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1. Introduction

Let it denote by A, the class of all regular functions defined
on the open unit disc U = {z: |z| < 1}, normalized by the
conditions f(0) = f/(0) —1 = 0. Let S be the subclass
of A consisting of univalent functions. If US*, UC, UK
respectively denotes the subclasses of S, consisting of
functions 7n(z) of the form,

77(2) =z+ Z M 7"

n=2

satisfying the inequality

Re (ﬁ;;g) >0,z <1

"
Re <1+Zn (Z)) >0,[z] < 1.

n'(z)

and

Re (?;?) >0,lzl < 1

where £(z) =z+ ¥ &,2" € US*. Let A, denote the class of
=2

n—
all p-valent regular functions of the form

Mp(2) =2+ Y m¢"*?
i=k

(1.1

Note that when p = 1, n1(z) = n(z). If US), UC,, UK,
respectively denote the subclass of A, consisting of p-valently
starlike, p-valently convex and p-valently close-to-convex
functions, then

5= Ipenns L (89 o)
uc, = {np €A, %Re <1+Z:f((zz))> >0},
UK, = {np €EAp: %Re (z‘;:’,((zz))) >0}

ép :Zp+ Z énzn S US;.
n=p+1

and

where

(1.2)
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Equivalently,
np €US, i ’ <p,
. . N, (2)
N, €UC, if and onlyif 1+ — —-pl<p
n;,(2)
and
zn,(z
Ny €UK, if and only if Tlp( ) —p’ <p
Sp(2)

where &, satisfies
21, (2)
np(2)

Similarly, the class of all p-valently starlike functions of order
7, p-valently convex functions of order y and p-valently close

—P|<p:

to convex functions of order y, namely US}(y), UC,(7),
UK, (y) respectively satisfies the equivalent conditions,

0O<y<p
21y(2) 1
W*P <p—7 (1.3)
<1+Zg/]7((zz))> —P|<P—Y (1.4)
P
Zg”((;)) —p’ <p-r (15)
P
where &, (z) satisfies
?{; ’<p—& 0<B<p.
p\Z

The Convolution(Or Hadamard product) of two p-valent
regular functions 1, and &,, denoted by (1, * &,)(z) and is
defined by

_Zp+ Z ﬂnénz

n=p+1

(Mp*8p)(2)

Given two functions 1 and &, which are analytic in U, the
function 7 is said to be subordinate to & in U, if there exists a
Schwarz function w(z) analytic in U with

w(z)| <1, (ze€l)

such that
n(z) =&w(z), (zel).

Furthermore, if the function & is univalent in U, then we have
the following equivalence relation

n <& < n(0)=&(0) and n(U)C ).

685

2. Preliminaries

In this section, using the principle of subordination between
regular functions, we denote by US,(7,§), UCy(7,$),
UK,(7,§), the classes of p-valently starlike of order 7,
p-valently convex of order y, p-valently close to convex of
order 7y respectively. Interms of a subordinating function y(z),
these classes are defined as follows:

U%Wﬂ={m€%rp;(2%3—)<x@}
2.1
UC,(7.1) = ! 2, (2)
p%x%—vneAp-p_y 1+7V@)—Y < x(2)
P
(2.2)
and
lmu%m={m€Aply(ii§—O<x@}-
2.3)

where 11,(z) e US*(1), 0 <1< 1.

We know that the set of all p-valently analytic functions A,
defined on the unit disc U is a linear space over the complex
field. In [13], the authors defined a generalized multiplier
operator U ’”A e as follows:

For a fixed 51, € A, of the form (1.2), Define U’”/l g Ap— Ap
by
U2z Mp(2) =n(2),
Up sz Mol(2) = (1=2)(Mp 2 &) () + > 2 (M, 2 &) (2))
Uphoe Mp(2) = Uy ¢ (U5 emp(2))- 2.4)

It can be easily verified that

Upae Moz i { Mr M, & TP (2.5)
and
UL (&) = (1= AU ¢ (62
A (). eo
such that
(U em@) =2 [Urth mp@) - (1= 2) U2 ()]
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2.7

Now, by using the operator U ’";L & we introduce the
following subclasses of p-valently starhke ,p-valently convex

and p-valently close-to-convex functions for the functions
Exe US*mY(é,x),Ogl <p,peN.

US;'Z”’(é;x):{npeA LU, £ p(2) €USH(Y,X

UK, (§:2) = {np €A1 Ups e Mp(z) € UK(

Remark 1.1: If we let m = 0, U}Y) - Np(z) reduces to 1(z).
This class was introduced and investigated in [13]. In this
paper we prove certain theorems involving multiplier and
integral operators.

Remark 1.2: For the choices of a subordinating functions

0}
UC;”’Z@;x>={ €Ay U  Mp(z) €UCH( }
v}
(z

x(z) = %;pl)zp and y(z) = % we obtain various
subclasses of A,. For example,
L. US;, (Y» %) = 5*(0), starlike function of order

0, when p = 1, a = 0, US" (yl“fi”z”) = 5(7).
0 <7y < 1 when p =1, the classes of starlike functions
of order 7.

P
> U <, +(2a—1)z

12

=C(0), when @ =0, p=1and

)
( 7. %azplzl])zc,y whenp=1,0<y< 1.
)

3. UKp(vH_fazpl L K(0), when o =0,p =1 and
UKp(LW)Z K(B),when0< B <1,p=1.

To prove our results, we need the following lemmas [9].
We denote by [], the set of all regular functions of the form
%(z) such that ¥ (0) = 1 and Re ¥(z) > 0

Lemma 2.1. Let ¢ be convex, univalent in U with ¢(0) = 1
and Re (k¢ (z) +7) > 0, k,y € C.If p(z) is analytic in U with
p(0) =1, then

' (2) mpli
(Z)+kp(z+y) < 9(z) implies p(z) < ¢(z),(z € U).

Lemma 2.2. Let ¢ be convex, univalent in U and w be
analytic in U with Re (w(z)) > 0.If p(z) is analytic in U
with p(0) = ¢(0),then

p(2)+w(2) zp' (2) = ¢(2) implies p(z) < ¢(2),(z € V).

3. Inclusion theorems involving the
operator U,Tz ¢

Theorem 3.1. Let 1, € A, and let x € I1 with

Re{(p—pa()+y+ 172} >0

Then US)3 L (v,%) € USy, (v, %0)-

686

Proof. Let
Mp(z) € USY3 L (v.%)-
Then
[0 )
Re — Ui B —v| >0
p pag
Take
!
1 12(Uhe M@
4(z) = (U2 m19) 7 G.1)

P=Y| Ulyemn(@)
where ¢(z) is analytic in U with p(0) = 1.Using (2.7) in
(3.1),we get

U;,rleg Np(2)

(1-2)
(z) Upae Mp (2) ’

=(-74q@)+y+ 1 (3.2)

Differentiate (3.2) logarithmically with respect to z, we obtain

m+ !
(U ALE np(Z)) B ( PAE np(z)>
p’x,g n,(2) pﬂ 5 np(2)
C (p-1d0Q)
(=1l +7v+ 122
(3.3)
This implies that
/
(vt mp()
U;,nxlg Np(2)
(P—7)4d'[)
=(P—74q)+7+ )
(p—7)a(z)+ 7+ 5L
By simplifying the above equation, we get
L[
rP=v U;,n;{lg Mp(2)
/
—q(z) + () (3.4)

(p—Va(z) +y+ 122

Applying lemma(2.1) to (3.4), it follows that g < ¥, that is
Np € USZA@ (7. %) O

Theorem 3.2. Let 1, € A, and let x € Il with
Re{(p—1a()+7y+ 172} >0
Then Uc"q‘é( X)CUCH, (1. 2).

Proof. Applying the result,

m(2) €UCH, & (1) = T2 ¢
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We conclude that

np(z) € UCZI}& (1, %) = U:f;l}:g np(z) € UC;”_;]&(%X)-

!
(U T[;(Z)
(ks 0] € US™L (.2) C USI, & (n.).

!
2(Upite mp(@)
— M c l]S’p”}l’5 (fyyx)

= U mp(2) €UCY, ¢ (1.2)-

= np(2) €UC, ¢ (1,2)-

Theorem 3.3. Let 1, € A, and let x € I1 with
-1

Re{(p—pa()+y+ 172} >0

Then UK (v, %) C UK?, (7. 2).

Proof. Letn, € U K;”;lg, Then by definition there exists a
function u, € U S?-J/{-li such that

1 [0 emp (@)
_ m] —7| < x().
P—v Upyl_gup(z)
Take
!
1 Z Un? n (Z)
g(x) = (U5 1) | (3.5)

P=r| Ulpetr(@)
(U e @) = (1) + N, ey

where ¢(z) is analytic in U with ¢(0) = 1. Using (2.7) and
(3.5), we have

() vt no(

1-2 ,
= % U;?Awé nP(Z) +z (U;?X,é T'p(Z)) . (36)

Differentiating (3.6) with respect to z, and multiplying by z,
we get

(%)Z (%fé%(@)l
= P(I; A)Z (U;'fl’gnp(z)y

+[(p =124 @)U £ 1p(2)

/

[(p—Pa()+ 7z (U (@) (3.7)

687

Since Hp(2) €USYS e (1:2) = Hp(2) €USY, ¢ (7.7), we can
take

1
p—Y

h(z) (3.8)

WUl
Ul e Hp(2) .

Using(2.7) and(3.8), we get

+(p—1h(z)+7. 3.9)

p[Unic up(z)] Cp(1-2)
£ _

Ule bp(2) A

From (3.7), we have

(p) Z(U,T;{lg Mp(2))’

T 0" . 1) =[(p—7)q(2)+7]
P,

A

o=+ v+ 2

(3.10)

+(p—7) 24 (2).

From(3.9) and (3.10), we have

!
|z (Urtn)
p=Y U,TI% Hp(2)

'(2)
=q(2)+ —— “ :
P (p=1)h() + v
(3.11)

Since 0 < A < p and h(z) < x(z) in U, then
Re(p(lll_)L> + (p—7)h(z)+7) > 0, so by taking

1 .
w(z) = —=—+——— and applying lemma(2.1) we can
(2) 1;(1/1 M+(pfy)h(z)+y pplying (2.1

show that p < x. O

4. Inclusion theorems involving the
integral operator F), .

In this section we consider the generalized Libera integral
operator F, . defined by

p+c
Fye T'p(Z) = z

1
| @t (e>=pimy e a)
Now

m ptc
FP:" Up,lé Np (Z) =

1
/0 7t U e,

ZC
(c>—=pinp €Ap).
4.1
From (4.1), we have
WFpe Uy e Mp(2) = (p+0)U)5 e Mpl(2)
—cF,, U;?x,.g np(2). 4.2)

"
<800,
S50z
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Theorem 4.1. Let ¢ > —p and x € I1 with
Re{(p—7)q(z) +7+c}>0.IfU, - np(2) €US, 37 (&%),
then Fpo (U} ¢ Mp(2)) € US;”;LW (&:x)

Proof. Let
Uty e Mp(2) € US, 37 (E50).
Then
!
. ( i ) (B (U @) |
e .
Py Fpe Upy e Mp(2)
Take
!
1 < (Fp.c (Ug’tl’g nP(Z)>)

00 = (5=

where q is analytic in U with g(0) = 1.By using(4.2) and (4.3),
we have

(4.3)

p=Y Fpe Ul np(2)

U;,’f,l’g n,(2)

_pht P (4.4)
Fp,c U/z,l,& Mp (Z)

(p+e) =(p—14qE) +r+e.

Differentiating(4.4) logarithmically with respect to z, we get

Z(U,’:L}; nP(Z))I _ Z(Fp,c U;f,/l,é TI,;(Z)),
Upae My(2) FpeUse Np(2)
(r—7)24 (2)

. 4.5)
(P=")a(z)+71+c
Simplifying the above equation, we get
12U e Mp(2) v = a0+ 74’ ()
—Y| =4z .
P=7| Ul M) (P—7a(z)+v+c
(4.6)
By using the lemma (2.1),we get

Fpe(Ury « Mp(2) €US YT (&) O

Theorem 4.2. Let ¢ > —p and y € I1 with
Re{(p—7)q(x) +7+c} > 0.IfUM, - ny(z) € UK (§: %),
then Fp (U} & Mp(2)) € UK;T'{(&;X)-

Proof. Let U}, - My(z) € UK;"{(QX) then there exist a

function U, . Up(z) € US;;X’Y(é;x). such that

/
Z(UZZL& np(z))
U;flé Up(z)

1
p—

y -7l =< x(2).
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where q is analytic in U with g(0) = 1, then using (4.2) in
above expression, we obtain

[(P—=7)a(@)+7] Fpe Uy ¢ p(2)

T FpeUpye M(2)

= (p+c) UM ¢ (). 4.7)

Then differentiate (4.7) with respect to z we get,
GOl
Fp Ul ¢ Hp(2)

=[(p—74a) +7(p—7)h(z) +y+c]
+24' (2)(p— 7).

(p

(4.8)

Since p,(z) € US;’Z’E (€;x), then by theorem(4.1), we have

Fp Uy elp(2) € US;"Z’Y(é;x). Let

1 [2(Fp Ul e up(2))
h(z) = PEpAs TRyl (4.9)
p—Y Fp,cUl,,Lg .up(z)
From (4.9), we get
(P+)Up e lp(2)
= CFp,cU;?/l,é 1p(2)
+[(p = V)h(2) + NFp.UYs ¢ Up(2) (4.10)
This gives
Ul ehip(2)
(pte)—LEEP2 L (p—Ph(z)+7. @11

FI’,CUZ;Lgup(Z)
From (4.8), we have

z (Ul’,’flﬁgnp(z))

Fp,cUZ’llﬁglep(Z)

=[(p=7)a(@) +Y[(p—1h(z) +r+c]

(p+c)

+(p—7) 24 (2). (4.12)
From equations(4.11) and(4.12), we have
1 (20 e mp(2) !
phe T | = qlo)+ () :
p=Y Upjyg 1y (2) (P—vh(x)+v+c
(4.13)
O
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