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Some cordial labeling for commuting graph of a
subset of the dihedral group
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Abstract

The commuting graph of a group G, denoted by I'(G), is a graph whose vertices are all the elements of G and
two distinct vertices are joined by an edge whenever they commute. For an abelian group, the commuting graph
becomes complete, so we shall consider the non abelian group for cordial labeling of commuting graph. In this
paper, we examine sum cordial graph, signed product cordial graph, divisor cordial graph for the commuting

graph of a subset H of dihedral group D,,.
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1. Introduction

The exploration of algebraic structures, using the properties
of graphs has been ongoing investigation topics for the last
twenty years. The field of graph theory play a vital role in
various fields such as graph labeling [5], graph coloring, topo-
logical indices [6—8], fuzzy graph theory [10], graph networks.
Literally thousands of research articles have appeared in graph
theory and the most relevant ones are graph labeling. Labeled
graphs utilized in the models for a broad range of applications
such as: coding theory, X-ray crystallography, radar, database
management, astronomy, circuit design, communication net-
works addressing and models for constraint programming
over finite domain. For all other terminology and notations
we follow Harary [3]. Cordial graphs were first introduced
by Cahit [1] as a weeker version of both graceful graphs and
harmonious graphs.

J. Shiama, established an idea of Sum cordial [9] in 2012.
Jayapal Baskar Babujee, Shobana Loganathan, introduced the
Signed product cordial [4] in 2011. R. Varatharajan, S. Nava-
neethakrishnan, K. Nagarajan, introduced the Divisor cordial
[13]in 2011. In this paper, we investigate sum cordial, signed
product cordial, divisor cordial labeling for commuting graph
of the subset of dihedral group D»,,.

In Section 2, we recall the basic definitions of cordial la-
beling, sum cordial labeling, signed product cordial, divisor
cordial labeing, dihedral group, commuting graph etc.,

In Section 3, we proved that the commuting graph of
a subset of dihedral group are sum cordial, signed product
cordial and divisor cordial labeling.

2. Preliminaries

In this section, we discuss the preliminary definition of com-
muting graph, dihedral group, cordial labeling, sum cordial
labeling, signed product labeling, divisor cordial labeling.

Definition 2.1. [12] Let G be a finite group. The commuting
graph T'(G) whose vertices are all elements of G and the
vertices are joined by an edge whenever they commute.

Definition 2.2. Let G be a finite group and H is a subset of
G. The commuting graph of the subset H of the group G is
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the graph C(G,H) whose vertices are the elements of H and
the vertices are joined by edge iff xy = yx for all x,y € H.

Definition 2.3. [2] The symmetry group of regular n polygon
with rotation and reflection is called dihedral group which is
denoted by D»,,. It contains 2n elements. The group represen-
tation is

Dy, = {rvs‘rn:SZ = (sr)2: 1}

Definition 2.4. [5] Let G = (V,E) be a graph. A mapping
f:V(G) — {0,1} is called binary vertex labeling of G and
f(v) is called the label of the vertex v of G under f.

For an edge e = uv, the induced edge labeling f*: E(G) —
{0,1} is given by f*(e) = | f(u) — f(v)]. Let v(0), v/(1) be
the number of vertices of G having label 0 and 1 respectively
under f and e;(0), e;(1) be the number of edges having label
0 and 1 respectively under f*.

Definition 2.5. [1] A vertex labeling f : V(G) — {0,1} and
the induced edge labeling f* : E(G) — {0,1} is given by
S (wv) = |f(u) — f(v)|. Such labeling is called cordial label-
ing if [vp(0)—vs(1)| < Land |ef(0)—es(1)| < 1. A graph G
is cordial if it admits cordial labeling.

Definition 2.6. [9] A binary vertex labeling of a graph G
with induced edge labeling f* : E(G) — {0, 1} is defined by
S (wv) = (f(u) + f(v))(mod2) is named sum cordial label-
ing if [vs(0) —vs(1)| < 1 and |ef(0) —ef(1)] < 1.A graph G
is sum cordial if it admits sum cordial labeling.

Definition 2.7. [4] A vertex labeling of graph G, f:V(G) —
{—=1,1} with induced edge labeling f* : E(G) — {—1,1} de-
fined by f*(uv) = f(u) f(v) is called a signed product cordial
labeling if vy (—1) —vy(1)| < L and |ef(—1) —ep(1)] < 1.
A graph G is signed product cordial if it admits signed product
cordial labeling.

Definition 2.8. [5] A Divisor cordial labeling of a graph G
with the vertex set V is a bijection f : V — {1,2,...,|V|} such
that if each edge uv is assigned the label 1 if f(u)|f(v) or
F)|f(u) and 0 otherwise. A graph G is divisor cordial if it
admits divisor cordial labeling.

Theorem 2.9. [11] Let G be a dihedral group Dy, forn > 3
and C(Dyy,,H) be a commuting graph of a subset H of D»,,
then C(Dyy, H) = Ky, iff H = {r,r?,....r"~ 1}

Theorem 2.10. [11] Let C(Dy,,H) be a commuting graph of
a subset H of dihedral group D»,. Let n > 3 be an odd integer
then C(DzmH) = Kl,n lﬁc

H = {e,s,sr,sr?,....sr" '}

3. Main Results

In this section, we discuss some cordial labeling of the com-
muting graph of the subset of the dihedral group D»,, = {r,s|r" =
s> = (sr)> = 1} for n > 3 is an integer. Let
H = {e,s,sr,sr*...,sr"" "'} are the subset of Da,,.
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Theorem 3.1. C(Dy,,H) is the sum cordial if n is odd for
everyn > 3.

Proof. Let G = Dy, be a dihedral group and
H = {e,s,sr,sr*,...,s" !} be the subset of the dihedral group.
Let V(C(Dzn,H)) = {VO,V],Vz, ...,v,,}
={e,s,sr,57%,...,51""!
E(C(Day,H)) = {vovi|l <i<n}
Now, Define f : V(C(D2y,H)) — {0,1} as
1, iis odd
fvi)=<3 " 1o " where0<i<n
0, otherwise
Clearly, v(0) = L = v (1)
The induced edge labeling f* : E(C(Dyn,H)) — {0,1} is
given by f*(vovi) = [f(vo) + f(vi)](mod2) where
1<i<n
we have, e/(0) = "7 and e/(1) = 23!
Thus, [v(0) —vs(1)] < 1and |ef(0) —ep(1)| < 1
Therefore, C(D,,,H) satisfy the sum cordial labeling.

..C(Dyy,H) is the sum cordial.

Example 3.2. C(D4,H) is the sum cordial.

0

Figure 1. C(D14,H)

Clearly, v¢(0) =4 =v¢(1) and ef(0) = 3,e¢(1) =4
Thus, [v¢(0) —vs(1)| < 1 and |ef(0) —ep(1)[ < 1
Therfore, C(D14,H) satisfy the sum cordial labeling.

..C(D14,H) is the sum cordial.

Theorem 3.3. C(D»,,H) is the signed product cordial if n is
odd for every n > 3.

Proof. Let G = D5, be a dihedral group and
H ={e,s,sr,sr?,...,sr" 1} be the subset of the dihedral group.
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LetV(C(Dzn,H)) = {V(),Vl,V2,...,Vn}
={e,s,s1,572,...,s57" "1}

E(C(Dan,H)) ={vovi | 1 <i<n}

Now, Define f : V(C(Day,H)) — {—1,1} as

1) = { »

Clearly, v/(—1) = 2 =y /(1)

iis odd
~ where0<i<n
otherwise

The induced edge labeling f* : E(C(D2,,H)) = {—1,1}
is given by f*(vovi) = f(vo)f(v;) where 1 <i<n

we have, ef(—1) = ﬂzl and e;(1) = %

Thus,

vy (1) = (1)] < 1 and Jes(~1) —ef (1) < 1

Hence, C(D»,,H) satisfy the signed product cordial label-
ing.

..C(Dyy, H) is the signed product cordial.

Example 3.4. C(Dio,H) is the signed product cordial.

1 -1 -1 1
Figure 2. C(Do,H)

Clearly, vi(—1) =3 =vs(1) and ep(—1) =3,es(1) =2
Thus, |[v¢(0) —ve(1)] < 1 and |ef(0) —ef(1)] <1
Hence, C(D14,H) is the signed product cordial labeling.

..C(D14,H) is the signed product cordial.

Theorem 3.5. C(Ds,,H) is a divisor cordial labeling if n is
odd for every n > 3.

Proof. Let G = D5, be a dihedral group and
H ={e,s,sr,sr,...,sr"" "'} be the subset of the dihedral group.

Let V(C(Dan,H)) = {vo,v1,v2,-.c; Vs }
= {e,s,sr,572,...,sr" 1}

E(C(Dyn,H)) = {vovi | 1 <i<n}.
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Now define f:V — {2,3,...,n+2} us f(v;) =i+2 where
0<i<n.

Then the induced edge labeling

1
f(vovi) = {0’

where 1 <i<n

f(vo) / f(vi) or f(vi) / f(vo)
otherwise

Clearly, e;(0) = ! and e/ (1) = 251

Thus, [ef(0) —es(1)| <1

Hence, C(D,,,H) is a divisor cordial labeling.

..C(Dyp, H) is a divisor cordial.

Example 3.6. C(D3,H) is the divisor cordial graph

2

Figure 3. C(Ds,H)

In the Figure 3,
Clearly, ef(0) =4,e7(1) =5 . Thus,|ef(0) —ep(1)| < 1
Hence, C(D3,H) is the divisor cordial labeling.

..C(Dyg,H) is the divisor cordial.

4. Conclusion

In this paper sum cordial, signed product cordial and divisor
cordial for the commuting graph of the subset of the dihedral
group are obtained.
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