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Connected vertex—Edge dominating sets and
connected vertex—Edge domination polynomials of
triangular ladder
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Abstract
Let G be a simple connected graph of order n. Let Deye (G, i) be the family of connected vertex - edge dominating

sets of G with cardinality i. The polynomial

n
Dcve(Gax) = Z dove (Gv i)xl
i=Yeve (G)

is called the connected vertex — edge domination polynomial of G where deye (G, i) is the number of vertex edge
dominating sets of G. In this paper, we study some properties of connected vertex - edge domination polynomials
of the Triangular Ladder TL,. We obtain a recursive formula for deve (TL,;). Using this recursive formula, we
construct the connected vertex - edge domination polynomial

2n
D¢ye (TLn,x) == Z deve (TLn,i)xl

i=n—2

of TL,, where Deye (TL,;) is the number of connected vertex - edge dominating sets of 7L, with cardinality i and
some properties of this polynomial have been studied.
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. Let G = (V,E) be a simple graph of order n. For any vertex
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1. u=v oru=w(u is incident to vw) or

2. uv or uw is an edge in G(u is incident to an edge that is
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adjacent to vw).

A vertex - edge dominating set S of G is called a connected
vertex - edge dominating set if the induced subgraph < S > is
connected. The minimum cardinality of a connected vertex
- edge dominating set of G is called the connected vertex -
edge domination number of G and is denoted by Yeve (G).
A connected vertex - edge dominating set with cardinality
Yeve (G) is called Yye - set. We denote the set {1,2,...,2n—
1,2n} by [2n], throughout this chapter. Also we used the
notation [x| for the smallest integer greater than or equal to
[x] and | x| for the largest integer less than or equal to x.

2. Connected vertex —Edge dominating
sets of Triangular Ladders

Consider two paths uju; . ..u, and v{v;...v,. Join each pair
of vertices u;v; and u;y1v;,i = 1,2,...,n. The resulting graph
is a Triangular Ladder. Let TL, be a triangular ladder
with 2n vertices. Label the vertices of TL, as given in the
following figure.

Figure 1

V(TL,) ={1,2,3,...,2n—2,2n—1,2n} and
E(TL,)={(1,3),(3,5),(5,7)...(2n—5,2n—3),(2,4),
(4,6),(6,8),...(2n—4,2n—2),(2n—2,2n),
(1,2),(3,4),(5,6),...(2n —3,2n—2)
(2n—1,2n),(2,3),(4,5),(6,7),...
(

2n—4,2n-3),(2n—2,2n—1)}

For the construction of the vertex- edge dominating sets of the
Triangular Ladder T'L,, we need to investigate the connected
vertex - edge dominating sets of TL, — {2n}. In this section,
we investigate the connected vertex- edge dominating sets of
TL, with cardinality i. We shall find the recursive formula for
deve (TLy, ).

Lemma 2.1.
n—1.

(i) Foreveryn € N andn >4, Y. (TL,) =

(ii) Foreveryn € N andn>5,Yee (TL, —{2n}) =n—2.
(iii) Deye (TLy i) = @
7{2’”}71.) =0

(i) Clearly {3,5,7,9,...,2n—1} is a minimum con-
nected vertex - edge dominating set for TL,. If n is even
or odd it contains n — 1 elements. Hence yeve (TLy) =
n—10.

iffi<n—10o0ri>2n.
(iv) Doye (TLmu iffi<n—2o0ri>2n—1.

Proof.
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(i) Clearly, {3,5,7,9,...,2n—3} is a minimum connected
vertex - edge dominating set for 7L, — {2n}. If n
is even or odd, it contains n — 2 elements. Hence,
Yeve (TL, —{2n}) =n—2.

(iii) Follows from (i) and the definition of connected vertex
- edge dominating set.

(iv) Follows from (ii) and the definition of connected vertex
- edge dominating set.
O

Lemma 2.2. (i) If Do (TL,—{2n},i—1) =0,
Deye (TLy—1 —{2n—2},i—1) = ¢ and
Deve (TLy—2.i—1) = @, then Deye (TLy_1,i—1) = ¢

(ii) If Deve (TLy, —{2n},i—1) # @,

Deye (TLy—1 —{2n—2},i—1) = @ and

Deve (TLy—2i—1) # @, then Deye (TLy_y,i— 1) # @
(iii) If Deve (TLy —{2n},i—1) = ¢, and

Deve (TLy_1,i— 1) # @ then Deve (TLy,i) = @

(iV) Ichve (TLn - {Zn}ai_ 1) 7é o, and
D¢ye (TLn—lai_ 1) 7& o, then Dy, (TLnai) 7& .

(v) If Deve (TL, —{2n},i—1) # @, and
Deve (TLy_1,i— 1) = @, then Deve (TLy,i) # 9.

(i) Since, Deve (TL, —{2n},i—1) = o,
Deye (TLy—1 —{2n—2},i—1) = ¢ and
Deye (TLy—2i—1) = @, by Lemma 2.1 (iii) and (iv)
Wehave,i—1<n—2ori—1>2n—1
i—1<n—3o0ri—1>2n-3
andi—1<n—3o0ri—1<2n—4.
Thereforei—1 <n—3ori—1>2n—1.
Therefore,i—1 <n—2ori— 1> 2n—2 holds. Hence,
Deve (TLy_1,i—1) = .

Proof.

(i) Since, Deve (TLy — {2n},i—1) # @,
Deve (TLy—1 —{2n—2},i—1) # @, and
Deve (TL,—3,i—1) # ¢, by lemma 2.1 (iii) and (iv),
wehave,n —2<i—1<2n—1,n—3<i—1<2n-3
andn—3<i—1<2n—4.
Suppose Deye (TLy—1,i—1) = ¢. Then by Lemma 2.1
(iii), wehavei—1<n—2o0ri—1>2n—2.
Ifi—1<n—2,then Deye (TL,—{2n},i—1)=¢, a
contradiction. If i—1>2n—2,theni—1>2n—-3
holds, which implies Deye (TL,—1 —{2n—2},i—1) =
¢, a contradiction. Therefore, Deye (TL,y—1,i— 1) # @.

(iii) Since D¢ye (TL, —{2n},i—1) = ¢ and
Deve (TL,—1,i—1) = ¢ by Lemma 2.1 (iii) and (iv),
we have, i— 1 <n—3o0ori—1>2n—1landi—1<
n—2ori—1>2n—2. Therefore, i—1<n—2 or
i—1>2n—1. Therefore, i <n—1 ori > 2n. Hence,
Deve (TL,,i) = @.
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(iv) Since Deve (TL, —{2n},i—1) # ¢ and
Deve (TL,—1,i—1) # @, by lemma 2.1 (iii) and (iv), we
have,n—2<il<2n—landn—-2<i—1<2n-2.
Suppose Dcye (TLy,,i) = ¢, then by Lemma 2.1 (iii), we
have i <n—1ori > 2n. Therefore,i—1 <n—2ori—
1>2n—1Ifi—1<n—2,then Deye (TLy—1,i—1) =
¢, a contraction. If i —1 > 2n— 1, then D¢ye (TL, —
{2n},i—1) = @ acontraction. Therefore, Deve (T Lyi)

7 9.

(v) Since Deye (TL, —{2n},i—1) # ¢ by lemma 2.1 (iv),
wehaven—2 <i—1<2n—1. Also, since Deve (TL,—1,
i—1)=¢,by Lemma 2.1 (iii), we have i — | <n—2or
i—1>2n—2.1fi—1 < n—2, then Deve (T L, — {2n},
i— 1) = ¢ a contraction.

O

Lemma 2.3. Suppose that Dy (TLy,i) # @, then for every
neN,

(i) Deve (TLy—{2n},i—1)# @ and Deye (TLy_1,i—1) =
o iffi =2n.

(ii) Deye (TLnf{2n},if 1) % ©,D¢pe (TLn,l_’if 1) e )
and Deye (TLy—1 —{2n—2}yin , 1) = @ iff i=2n— 1.

(if)) Deve (TLy—{20},i—1) # ¢, Deve (TLy 1,i—1) £ @
and Deye (TLy—1 —{2n—2},i—1) # ¢ and
Dcve (TLn72,i7 1) =0 lffl =2n—2.

Proof. Assume that Deye (TLy, i) # @. Thenn—1<i<2n.

(i) <) since Deye (TL, —{2n},i—1) # @, by lemma 2.1
(iv), wehaven —2 <i—1<2n—1. Therefore,n—1 <
i<2.

Also since Deye (TLy—1,i—1) = @, by lemma 2.1 we
have,i—1<n—2o0ri—1>2n—-2. Ifi—1<n-—
2, then i < n— 1 which implies Deve (TLy,i) = ¢, a
contradiction. Therefore i — 1 > 2n — 2. Therefore
i—1>2n—1. This implies i > 2n. Therefore, i = 2n.
(<) follows from Lemma 2.1 (iii) and (iv)

(<) since Deve (TL, —{2n},i—1) # @, and

Deve (TLy—1,i—1) # ¢ bylemma 2.1 (iii) and (iv), we
haven—2<i—1<2n—landn—-2<i—-1<2n-1.
Therefore,n—2 <i—1<2n—2. Therefore,n—1<i <
2n—2. Also, since Deye (TLp—1 —{2n—2},i—1) =
¢, by lemma 2.1 (iv), wehavei— 1 <n—3ori—1 >
2n—3. Therefore,i <n—2ori>2n—2Ifi<n—2,
then i < n— 1 holds which implies Deye (TLy,i) = ¢, a
contradiction. Therefore, i < 2n—2 Ther efore > 2n—1.
Combining together, we have = 2n — 1 ( &) follows
from Lemma 2.1 (iii) and (iv).

(i) Since Deve (TLy,—{2n},i—1)# @,Deye (TLy—1,i—1)
# @ and Deye (TL, —{2n—2},i—1) # ¢ by lemma
2.1 (iii) and (iv), we have n —2 <i—1<2n—1,n—2 <
i—1<2n—2and n—3 <i—1<2n-—3. Therefore,
n—2<i—1<2n-3. Therefore,n—1<i<2n-2.
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Also, since Deye (TLy—2,i—1) = ¢, by lemma 2.1 (iii),
wehave,i—1<n—3ori—1>2n—4.Ifi—1<n-3,
then i < n—2. Therefore, i < n—2 holds, which implies
Deve (TL,,i) = ¢, a contradiction.

Therefore, i — 1 > 2n—4 Therefore i > 2n— 3 Therefore
> 2n—2. Together we have i = 2n—2 ( <) follows
from Lemma 2.1 (iii) and (iv).

O
Theorem 2.4. For every n > 4

(i) If Deve (TLy — {2n},i— 1) # @ and Deve (TLy_1,i— 1)
= @ then D (TL,,i) = {[2n]}.

(ii) IfDeve (TLy —{2n},i— 1) % @ and Deve (TLy_1,i— 1)
# @, then D¢y, (TLy, i) = {X; U{2n},
if2n—1¢€ X1 /X, € Dye (TL, —{2n},i—1)}U{XxU
{2n-2}, if2n—4 or

2n—3€X, /Xy € Deye (TLy—1,i— 1) }U{XU {2n—1},
if 2n—2 EXQ/XZ € D¢ye (TL,,,],Z'— 1)}

(i) Since Deye (TL, —{2n},i—1) # ¢ and
Deve (TLy—1,i—1) = @, by theorem 2.3 (i), i = 2n.
Therefore Deye (TLy,i) = {[2n]}.

(i) LetY, = {X, U{2n}, if

2n—1€ X, /X1 € Deve (TLy—{2n},i—1)}U{X; U{2n},

Proof.

if2n—2or2n—1€ X, /X) € Deye (TL, —{2n},i—1)}
and Y, = {qu{2n—2}, if2n—4or2n—3 6X2/X2 S
Deve (TLn_l,i—])}UXQU{ZI’l—l}, if2n—2€X2/X2
€ Deve (TLy_1,i—1)}

Obviously,

Y1UY> C Deye (TLmi) 2.1

Now, let Y € Deye (TLy,i). If 2n € Y, then atleast one of the
vertices labeled 2n —2 or 2n — 1 is in Y. In either cases Y =
{X1U{2n}} for some X| € D¢ye (TL, —{2n},i—1). There-
fore Y € Y;. Suppose that 2n— 1 € Y,2n ¢ Y, them atleast one
of the vertices labeled 2n —3 or2n—2isin Y. If 2n—-3 €Y,
then Y = {X, U{2n—1}} for some X, € Dcve (TL, — {21},
i—1)If2n—1€Y,thenY = {Xp U{2n— 1}} for some X, €
Deve (TL,—1,i—1) Therefore Y €Yy orY €75.

Now, suppose that, 2n —2 € Y,2n—1 ¢ Y,2n ¢ Y then
atleast one of the vertices labeled 2n —4 or 2n—3 isin Y. In
either cases, Y = {X, U{2n —2}} for some X5 € D¢ve (TLy—1,
i—1). Therefore Y €Y. Hence

Dove (TLnu i) C Yl U Y2- (2-2)

From (2.1) and (2.2), we have Dy (T Ly,,i) = {X; U{2n— 1},
if 21— 3 € X /X1 € Deye (TLy — {2n},i— 1)U {X; U{2n},
if2n—2or 2n—1€ X, /X; € Deve (TL, — {2n},i—1)}U

{Xou{2n—-2}, if2n—4 or2n—3 € X2/X» € Deye (TLp—1,
i—-1H}u {XzU{an 1}, if 2n—2 € X5 /Xp € Deve (TLy—1,
i— 1)) O

00%%
< 000,
Seezz
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Theorem 2.5. If Dy (TLy,i) is the family of connected ver-
tex edge dominating sets of T L, cardinality i, where i > n— 1,

then

deve (TLy,i) =deye (TL, —{2n},i—1)

+dcve (TLnfl ) i— 1)
Proof. We consider the two cases given in theorem 2.4 Sup-

pose Deve (TL, —{2n},i—1) # @ and Deve (TLy—1,i—1) =
¢. Theni=2n

deve (TLn,i) =dcve (TLn,22n) =1
deve (TLy—{2n},i— 1) =deve (TLy— {20} 20 —1) =1
deve (TLn_l,i— 1) =dcve (TL,,_I,Zn— 1) =0.

Therefore,

deve (TLy —{2n},i—1) +deve (TLy_1,i—1)=140=1

Therefore, in this case

d(TLy,i) =deve (TL, —{2n},i—1)

+dcve (TL,,,l,l'— 1)

holds. By theorem 2.4 (ii) we have,
Deve (TLy, i) ={X;U{2n—1}, if

2n—3 € X /X| € Deve (TL, — {2n},i—1)}U{X; U{2n},

if 2n—2 or

2n—1€X;/X| € Deve (TLy—{2n},i—1)}U{X,U{2n—2},

if 2n —4 or

2n—3 €X2/X2 € Deve (TLn_17i— 1)}UX2U{21’1— 1},

if
2)’!—2€X2/X2 € De¢ye (TL,,,I,I'— 1)}

Therefore

cve deve (Tani) =dcve (TLn - {2n}7i* 1) +deve (TLn—lvi* 1)~

O

3. Connected total domination
polynomials of triangular ladders

Theorem 3.1. Let Dy, (TL,,i) be the family of connected
vertex edge dominating sets of TL, with cardinality i and
let deye (TLy,i) = |Deve (TLy,i)|. Then the connected vertex
edge domination polynomial Dye (TLy,x) of TL, is defined

as,
2n

Dcve (TLn,)C) = Z
i=Yeve (TLn)

deve (TLy,0)x!

Theorem 3.2. For everyn > 4,

Deye (Tme) =X [Dcve (TLn - {Zn},x) + Deye (TL,,,1 7x)]
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with initial values
Deye (TLy —{4},x) =32 4+x
Deve (TLy,x) =5x* +40° 4+ x*
Deye (TLz —{6},x) =72+ 8 + 54+ 1
Deye (TL3,x) =762 + 1203 4+ 12x* 4+ 6x° +x°
Deye (TLy — {8},x) =5x% + 14x> +-20x* + 17x° +7x° +x7
Dere (TLg,x) =32 + 12 +26x* + 320 +23x°
+8x” +x°
Deye (TLs — {10}, x) =x? + 8x” +26x* + 46x° + 49x°
+30x7 4+ 923 + 17
Proof. We have,
deve (TLy,i) =deve (TLy —{2n},i—1) +deye (TLyp—1,i—1).
Therefore,

deve (TLp, i) X' = deve (TLy — {2n},i — 1) X + dpye (TLy—1,i — 1) '

2n
Z dcve Tan Z d(ve 7{2n}7i71)xl
i=n—1 i=n—1
2n )
+ Z deve (TLnflyi_ l)xl
i=n—1
2n .
=x ¥ deve (TL,—{2n},i—1)x""!
i=n—2
2n .
+x Y deve (TLy—y,i—1)x!
i=n—2
=xD¢ye (TLn - {Zn},x) +xDcve (TLn—l 7x)
+X[Dcve (TLn - {Zn},x) +DeveT Ly ,x]
Therefore,

Deye (Tme) =X [Dcve (TL, — {2n}ax) +Deve (TLn—1 ;x)] .

With initial values,

Deyy (TLy —{4},x) =32 +°
Deye (TLy,x) =5x% + 4 +x*
Deve (TL3, {6},x) =7x% + 8% + 5x* -1
Dy (TL3,x) =7x% + 120 + 12x* + 6x° + 28
Deve (TLy, {8},x) =5x% 4+ 14o +20x* + 17x° + 7% +-x7
Dy (TLy,x) =322 + 126 + 26x* + 320 + 2325
+8x" 48
Deve (TLs — {10}, x) =x? + 8x° + 26x* + 46x° 4 49x°
+30x7 +9x% 427
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Table 1

In ‘ — i 213 4 5 6 7 8 9 10 11 12 13 14 15 16 17 | 18
TL,— {4} |3 | 1

TL, ST 4|1
TL;—{6} | 7] 8 | 5 | 1

TLs 7012 | 12 6 1
TLy—{8} |5 | 14|20 ]| 17| 7 | 1

TLy 3112|126 | 32|23 8 1
TLs—{10} | 1 8 26 | 46 | 49 30 9 1

TLs 0| 4 [ 20| 52|78 | 72 38 10 1
TLe—{12} | O 1 12 | 46 | 98 | 127 | 102 | 47 11 1

TLg 0 0 5 32 1 98 | 176 | 199 | 140 57 12 1
TL;—{14} | 0| O 1 17 | 78 | 196 | 303 | 301 187 68 13 1

TL; 0o O0 0 6 | 49 | 176 | 372 | 502 | 441 244 80 14 1
TLs—{16} | 0| O 0 1 23 | 127 | 372 | 675 803 628 312 93 15 1

TLg 0 0 0 0 7 72 303 | 744 | 1377 | 1244 872 392 107 16 1
TLg—{18} 0 0 0 0 1 30 199 | 675 | 1419 | 2180 | 1872 | 1191 485 122 17 1

TLg 0o O0 0 0 0 8 102 | 502 | 1419 | 2796 | 3424 | 2744 | 1583 | 592 | 138 | 18 1

Example 3.3. (viii) deve (TLy,n—2)=n—1foralln>4
Deve (TLs,x) =4 +20x* + 5227 +782° 47247 Proof. (i) Since Deye (TLy,,2n) = {[2n]}, we have the re-
+38x8 + 1027 +x10 sult.
Deve (TLg—{12},x) =x> + 12x* +46x° +98x° + 127"
4 102:8 +47X9 n llxloerll (i1) Since, Dy, (TL,,,Zn— 1) = {[Zn] — {x}/x S {[2}1]}},

By theorem 3.2, we have

Deye (TLg,x) =x [4)(3 +20x* 4+ 520 + 78x° +72x7
+38x3 + 10x° 4+ x1%3 + 12x* + 46x° 4 98x°
+ +127x7 +102x° +47x° + 11x'0 + 5]
=5x* +32x° +98x° + 176x7 + 199x% + 140x°
+57x0 4+ 12x! 412

We obtain, deye (TLy,i) and deye (TL, — {2n},i) for2 <n<9
as shown in table 1.

In the following theorem we obtain some properties of
deve (TLy, Q).

Theorem 3.4. The following properties hold for the coeffi-

cients of Deye (TLp,x) and Dy, (TL, — {2n},x) for all n.
(i) deve (TLy,2n) =1 foralln > 2.
(ii) deve (TLp,2n—1) =2n foralln > 2.
(iii) deve (TL, —{2n},2n—1)=1foralln>?2
2n—1foralln>?2
(v) deve (TLy,2n—2) =2n> —3n+3 foralln>?2

(vi) dgve (TL, — 2n% —5n+5 foralln >3

(
(

(iv) deve (TL, — {2n},2n—2) =
(
( {2n},2n-3) =
(TL

(vii) deye —{2n},n—3)=1foralln>5

we have d.y. (TL,,2n—1) =2n

(iii) Since, Deve (TL, —{2n},2n—1) =
the result.

{[2n— 1}, we have

(iv) To prove deyve (TL, —{2n},2n—2) =
n > 2, we apply induction on n.
When n =2.

LH.S =dgy (TLy, —{4},2) =3 (From table : 1) and
RHS=2x2-1=3.
Therefore, the result is true for n = 2 Now, suppose that the
result is true for all natural numbers less than n and we prove
it for n. By theorem 2.5, we have,

2n — 1, for every

deve (TLy —{2n},2n—2)
=deye (TLy—1,2n—3) +deve (TLy—1,{2n—2},2n—3)
=2(n—1)+1
That is, deve (TLy,{2n},2n—2) =2n—1.
Hence, the result is true for all n.

(v) To prove deye (TLy,2n—2) = 2n* —3n+ 3, for every
n > 2, we apply induction on n.

When n =2, LH.S =dcye (TLy,2) =
RHS=2x4-3x2+3=5.

Therefore, the result is true for n = 2. Now, suppose that the
result is true for all numbers less than ° n > and we prove it for

5( from table 1) and

S50
SR

<
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. By theorem 2.5, we have

deve (TLyp,2n—2)
=deye (TLy — {2n},20n = 3) 4+ deye (TLy—1,2n—3)
=deye (TLy—1,2n—4) +dpye (TLy—1 — {2n—2},2n—4)
+deve (TLy—1,2n—3)
=2(n—1)>=3n—1)+34+2(n—1)—14+2(n—1)
=2(n* —n+1)=3n+3+3+2n—2—1+2n-2
=2n> —4n+24+n+1
=2n* —3n+3

Hence the result is true for all 7.

(vi) To prove deye (TL, — {2n},2n—3) =2n> —5n+5, for
every n > 3, we apply induction on.

When n =3, LH.S = d,, (TL3 — {6},3) = 8( From table 1)
RHS=2x9-5x3+5=8.

Therefore, the result is true for n = 3. Now, suppose that the
result is true for all numbers less than n and prove it for n. By
theorem 2.5, we have

deve (TL3 —{2n},2n —3)
=deye (TLy—1,2n—4) 4+ dvo (TLy—1,{2n—2},2n—4)
=2(n—1)*=3(n—1)+3+2(n—1)—1
=2(n*—2n+1)—=3n+3+2n—2-1
=2n —4n+2-n+3

deve (TL, —{2n},2n—3) = 2n> = 5n+5
Hence, the result is true for all n.

(vii) Since, D¢ve (TL, —{2n},n—3) ={3,5,7,9,...,2n—
1}, we have the result.

(viii) To prove deve (TLy,n—2) =n—1 for all n > 4, we
apply induction on 7.
When, n =4,dcve (TLs,2) =3
RHS=n—-1=4-1=3.
Therefore, the result is true for n = 4 By theorem 2.5,
we have,

deve (TLy,n—2) =deye (TL, — {2n},n—3)
""dcve (TLnflyn - 3)
=1+n-2

=n—1

Hence, the result is true for all n by mathematical induction.
O
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