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1. Introduction

In this paper, we are concerned with the following Cauchy
problem:

B
AerDS‘ft+l v (—A) Ty = k(t,x) |ul”, 1 >0, xe RV
u(0,x) = up(x) >0, u(0,x) =ui(x) >0, xRV
v(0,x) = vo(x) >0, v(0,x) =vi(x) >0, xRN,
(1.1)

where p > 1,g>1,0< o; < 1,0 < ; <2,i=1,2 are con-
stants.

=h(t,x)|v|?, >0, xRV

al
DO/t

and (—A ) 7 s B’ — fractional power of the (—A).
The functions & and k are non-negatives and assumed to satisfy
the conditions:

denotes the derivatives of order ¢ in the sense of Caputo

2 2
h(tRE T xR) = R*h(t,x), k(tR®T xR) = R'k(1,x)

where v >0, u >0, and R > 0.

" (1.2)

In the beginning of this work we note that Chen and Holm [2]
studied the equation

Vip=

where 0 <y <2 and (—V?2)2 is
generalize the two cases:

e when y = 2 the equation

1 9%p

vip— 2P
P g or?

u d
+ 2ot (—=V)p,
€
which governs the propagation of sound through a vis-

cous fluid, where cq is the small signal sound speed,
and 4 = 2a0c(3) the collective thermoviscous coefficient.
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e when y = 0 the standard damped wave equation Definition 2.1. Let 0 < o0 < 1 and {' € L (0,T). The left-
) sided and respectively right-sided Caputo derivatives of order
V2 — 1 d°%p 200 9p o for § are defined as:
2 8t2 C at .
1 )
which describes the frequency-independent attenuation. o|;C( )= rl—a) /0 (i—s) ds,
The problem of global existence of solutions for nonlinear and
hyperbolic equations with damping term have been studied by /
many researchers in several contexts (see [8], [11], [12], [13], 1 T g (s) d
[20], [21]), for example, the following Cauchy problem: t\Tg( )= F(l —a) /t (s—t)e
—Autu, = ul?,  (t,x) € (0,00) x RN where T" denotes the gamma function (see [14] p 79).
’ ' (1.3)
(O,x) =uo(x), u(0,x) =u(x), xeRV, In general
F. Sun and M. Wang [19] extended the works of authors a 1 ! & (s) d
above to the case of a system : 0|t (1) = I(l1—a) /0 (t— s)fn+a+1 85
U — A4y = |v|P ( ) € (0,+00) x RV where n = [at] + 1, > 0.
— Avtv, = [u)?, € (0, 400) x RV By using the property
(1.4)
(O,x) = up(x), uz(O,x) =u (x) D, (D"§(1)) = D& (1)
V(07X) = VO(X)a Vi (va) =V ()C),
wherem e Nandn—1< a <n.
1 1 i i
they showed that if max{ tp o 1ta } N for N > 1 We have, in particular
~ Upg—1"pg—1 2 | ()
?Vl.lf.:l'e p,q > l.and sag?fy pg > 1, then every solutlpn with D((;c';rlc( ) = / 1t _ds, O<a<l).
initial data having positive average value does not exist glob- I(1-a)jo (t—s)
ally. i N
A. Hakem [11] treated the same type of (1.3), then he extended Definition 2.2. Let Or = (0, T) XRY, 0<T < oo )
this result to the case of a system : We say that (u,v) € (L loc(QT)) is a local weak solution to
problem (1.1) on Qr,
. 2 . .
i — Dt g0y =[], (1,%) € (0,+00) xRV if (V9. Ku?) € (L}, (Qr))’, and it satisfies
vtt_AV+f(t)vt_ |u|q7 (tvx) € (07+°°)XRN
o
u(0,x) = up(x), u;(0,x)=u;(x) / hv|* & dXdH‘/ u1(x)€1(0,x) dx+/ MO(X)Dt\erl (0,x)dx
v(0,x) = vo(x), v(0,x) =v;(x), B
(15) +/ ug (x t|TC1 (0,x) dx+/ £1(0,x)(—A) 2 up(x) dx
g(t) and f(t) are functions behaving like % and 1%, respec- = /Q uGyyy dxdt — /Q uA dxdt
tively, where ' o 5,
0<B,a<l. —/ thO“'THC dxdt—/ u(—A) 7§, dxdt.
Hakem [11] showed that, if or or
2.1
N 1
7 500 1max{l—ﬁ-l—p(l—a)J—OH“I(l_ﬁ)} and
—max (a, ),

/ klul? & dxdi + / 11 (0)6(0,) dx + / v0(x)DE 62(0.) dx
then the problem (1.5) has only the trivial solution.

Our purpose of this work is to generalize some of the above 4 / vi(x z\TCZ (0,x)dx+ / &(0,x)(— A)ﬁ%vo (x)dx
results, so with the suitable choice of the test function, we

were able to prove a nonexistence result to (1.1) in the weak = / ubp, dxdr — / uAG dxdt
formulation. Or

B
o f/ DG dxdtf/ v(—A) 7 &, dxdt.
2. Preliminaries Or or

Let us start by introducing the definitions concerning frac-
tional derivatives in the sense of Caputo and the weak local  for all test function {; € C,% ;2(QT) suchas §;>0and §;(T,x) =
solution to problem (1.1). Gi,(T,x)=0,i=1,2
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(see [12]). by parts on

.. . Qr = (0,T) x RV, we get
Remark 2.3. To get the definition 2.2, we multiplying the first

equation in (1.1) by {; and the second equation by §,, inte-
grating by parts on Qr = (0,T) x RN and using the definition /Q h|v|? & dxdt +/ uy (x)61(0,x) dx
2.1 !

. . - +/ u (0,x
The integrals in the above definition are supposed to be olx "TCI dx
convergent. / 0
If in the definition 7 = oo, the solution (u, v) is called global. * Jer 10D ‘T ré1(0.x)dx
Now, we recall the following integration by parts formula: n / £1(0,) B o (x) dx
T .
/0 ¢(1)(D O\z‘l’)( )dt = /0 (D7 9) (1) w(r)dt :/ uClndxdt—/ uAg; dxdt
. Oor
B
(see [18],p 46). —/ “D;T]THC dxdt —/ u(—A) 7 &y, dxdr.
or Or
3. Main results (3.2)
We now in position to announce our result. Hence,
Theorem3.1. Letp>1,g>1,0<0;<1,0<,<2,i=1,2,
and /Q V7 dxdt < / | |C|,,\dxdt+/ | |AC | dxdt
T
2 2
N 1P - Dt paptao gy p +/Q |u|\og;+1g‘dxdt+/ )| (=8)* &, | dxd.
1= T
pg—1 3.3)
and
We have also
2
w1 PP = (P D pgotpptputy
Nyim ST /Q k|u|pC2dxdt§/ \vHCz,[|dxdt+/ V] [AG| dxdr
- T
and the conditions (1.2) are fulfilled. —l—/ vl ’Df“?lg ’ dxdt—i—/ v [( CZz dxdt.
If the initial data satisfies Or
(3.4)
By
/ ui(x)dx >0 / vi(x)dx >0 / 2up(x)dx >0, To estimate Jo, [ul1&i,,| dxdt, we observe that it can be rewrit-
By ) ten as
/N(—A) Tyg(x)dx >0, i=0,1
R " " 1 =1
1) [ ullguldvde = [ 1l (k)7 |G| (kG2) T dvatr
or or
N < max{Ni;N,}, Using Holder’s inequality, we obtain
then, every weak solution of the problem (1.1) does not exist 1
globally in time . » p
[ uligu e < [ jul? (k) dx
Proof. We notice that, in all steps of proof , C > 0 is a real Or Or
positive number which may change from line to line. el
2(0g+1) " P =L
t P P
Set ¢i(t,x) :¢Z<R4>¢ <|;e|2 ) i =1,2 such as @ is X (/QT |C1, | 77T (KG2) 1dxdt> .
a decreasing function C3(R"), satisfies Proceeding as above, we have
1 if 0<r<1 1
0<®d<1and d(r)=4 . = =5 ,
0 if r>2. / | |AG| dxdr < / lul? (k&) dxdr
or Or
R >0, and ¢ > 2max{p,G}, where pp =p+p and g = =
q+d. . . , x / G| (kG) 7 dxdt |
Multiplying the first equation of (1.1) by {; and integrating or
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and
1
P
/ |u to‘tlT+1C1’dxdt < (/ u|p(kC2)dxdt>
Or or
p-1
n— 1 P
) (/‘ D4’ <k@>p1dxm> ,
or
and

(—A)ﬁTlQ dxdt < (/ u|”(k§z)dxdt> !
Or

p—1

(k)7 dxdt) "

/e
(4,

Finally, we infer

/h|v|qC1dxdt§</ |u|p(kC2)dxdt>
or Oor

where

By

ENEx

1
P

o, (3.5)

o

1C1 7T (kG) 7T 'dxdf>

‘AC”P ! kC2)1’ 1dxdt>

p=1

l 4
” (kGy) 7T ldxdt>

p—1

) (ké_fz)ﬂ 'dxdt)p.

061+1

+ t\T

(L
(h
(4

eyl

(4,

Arguing as above we have likewise

1

q
/ k|u"§2dxdt§</ |v|q(hC1)dxdt> 2,
or Oor

where

(3.6)

S
|

gq-1
q

g—1
q
DOtz+1

flT C2

= =
(h8))TT dxdt

g—1

<QT
+<4JMm“wmeMQ

_4q_ e
q-1 =1 K
(hG) T dxdt) .

628 X

By the choice of §;, it is easy to show that <7 and % are finite.
By combining inequalities (3.5) and (3.6) together , it yield

3.7

Pq
/ AV G dedt | <
Or

Similarly, we get

pg—1

rq
/ k|ul? & dxdi
Or

Now, in &7 we consider the scale of variables:

< Bt (3.8)

t =TR*%*1  x=yR,

while in & we use:
_2
t=1tR%2* x=yR.
We define the set Q and the functions ¢; by
Q= {(T,y) R, xRY; 2@+ <2 |y? < 2}
and

Gi(t,x) = Ci(TR# ,Ry) = ¢;(1,y)

and use the fact that

_2 =4
dxdt = R(NJr %+l )deT7 Giry = RO Pipry ALGi = Risz‘Pi

] Bi (B2 .
DO!H—l s Cl ZD?‘[;I(P‘D (_A)x2 git =R (ﬁl+ o;+1 ) (_A)yz ¢i‘r7 i=
t\TRO‘iJrl

1,2.

)




Thus,

and
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p—1

P =1 o
</ |C1tt|p71 (k&) P dxdt)
or
p—1
. 1 ’
=K (/ 91,177 (k)7 dydr) 7
Q

p—1

( [, 1aal (k)7 dxdr> p

= R” ( [ 180117 (ko) 7 dydr) %,
(1, |
— RV (/

(],

— R¥% (/Q

op+1
Dt|T C

P (k&) 7T a’xdt)
p—1
J2

7T (kg ldydr> :

a1+]
t|T 1

p—1
1

NI

) (kCz)P 1 dxdt)

(ko) 7T dydr) o

(-8)%0|"

g—1

(/ [ (hG)T dxdt)
or
=R </Q|¢2n|qq] (h(l)l)ﬁ dyd’r) ,

gq-—1

< / |A«:z|q"'<hcl>q“'dxdr> q
ZRM</Q|A¢2|‘1Q‘(h¢1)"1'dydT> ,
(],

q

a+1
DllT €2

ey 1
(h&1) T dxdi

_R)L3</ O£2+l (h(Pl)q ldyd»r>q7
(/ kel P ldxdt> q

or
=RM< /Q (—8) % | (h(,,])qadyd,c) |

2 1 %
" ( o+1/p p
where
— (AJ*? 2 )A},A,ZA,‘Y
N Y
2 1 2 \%
(g )
n ( (51+11p B o +1
4
PO (YA R S
w+1/qg o+l ¢
2 1
12:<N+ )j—Z—E
w+1/4q q
and
2 1
13:(N+ )T*Z*E
ap+1/§g q
2 1 2 u
l—(NJr )t*( + )**
! ) A Gy

we arrive at

pg—1

Iz
(/ h|v|q;1dxdt> gC[R”]—kRVZ—i—Rﬁ—i—RY“}
or

1
x [R’ll +R™ 1 RM 4 R’L‘] ’
(3.9)

similarly, we have

rg—1

rq
(/ k|u|P§2dxdt> SC{R’Ll—kR’LZ—&—RM—i—RM}
or

1
[Ryl +R? 4R +RV4] ‘
(3.10)

we observe that 71 < = 13 and M <=2

1 2 1
Sety=(N+ ——p——and A = ——
ety ( 1+1) p pan ( OCerl)q
ot
q
where p = mm{Z [31+L} and G:min{Z B+
+1 ’
2
OCerl}'
Hence
pg—1
prq 2
/h\v\qgldxdt <CR"'S 3.11)
Or
and
pg=1
Iz P
(/ k|u|”§zdxdt> < CRMT, (3.12)
Or
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with the fact that Define
2
T i (3.13) EZ{(M)E& xRV 2(F ) < 2R, || §2R2}
p b q

) ) From (3.11) we can get
by a simple computation,
1

Pq
H&:N(”q*1)+ 2 (1_l>+ 2 (l_i) / hiv|9 dxdt < C /h\v\"cldxdz
p pq o +1 p w+1\p pq R+ xRN by
c v u
P == — we have
P P Pq
. g _
and Jim /E h|v]? ¢ dxdi =0,
)H_Z:N(L_l)+ 2 (1_1) + 2 (l_i) hence, we infer that
q g o +1 q/ oa+1\q pg
c_P_H_V / h|v|? dxdt =0,
9 q9 pqg R xRN

this implies that v=10.

Similarly, if A + g =0, proceeding as above, we infer
that u = 0, we arrive again at a contradiction with (3.1).
We deduce that no global weak solution is possible ,
which ends the proof.

We conclude that

A
o If v+ ; <0, it yield

2
- —q)— -1 o +qv
e w1 1P @ Dtpaptaotqvip 0
pq—1 Remark 3.2. When o; — 0, Bi —0and v=p =0 (i.e. h=
Then the right hand side of (3.11) goes to 0, when R k = 1), we recover the case who studied by A. Hakem (see
tends to infinity, we pass to the limit in the left hand [11] ) when o = = 0. Also we retrieve the same result
side, as R goes to -Hoo; we get obtained by F. Sun & M. Wang ( see [19]).
4. Conclusion
RL“EDO ( /Q . h|v|? {1 dxdt ) =0. By using fractional calculus properties, applying the test
function technique and under suitable conditions, we proved
Using the Lebesgue dominated convergence theorem the nonexistence of global solution to the system above.
the continuity in time and space of v and the fact that
Ci(t,x) = 1 as R — oo, we infer that References
pg—1 11 M. Berbiche, A. Hakem, Necessary conditions for the
/ hv|? dxdi n —0 existence and sufficient conditions for the nonexistence
JR+ xRN ' of solutions to a certain fractional telegraph equation.
Memoirs on Differential Equations and Mathematical
This implies that v=0a. e. on RT x RV physics. vol 56, 2012, 37-55.
Similarly, if A + Y <0, it yield (2] W. Chen & S. Holm, Fractional Laplacian time-space
’ q ’ models for linear and nonlinear lossy media exhibiting ar-
5 5 bitrary frequency power-law dependency J. Acoust. Soc.
_ (pg—p)— (p—1)+pgo +pp +pi+v Am., Vol. 115, No. 4, April 2004.
N<_ %t 1 o +1 131 M. Dijilali & A. Hakem, Nonexistence of global solutions

K
pqg—1 to system of semi-linear fractional evolution equations.

Universal Journal of Mathematics and Applications, 1 (3)
(2018) 171-177.
M. Djilali & A. Hakem, Nonexistence of global solutions
to semi-linear fractional evolution equation. International
o Ify+ A — 0, we have Journal of Maps in Mathematics, 2 (1) (2019) 64-72.

P IS M. Dijilali & A. Hakem, Results of nonexistence of solu-

by using also (3.12) to proceeding as above, we obtain
u=0a. e. on RT x RV, which is a contradiction with [4]
(3.1).

g tions for some nonlinear evolution problems. Comment.
/wxw hv|* dxdt <o Math. Univ. Carolin. 60, 2 (2019) 269-284.

630 X



[6]

[71

(8]

91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Nonexistence of global solution to system of semi-linear wave models with fractional damping — 631/631

M. Escobedo & H. A. Levine, Critical blow up and
global existence numbers of a weakly coupled system of
reaction-diffusion equation. Arch. Rational. Mech. Anal.
129 (1995),47-100.

A. Z. Fino, Critical exponent for damped wave equations
with nonlinear memory. Nonlinear Analysis 74 (2011)
5495-5505.

A.Z. Fino, H. Ibrahim & A. Wehbe, A blow-up result
for a nonlinear damped wave equation in exterior do-
main: The critical case, Computers & Mathematics with
Applications, Volume 73, Issue 11, (2017), pp. 2415-
2420.

H. Fujita, On the blowing up of solutions of the problem
for u; = Au—+ u't® J. Fac. Sci.Univ. Tokyo 13 (1966),
109 - 124.

B. Guo, X. Pu & F. Huang, Fractional Partial Differen-
tial Equations and Their Numerical Solutions. World
Scientific Publishing Co. Pte. Ltd. Beijing, China (2011).
A. Hakem, Nonexistence of weak solutions for evolution
problems on RN | Bull Belg. Math. Soc. 12 (2005),
73-82.

A. Hakem & M. Berbiche, On the blow-up of solutions
to semi-linear wave models with fractional damping .
IAENG International Journal of Applied Mathematics,
(2011) 41:3, JAM-41-3-05.

T. Ogawa & H. Takida, Non-existence of weak solutions
to nonlinear damped wave equations in exterior domains,
J. Nonliniear analysis 70 (2009), 3696-3701.

I. Podlubny, Fractional differential equations. Mathemat-
ics in Science and Engineering, vol 198, Academic Press,
New York, 1999.

S.I. Pohozaev & A. Tesei, Nonexistence of Local Solu-
tions to Semilinear Partial Differential Inequalities, Nota
Scientifica 01/28, Dip. Mat. Universitd "La Sapienza”,
Roma (2001).

Y. Povstenko, Linear Fractional Diffusion-Wave Equa-
tion for Scientists and Engineers. Springer International
Publishing Switzerland 2015.

C. Pozrikidis, The fractional Laplacian, Taylor & Francis
Group, LLC /CRC Press, Boca Raton (USA), (2016).

S. G. Samko, A. A. Kilbas & O. 1. Marichev, Fractional
integrals and derivatives: Theory and applications. Gor-
dan and Breach Sci. Publishers, Yverdon, 1993.

F. Sun & M. Wang, Existence and nonexistence of global
solutions for a nonlinear hyperbolic system with damping,
Nonlinear analysis 66 (2007) 2889-2910.

G.Todorova & B.Yordanov, Critical Exponent for a Non-
linear Wave Equation with Damping. Journal of Differen-
tial Equations 174, 464-489 (2001).

Q. S. Zhang, A blow up result for a nonlinear wave equa-
tion with damping: the critical case, C. R. Acad.Sci.
paris, Volume 333, no.2, (2001), 109-114.

S-Mu. Zheng, Nonlinear evolution equations,

Chapman & Hall/CRC Press, Florida (USA), (2004).

631

ok ok ok ok Kk ok ok
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
Kk Kk k kK Kk k


http://www.malayajournal.org

	 Introduction
	Preliminaries
	Main results
	Conclusion
	References

