y (sl‘l)yqu (sz‘l JYwa(s2) Yy (sy ) w1 (s1)
S is completely o-regular then S is called completely o- _ (s_l) (s_ 52) (s ¥51)
regular I'-semigroup. V1S X s T T Wi
‘ ‘ = yi(sy )ywalsaysy ywa(siysy )
Theorem 4.5. A T'-semigroup amalgam (U;S1,S2, 91, ¢2), in 1 | _
which Sy and Sy are completely a-regular T-semigroups over = yi(sy ) rvalsarsy vy (s (sp ')
the same I is embeddable only if U is also completely o- =i (s ) yva(says; Dywals2)ywa (sy)
regular = i) ) rvalsoysy ys2) v (s )
Proof: " = vi(sy Drwals) (s )
Consider an amalgam A = (U;S1;S2; ¢1; ¢) in which S} and B 1 |
S, are both completely o-regular I'-semigroups. Suppose A is =vi(sy )rwi(s)yvi(sy )
embeddable, say in a I"-semigroup 7 and consider an element =y (s1 Y81 ysfl)
ucl. _ —1
=wils;)

Let us denote ¢; (1) = s and ¢ (u) = s5.

Sir;ce Sy and § lar e completely ar-regular, .there exist inverses Now, using condition (2) of embeddability, there exists ' € U
s €S8pands,” €38 of 51 and s respectively. such that ¢;(u’) = s;! for i € {1,2}
1 ) *

Let y; : S; — T,i € 1,2 be the embedding I"-monomorphisms, Then, because SlYSflysl — 5, implies ¢f1 (s17s7 }’Sl) or 1(51)

then , e
B . _ , we have uyu'yu = u due to injectivity of ¢;. Similarly we
Vi(s1) = W11 (1) = v2a (1) = ya(s2) can conclude that ' yuyu' = ' and uyu' = u'yu. Thus U is
. We can calculate in T': completely I'-regular.
(s, ) = wals; vsars, )
O Acknowledgment
= (s, )rva(s2)yvals; )
=va(s; v (S1)Wz (s5) References
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