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1. Introduction

A list of conditions on an n X n matrix A, equivalent to its
being normal, published twenty years ago by Grone, Johnson,
Sa, and Wolkowicz has proved to be very useful [1] it contains
70 conditions, each equivalent to the original definition of
normality. Matrices provide a very powerful tool for dealing
with linear models. Bimatrices are still a powerful and an
advanced tool which can handle over one linear model at
time. Bimatrices are useful when time bound comparisons are
needed in the analysis of a model [7].

A square complex matrix Ag € Cyxp, is called normal if
ApAj = A3Ap where A} = AL denotes the conjugate transpose
of A[5]. There are many equivalent conditions in the literature
for a square matrix to be normal[1].Our purpose to present
a list of condition on n X n quatemion bimatrices A each of
which is equivalent to A being normal. We define A to be
quatemion quasi normal[2], [7], if and only if

ApAST =ALAS,
A AT UAAST =ATAfUATAS

Though many conditions we have listed are similar, the list
could be expanded much further by including variations on
the statement of commutatively, etc.

Also, we have refrained from going beyond characteriza-
tions of the quasi normal of a single bimatrix and not included
results about sums or products of quaternion quasi normality
bimatrices etc.

The condition of quasi normality is a strong one, but
as it includes the Hermitian, Unitary and Skew Hermitian
bimatrices, it is an important one which often appears as the
appropriate level of generality in highly algebraic work and
for numerical results dealing with perturbation analysis.

2. Preliminaries and Definitions

Definition 2.1. A matrix A € Cy,y, is said to be hermitian if
A=A* Thatis, ajj=aj,i,j=1,2....n

Definition 2.2. A matrix A € C,y, is said to be skew hermitian
ifA=—A* Thatis ya;j=—aj, i,j=1,2....n

Definition 2.3. A matrix A € C,,x,, is said to be normal if
AA* = A*A. That is, Qjjan—j+1i = Ajn—i+1dij; i,j= 1,2...n

Definition 2.4. A matrix A € Cyp, is said to be unitary if
AA* =A*A =1

Definition 2.5. A bimatrix Ap is defined as the union of two
square or rectangular array of numbers A1 and A, arranged
into rows and columns. It is written as Ap = A1 UA,, where
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A # Ay with
r,1l 1 17
a%l a%z ...... (J}n
6121 azz ...... azn
Al =
1 1 1
L 9n1 92 o |
r 2 2 2
all aiz ...... azln
a21 a22 ...... azn.
Ay = : i
2 2 2
L %1 G2 : Dnn

"U’is just the notational convenience (symbol) only.

Definition 2.6. A quasi normal bimatrix A is defined to be a
quaternion quasi normal bimatrix such that,

ApAST =ALAS
= (A1 UA2) (ATT UAST) = (AT UAT) (A§ UAS)
MAST UAAST =ATAT UATAS
Definition 2.7. A square bimatrix Ap is normal if it com-
mutes with its conjugate transpose AyAp = ApA}y if Ap =
Ag is real, then AgAB = ABAIE obviously unitary bimatri-
ces (Ay = Ag'), Hermitian bimatries (A} = Ag) , and skew-
Hermitian bimatrices ( Ag* = —Ag) are all normal. But there
exist normal bimatrices not belong to any of these.

Definition 2.8. The bimatrix is called non-negative if all en-
tries of are non-negative. The non-negative bimatrix is called
quasi positive if there is a natural number such that all entries
of are positive.

3. Some theorems and examples

Theorem 3.1. If Ap is quaternion quasinormal then Ag is
quaternion quasinormal bimatrix for any conjugate.

Proof. Given Ap is quaternion quasi normal. We have to
prove Ag is quaternion quasi normal.

A% (45)7 =G (a5")°
(AT UAS) (AT UAS)T = (AT UAS)T (AfUAS)
ATATUASAT =ASTA UAST A,
Hence Ag is quaternion quasinormal. U

Theorem 3.2. If Ap is quaternion quasi normal then AgT is
quaternion quasi normal.

Proof. Given Ap is quaternion quasinormal. We have to prove
AgT is quaternion quasi normal.

CT T C
A" (A5") =(A5")" (a5")
(AST UASTY (AST UAST)T = (AST UAST)" (AST UAST)S
MAST UAAST =ATAT UATAS
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Hence, A§” is quaternion quasinormal. O

Theorem 3.3. [f Ap is quaternion quasi normal then A} is
quaternion quasi normal.

Proof. Given Ap is quaternion quasi normal.
We have to prove: Ag is quaternion quasi normal.

Af (A5 = (a)" (ah)
(ATuAD) (ATuAD) = (aTual)" (aTuAb)¢
ATATUATAS =4 AT UALAST
ALAST UALAST =AT AT UAT AS
Hence A} is quaternion quasinormal. O

Theorem 3.4. If the sum if quaternion quasi normal bimatri-
ces Ap and Bp are quaternion quasi normal then,

ApBY +BgAS” = (BY Ag+ASTBg)" .
Proof.

ApBS+BAST = (BST Ag+AGT B
(A1B{TUALBST) + (B1AST UBLAST)

= (BT A  UBSTAy) + (ASTB UASTBy) "
(A1BST+B1AST) U (A2BST 4 BLAST)

= (BYA] +ATB ) U (BSA] +ASB])

- ApBST +BgAST = (BSTAp+ASTBy)"
O

Theorem 3.5. If Ap and Bp are quaternion quasi normal
bimatrices then the product of ApBp is also a quaternion
quasinormal.

Proof. Given Ag and Bp are quaternion quasi normal bimatri-
ces.

(AsBs) (AsBs)" = (AsBs)" (ApBp)‘
= (A1B] UA2B,) (A1 B; UA;By) "
= (A1By UA2B>)" (A|By UA2B;)"
= A1B1AST BT UA,BLAST BST = AT BT ASBS UAT BT ASBS
.".ApBg is also a quaternion quasi normal. O

Theorem 3.6. If Ap is quaternion quasi normal bimatrices
then Agl is quaternion quasi normal for invertible Ap.

Proof. Let Ap is quaternion quasi normal bimatrices then to
prove Ag] is quaternion quasi normal for invertible Ap.
W.K.T, AgA§T = ALAS. Taking inverse on both sides,

. . CcT . T . C
At (') = () ()

cT T c
:>(A;1UA;1> (A;IUA;1> :(A;IUAZ*I) <A;1uA;1)
I N I LA LS e L
ATIATT uA AT = A AT uAs A

A,}' is quaternion quasi normal for invertible Ap.
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Theorem 3.7. If Ap is quaternion quasi normal bimatrices
then P (Ap) is quaternion quasi normal bimatrices for any
polynomial of degree

Proof. Let
P(Ap) =0+ Ap+ 0AF+.......... + Al
P (ApAGT) =0+ 0 (ApAST) + a2 (ApAGT)" + ..
+a (ApA§T)"
= P (ApA§") =P (AjA%)

P (A1Ay UASTAST) =P (AT AS UASAS)
P (A1ATT) UP (AAST) =P (AAT) UP (AJAS)
.. P(Ap) is quaternion quasinormal bimatrices. O

Theorem 3.8. If a quaternion bimatrices Ag € Hy, .y, is de-
fined as double representation of the form Ag = Aop +A1Bj
where Agg and Ap are normal then AIT; and AgT are also a
quaternion quasi normal.

Proof. Ap=Aog+A1Bj
To prove: A is quaternion quasi normal.

Ay (a5) " = (ap)" (a5)°
(af ual) (af uaD)" = (af ua])" (4T UAD)®
ATATUATAS =4 AT UALAST
= Ap =Ajp +Alp)
A (Ag)CT = (Adp +AlpJ) (AGp —ATp))
—AopA§" —A1pAT" j
Since, AgA§T = ALRAS, and A1pAST = AT AS,
(Af) (AzTa)C = (Afp JrAlT:BJ')T (Ads JrAlTBJ')C
=(ah)" (A5)°
Next to prove Ay is quaternion quasi normal
AGT (A5 = (a5 ()"
Let us consider Ag = Agg +A1sJ
= AGT (A5T)" = (AT — AL J) (Ao +Aus))
:AgBAOCB - AlTBAlcgj
By definition,
AAST <A A = AN = (45, A,
— a5 (a5
c c
AT (A5T)™ = (agT)" (a5T)

Hence proved. O
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4. Conclusion

In this paper, some equivalent conditions for a bimatrix to be
quasi quaternion normal matrices are discussed. This concept
reflects the quasi quaternion normality arises in many ways.
In this list some equivalent conditions need an additional
requirement of non-singularity or distinct eigen bivalues.
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