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On strict strong coloring of central graphs

S. Baskaran'*

Abstract

A strict strong coloring of a graph G is a proper coloring of G in which every vertex of the graph is adjacent to
every vertex of some color class. The minimum number of colors required for a strict strong coloring of G is
called the strict strong chromatic number of G and is denoted by x,(G). In this paper we discuss some results

on strict strong chromatic number of central graphs.
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1. Introduction

All graphs considered here are simple. For graph theoretic
terminology we refer to [4]. Let G = (V,E) be a graph. The
degree of a vertex v € V in a graph G is defined to be the
number of edges incident with v and is denoted by deg (v).
A vertex of degree zero in G is an isolated vertex and a ver-
tex of degree one is a pendent vertex or a leaf. Any vertex
which is adjacent to a pendant vertex is called a support ver-
tex. The open neighborhood and closed neighborhood of v is
N(v)={ueV:uve E}and N[v] = N(v) U{v} respectively.
A subset S of V is called a dominating set (total dominating
set) of G if every vertex in V — § (every vertex in V) is adjacent
to a vertex in S. The domination number vy (total domination
number 7;) is the minimum cardinality of a dominating set (to-
tal dominating set) in G. A dominating set of G of cardinality
¥(G) is called a y-set.

A proper vertex coloring of G is an assignment of colors
to the vertices of G in such a way that adjacent vertices are as-
signed distinct colors. The chromatic number x(G) of a graph
G is the minimum number of colors required for a proper col-
oring of G. The concept of strong coloring was introduced by
LE. Zverovich [19]. It defines a dominance relation between
graph vertices and color classes. A strict strong coloring of G

is a proper coloring of G in which every vertex of the graph
is adjacent to every vertex of some color class, that is, each
vertex totally dominates every vertex of some other color class.
The minimum number of colors required for a strict strong
coloring of G is called the strict strong chromatic number
of G and is denoted by ,s(G). Some basic results on strict
strong colorings are given in [2, 10, 13, 17]. Given a graph
G, we subdivide each edge of G exactly once and join all
the non-adjacent vertices of G. The graph obtained by this
process is called central graph of G denoted by C(G). In this
paper, we prove the results on strict strong chromatic number
of central graphs on path, cycle, complete graph and complete
bipartite graph.

2. Results

In this section, we prove the exact values for path, cycle,
complete graph and complete bipartite graph.

Theorem 2.1. For a path P,,

B L2n3;lj+1, n=2(mod3)
Xss(C(Pn)) = { |25 42, otherwise

Proof. Let vi,vs,...,v, be the vertices of a path P, and let
c;,j be the vertex which divides an edge v;v;.

Case 2.2. n=0(mod?3)

Consider a coloring € = {{v;} : i = 0(mod 3) } U{vn-1}
Ut U{{viUvip1}ii=1,4,7,...,n =2}
U{(cij: 1<i<n—1land j=i+1)} of C(P,). Clearly the
vertices ¢; j, where i =1,4,7,...,n—4 and j =i+ 1, totally



dominates the color class {{v;Uv;;|} and rest of the ver-
tices totally dominates some color class {{v;} : i = 0(mod 3)}.
Hence 25(C(C,)) = |25 ] +2.

Figure 1. (a): Strict strong chromatic number of central
graph on path Py is 4. (b): Strict strong chromatic number of
central graph on path Ps is 4. (¢): Strict strong chromatic
number of central graph on path P is 5.

Case 2.3. n = 1(mod?3)

Consider a coloring ¢ = {{v;} : i = 0(mod 3)} U{vn}
U{{V,’UV,’.H} = 1,4,7,...,71—3}
U{(cij:1<i<n—landj=i+1)} of C(P,). Clearly the
vertices ¢; j, where i =1,4,7,...,n—3 and j =i+ 1, totally
dominates the color class {{v;Uv;;1} and rest of the ver-
tices totally dominates some color class {{v;} : i = 0(mod 3)}.
Hence 74, (C(C,)) = | 251] +2.

Case 2.4. n=2(mod3)

Consider a coloring ¢ = {{v;} : i = 0(mod 3)}
U{{ViUVi+1} = 1,4,77...,1’1— 1}
U{(cij:1<i<n—1land j=i+1)Ucy,} of C(C,). Clearly
the vertices ¢; j, where i = 1,4,7,...,n—4 and j=i+1, to-
tally dominates the color class {{v; Uv;.} and rest of the ver-
tices totally dominates some color class {{v;} : i = 0(mod 3)}.
Hence 25(C(C,)) = [ 25 + 1. O

Theorem 2.5. For a cycle C,

B LZS—”J +1, n=0(mod3)
Xss(C(Cn)) = { L%—”J +2, otherwise
Proof. Letvy,vy,...,v, be the vertices of a cycle C,, and let

¢;,j be the vertex which divides an edge v;v;.
Case 2.6. n = 0(mod?3)

Consider a coloring € = {{v;} : i = 0(mod 3) } U{vn-1}

U{va tU{{viUvip }ii=1,4,7,...,n =2}
U{(cij:1<i<n—1land j=i+1)Ucy;} of C(Cy). Clearly
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the vertices ¢; j, where i = 1,4,7,...,n—4 and j=i+1, to-
tally dominates the color class {{v; Uv;;1 } and rest of the ver-
tices totally dominates some color class {{v;} : i = 0(mod 3)}.
Hence x,s(C(Cp)) = [ 2] + 1.

Figure 2. (a): Strict strong chromatic number of central
graph on cycle Cy is 4. (b): Strict strong chromatic number of
central graph on cycle Cs is 5. (¢): Strict strong chromatic
number of central graph on cycle Cg is 5.

Case 2.7. n = 1(mod?3)

Consider a coloring 6 = {{v;} : i = 0(mod 3) } | U{vn}
U{{WUVH—I} = 1,4,7,...,1’1—3}
U{(cij: 1<i<n—land j=i+1)Ucy;} of C(C,). Clearly
the vertices ¢; j, where i = 1,4,7,...,n—3 and j =i+ 1, to-
tally dominates the color class {{v; Uv;1;} and rest of the ver-
tices totally dominates some color class {{v;} : i = 0(mod 3)}.
Hence XSS(C(CW)) = L%nj +2.

Case 2.8. n=2(mod3)

Consider a coloring € = {{v;} : i = 0(mod 3) } U{vn-1}
U{vntU{{viUvip1}ii=1,4,7,...,n—4}
U{(cij: 1<i<n—1land j=i+1)Ucp;} of C(C,). Clearly
the vertices ¢; j, where i = 1,4,7,...,n—4 and j =i+ 1, to-
tally dominates the color class {{v; Uv;;} and rest of the ver-
tices totally dominates some color class {{v;} : i = 0(mod 3)}.
Hence x(C(C,)) = LZ?HJ +2.

Theorem 2.9. For a complete graph Ky, Xss(C(Ky)) = 2(n—
1).

Proof. Letvy,v,,...,v, be the vertices of a cycle C,, and let
c;,j be the vertex which divides an edge v;v;. Consider a col-
oring € = {{vi} : 1 <i<n—-2}U{vi_1Uvs}
U{cij:1<i<n—2andj=i+1}U{cp1,} of C(Kp). Each
vertex v;,1 < i < n—2, totally dominates the color class
{c,-J 1<i<n—-2andj=i+ 1} and vice versa. Further
the vertices v,_; and v, totally dominates the color class
{¢n—1,} and the vertex c,_;, totally dominates the color
class {v,—1 Uv, }. Hence x5(C(K,)) =2(n—1). O



Figure 3. Strict strong chromatic number of central graph on
complete graph K is 8.

Theorem 2.10. For a complete bipartite graph K, ,,,

B m—+n, ifm#2orn#?2
Kss(C(Kmn)) = { m-+n+1, otherwise
Pl"()()f Let YmlyVm2y -3 Vmk;Vnl,Vn2, .- 7Vnk7k Z 1 be the ver-

tices of K, , and let ¢; ; be the vertex which divides the edge
Vmian71 <i,j<k.

Case2.11. m=n=1.

In this case it is easy to observe from figure 5 that
Xss(C(K11)) =2 =m+n.

M)
® O ®
Figure 4. Strict strong chromatic number of central graph on

complete bipartite graph K j is 2.

Case2.12. m=2o0rn=2.

Consider a coloring € = {vy,1 Uvn } U{viz }

U{{mit:2<i<k}U{cij:i={ml,m2},n1 < j<n(k—1)}

U{cmank}. Clearly each vertex v, where i = {1,2}, v,;,
where 1 < j <k and ¢;,i # ml and j # nl, totally domi-
nates some color class {{v,;} : 2 <i < k}. Further the vertex
Cm1 qi totally dominates the color class {v,,;1 Uv,} and the
vertex vy, totally dominate the color class {c, .« }. Hence
Xss(C(K2,)) = m+n+ 1. Similarly, we can prove that
Xss(C(Kip2)) =m~+n+1.

Figure 5. Strict strong chromatic number of central graph on
complete bipartite graph K 3 is 5.
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Case 2.13. m >3 andn > 3.

Consider a coloring € = {v1 Uvp YU {{vmi} : 2 <i <k}
U{{an} 12<j< k}U{cih,- ml <i<mknl <j< nk}.
Clearly each vertex v,u;,v,; and c; j, where i # ml and j #
nl totally dominates some color class {{vp}:2 <i<k}
or some color class {{v,;} :2 < j < k}. Further the vertex
Cmi a1 totally dominate the color class {v,,1 Uvy,1}. Hence
Xss(C(Kpp)) =m+n. O
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