Malaya Journal of Matematik, Vol. 9, No. 1, 775-781, 2021
https://doi.org/10.26637/MJM0901/0137

Some degree based connectivity indices of the
polygonal cylinders of a graph
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Abstract

The polygonal cylinder C,, , is a graph obtained from Cartesian product of paths P,, and P, and using topological
identification of vertices and edges of two opposite sides P,, x P,. We have redefined the polygonal cylinder C,, ,
by using Cartesian product of C,,—1 x B,. In this paper, we have introduced a closed polygonal cylinder Cj,, ,, is
a graph obtained from Cartesian product of cycle C,, and B,. Further more we have obtained first and second
Zagreb, F-index, first and second hyper-Zagreb, harmonic, Randié, sum-connectivity and atom-bond connectivity
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1. Introduction

The topological indices are graph invariants which are numer-
ical values associated with molecular graphs. In mathematical
chemistry, molecular descriptors play a leading role specifi-
cally in the field of QSPR/QSAR modelling. Among them,
an outstanding area is preserved for the topological indices
which are well-known in graph invariant. A real valued map-
ping considering graph as argument is called a graph invariant,
if it gives same value to graphs which are isomorphic. The
order and size of a graph are examples of two graph invari-
ants. The topological indices were initiated when the eminent
chemist H. Wiener found the first topological index, known
as Wiener index, in 1947 while searching boiling point of
alkanes, amidst the topological indices invented on initial
stage, the Zagreb indices belong to the well-known and well
researched molecular descriptors.

2. Preliminaries

Let G be a finite, undirected graph without loops and multiple
edges on n vertices and m edges and is called (n,m) graph.
We denote vertex set and edge set of graph G as V(G) and
E(G), respectively. For a graph G, the degree of a vertex V
is the number of edges incident to V and is denoted by dg(v).
For unexplained graph terminology and notation refer [9, 12].

Present days, topological indices are extensively used in
mathematical chemistry. In the literature many researchers
are defined degree based topological indices. Among them,
first and second Zagreb index were defined by Gutman and
Trinajsti¢ [S] in 1972 as

M (G) = Z dg(v)?,

veV(G)
My (G)= Y. dg(u)dg(v).
uveE(G)

The first Zagreb index [13] can also be expressed as

Y. [do(u) +do(v)).

uveE(G)

M\ (G) =
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Another degree based topological index is forgotten topo-
logical index or F-index was introduced by Furtula and Gut-
man [4] is defined as

F(G)= Y do(u)=

veV(G)

Y [do(u)? +dg(v)?].

uveE(G)

The first hyper-Zagreb index was introduced by Shirdel et
al. in [16] which is defined as

HMl(G)Z Z [dG(M)+dG(V)]2.
uveE(G)

The second hyper-Zagreb index was introduced by Fara-
hani et al. in [2] which is defined as

HMy(G)= Y [dc(u)dG(v)].
uveE(G)

The Randi¢ index or product connectivity index of a graph
G was proposed by Randi¢ in [15] is defined as

1
RO = X i)

The harmonic index of a graph G was introduced by Fajt-
lowicz in [3] is defined as

2

H(G)= —.
wekE(G) dG(u) + dG(V)
The sum-connectivity index of a graph G was defined in

[20] as
1
X(G) = S —
uveg(G) dG(u) + dG(V)

The atom-bond connectivity index, which is defined in [1]
as

ABC(G)= ).

dg(u)+dg(v) —2
uveE(G) d (

6(u)dg(v)

Definition 2.1. [9] The Cartesian product Gi x Gy, con-
sider any two points u = (uj,uz) and v = (vi,v2) in V =
Vi X Vo. Then u and v are adjacent in G| X G, whenever
[u1 = vy and up ad j vy or [up = v, and uy adj vi].

Recently, Nizami et al. [14] formed new graph which is
in the form of polygonal cylinder shape. The new graph is
obtained by using Cartesian product of paths B, and P,, where
m >4 and n > 2. The polygonal cylinder defined as below.
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Definition 2.2. [14] Consider the Cartesian product P, X P,
of paths P,,,m > 4, and P,,n > 2, with vertices uj,uy,...,up
and v1,vy,..., vy, respectively. Identify the vertices (uy,vy),
(u1,v2), ..., (ur,vy) with the vertices (Up,v1), (UmyV2), -y (Umy Vi),
respectively, and identify the edge ((uy,v;), (u1,viy1)) with the
edge ((tm,vi), (Um,vit1)), where 1 <i<n—1. It is denoted
as Cp .

We have redefined the above said polygonal cylinder C,, ,
as follows.

Definition 2.3. The polygonal cylinder C,, , is a graph ob-
tained from a Cartesian product C,,—1 X P, of two graphs of cy-
cle Cy—1,m > 5 and path B,,n > 2, with vertices uy,un, ..., Uy _1
and vi,Vva, ..., vy, respectively.

Further we have introduced new graph structure, that is
closed polygonal cylinder. It is denoted as C,, ,) and defined
as follows.

Definition 2.4. The closed polygonal cylinder Cy,, , is a
graph formed by Cartesian product of Cy, X P, of cycle Gy, m >
3, and path P,,n > 3, with vertices uy,uy, ..., Uy, and vy, va, ..., vy,
respectively. Identify the vertices (u;,v) is adjacent to (uj+2,v1)
and (uj,v,) is adjacent to (uj1o,v,) where 1 <i<m-—3.

Figure 1. Graphs C¢_1, Ps and its polygonal cylinder Cg 5
and closed polygonal cylinder Cs 5).

3. Main Results

In this section, we have obtained degree based connectivity in-
dices of the polygonal cylinder and closed polygonal cylinder
of a graph.

Now we computed degree based connectivity indices of
the polygonal cylinder of a graph.
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Theorem 3.1. The first Zagreb index of polygonal cylinder of
a graph G is

Mi(Cp) = 2(m—1)(8n—7).

Proof. Let G = G, 5, where Cy,;, is a polygonal cylinder of
a graph G. By algebraic method, we get |V(G)| = n(m—1)
and |E(G)| = (m—1)(2n—1). We have two partitions of the
vertex set V(G) as follows:

Vs ={veV(G):dg(v) =3};|V3] =2(m—1), and
Va={veV(G):dg(v)=4};|Va| = (n—2)(m—1).

Also we have three partitions of the edge set E(G) as follows:
Eo={uv € E(G):dg(u) =dc(v) =3};|Es| =2(m—1),
E;={w € E(G) :dg(u) =3 and dg(v) = 4};

|E7| =2(m—1), and

Eg = {uv € E(G) : dg(u) =4 and dg(v) = 4};

[Eg| = (m—1)(2n—5).

Now
Mi(G) = Y do(v)?
veV(G)
= Y3+ ) 4
veVs veVy

Ix2(m—1)4+16x (m—1)(n—2)
= 18m—1)+16(m—1)(n—2)
2(m—1)(8n—17).

O

Theorem 3.2. The second Zagreb index of polygonal cylinder
of a graph G is

Ms(Cpp) = 2(m—1)(16n— 19).

Proof. Let G = G, 5, where G, , is a polygonal cylinder of a
graph G.

Now
My (G) = Y dg(u)ds(v)
uveE(G)
= Y 3x3+ )Y 3x4+ Y 4x4
uveEq uveks uvekEy

= 9x2(m—1)+12x2(m—1)

+16 x (m—1)(2n—15)
= 18(m—1)4+24(m—1)+16(m—1)(2n—5)
= 2(m—1)(16n—19).

O

Theorem 3.3. The F-index of polygonal cylinder of a graph
Gis
F(Cm,n) = 2(m - 1)(327’1 — 37).
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Proof. Let G = Cy, ,, where C,, , is a polygonal cylinder of a
graph G.

Now
F(G) = ), dg(v)’
veV(G)
= Y3¥+Y)Y 4
% veEVy

= 27x2(m—1)+64x(m—1)(n—2)
= 54m—1)+64(m—1)(n—2)
= 2(m—1)(32n—137).
O

Theorem 3.4. The first hyper Zagreb index of polygonal cylin-
der of a graph G is
HM\(Cnp) =2(m—1)(64n—175).

Proof. Let G = Gy, ,, where G, , is a polygonal cylinder of a
graph G.

Now
HM](G) = Z [dc(u)+dc(v)]2
wekE(G)
= Y B+3P+ Y B+4P+ Y [@d+4P
uvekg uveky uveky

= 36x2(m—1)+49x 2(m— 1)
+64 x (m—1)(2n—75)
= T2(m—1)+98(m—1)+64(m—1)(2n—5)
= 2(m—1)(64n—175).
0

Theorem 3.5. The second hyper Zagreb index of polygonal
cylinder of a graph G is

HM,(Cy) = 2(m— 1)(256n — 415).

Proof. Let G = Cy,,,, where C,, , is a polygonal cylinder of a
graph G.

Now
HMy(G) = Y [de(u)dc(v)]*
uveE(G)
= Y Bx3P+ Y Bx4P+ ) [4x4?
uveEg uveEy uvekEy

= 81x2(m—1)+ 144 x2(m—1)
+256 x (m—1)(2n—5)

— 162(m—1)+288(m— 1) +256(m—1)(2n—5)
2(m— 1)(256n —415).
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Theorem 3.6. The harmonic index of polygonal cylinder of a
graph G is

H(Cpp) = %

Proof. LetG =
graph G.

Cinn» where Cyp, , is a polygonal cylinder of a

2
uveE(G) dc(u) + dG(V)
_ oy 2 2 2

—+ +
w343 )y 344 Z4+4

uveks; uveky

H(G) =

2 2
= 6><2(m71)+? x2(m—1)

+§ x (m—1)(2n—75)

= (m—1) 2+j+§(2n—5)]

(m—1)(42n—1)
—a

O

Theorem 3.7. The Randi¢ index of polygonal cylinder of a
graph G is

(m—l)(6n+4ﬂ—7)'

R(Cnp) = B

Proof. Let G =
graph G.

Cn.n, Where G, ,, is a polygonal cylinder of a

1

R(G) = —_—
( ) quZE:( G) dG(u)dG(v)

1
- Lt L L

1

1
+% x (m—1)(2n-75)

8+4v3+6n—15
= (m—1) 12

(m—1)(6n+4+/3 —
12

O

Theorem 3.8. The sum connectivity index of polygonal cylin-

der of a graph G is

X(Cpn) = (m_lz)(\;ziln_])

778

Proof. Let G = Cy, ,, where C,, , is a polygonal cylinder of a
graph G.
Now
1
X(G) = e
ueE(G) dG(u) +dg (V)
; LtVGZEs V3+ ltVGZE7 V3+ u\;Eg V4+
1 1
= —x2m—1)+—=x2(m—1
7 (m—1) 7 (m—1)

1
+% x (m—1)(2n—5)

208 +84n—210
= (m—1) H]

336
 (m—1)(42n—1)
— —2@ )

O

Theorem 3.9. The atom-bond connectivity index of polygonal
cylinder of a graph G is

—1)(16+ 215 +6/6n — 15V/6)
12 '

ABC(Cpp) = (m

Proof. Let G = Gy, 5, where G, , is a polygonal cylinder of a
graph G.
Now
-‘rdG( ) 2
ABC(G)
oo\ dolidet
_ Z 3+3 2 Z 3+4-2
uveky 3 x3 uveks 3 x4
Z 4+4-2
uvekyg 4 x4
2 /5
6
+% x (m—1)(2n—5)
16+2v/15+v/6(6n— 15)
= (m-1)
12
~ (m—1)(16+2v1546v/6n—15V/6)
B 12 '
O

Next, we have computed degree based connectivity indices
of the closed polygonal cylinder of a graph G.

Theorem 3.10. The first Zagreb index of closed polygonal
cylinder of a graph G is

M, (Cpyy ) = 2m(m* +8n — 16).



Some degree based connectivity indices of the polygonal cylinders of a graph — 779/781

Proof. Let G =Cjy, ,, where C},, , is a closed polygonal cylin-
der of a graph G. By algebraic method, we get |V (G)| = mn
and |E(G)| = m(m —4) + 2mn. We have two partitions of the
vertex set V(G) as follows:

Va={veV(G):dg(v) =4};|Va| =m(n—2), and

Vi ={veV(G) :dg(v) = m};|Vy| =2m.

Also we have three partitions of the edge set E(G) as follows:
Eg = {uv € E(G) : dg(u) = dg(v) = 4};|Eg| = 2mn —5m,
Esrm ={uv € E(G) : dg(u) =4 and dg(v) = m};

|E4tm| = 2m, and

Eyy ={uv € E(G) : dg(u) = dg(v) = m}; |Eyn| = m(m—1).

Now
Mi(G) = Y de(v)’
veV(G)
- peep
veVy veV,

= 16 xm(n—2)+m? x2m
= l16m(n—2)+2m’
= 2m(m*+8n—16).

O

Theorem 3.11. The second Zagreb index of closed polygonal
cylinder of a graph G is

M (Cpp ) = m* —m3 4 8m* — 80m + 32mn.

Proof. Let G=Cy,,,], where C},, ] is a closed polygonal cylin-
der of a graph G.

Now
My(G) = Y do(u)dg(v)
uv€E(G)
= Z4><4—|— Z 4 xm+ Z mxm
uvekg uveky uveky,

= 16 x (2mn—>5m) +4m x 2m+m* x m(m—1)

= 32mn—80m—+8m>+m*—m’

= m*—m® +8m? — 80m + 32mn.

O

Theorem 3.12. The F-index of closed polygonal cylinder of
a graph G is

F(Cpp ) = 2m(m’ +32n— 64).

Proof. Let G =C, ), where Cj, ) is a closed polygonal cylin-
der of a graph G.
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Now
F(G) = Y dsv)
veV(G)
= Z 43+ Z m?
veVy veVy,

= 64xm(n—2)+m’x2m
= 64m(n—2)+2m*
= 2m(m®432n—64).
O

Theorem 3.13. The first hyper Zagreb index of closed polyg-
onal cylinder of a graph G is

HM\(Cyy ) = 4m* — 2m> + 16m> — 288m + 128mn.

Proof. Let G =Cyy, 5, where C,, ) is a closed polygonal cylin-
der of a graph G.

Now
HM{(G) = Y [do(w)+de(v)]?
uveE(G)
= Y @+aP+ Y @+mP+ Y mtm?
uveEyg uv€Es,, uveEy,

= 64 x (2mn—>5m)+(4+m)?> x2m

+4m* x m(m—1)
= 128mn—320m+32m+2m> + 16m* + 4m* — 4m®
= 4m* —2m® + 16m> —288m+ 128mn.

O

Theorem 3.14. The second hyper Zagreb index of closed
polygonal cylinder of a graph G is

HM,(Clyy ) = m® —m’® +32m> — 1280m + 512mn.

Proof. Let G = Cy, ), where Cj, ) is a closed polygonal cylin-
der of a graph G.

Now
HM)(G) = Y [do(wdc(v))?
uveE(G)
= Y @Ex4aP+ Y @ExmP+ Y [mxm]?
uveEg uv€Ey iy uvek,

= 256 x (2mn—5m) + 16m* x 2m
+m* xm(m—1)

= 512mn—1280m+32m> + m® —m’

= m®—m’ +32m> — 1280m + 512mn.

O

Theorem 3.15. The harmonic index of closed polygonal cylin-
der of a graph G is

2mPn —m? +8mn+8m— 16
4m+16

H(C[m,n]) =
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Proof. Let G =Cjy, ), where CJ,, , is a closed polygonal cylin-
der of a graph G.

Now
2
H(G) = - -
uvegt(G) de(u)+dg(v)
2 2 2
uveE84+4 uv6%+m4+m quZEzmm+m
1><(2 5m) + 2 X2 +1><( 1)
4 neom 44+m m i
_ 2mPn—m3 + 8m?n + 8m* — 16m
N 4m(m+4)
_ 2m2n —m? + 8mn+8m— 16
N 4m+16

Theorem 3.16. The Randic index of closed polygonal cylin-
der of a graph G is

m(2n—1)+4(y/m—1)
2 .

R(C[m,n]) =

Proof. Let G =C, ), where Cj, ) is a closed polygonal cylin-
der of a graph G.

Now
R(G) — Z ;

weE(G) dG(u)dG(v)

- Y st X v Y e
uveky 4x4 uweky 4 xm uveky, mxm

= %X(Zmn—Sm) 2\F><2m—|—l><m( 1)

_ 2mn+4y/m—

N 4

_ m(2n—1)+4(/m—1)

= 1 .

Theorem 3.17. The sum connectivity index of closed polygo-
nal cylinder of a graph G is

_2m(nt/m)Vm+d—+/ m>+4m(2+5,/m) 2my/2
X(Cnn) = 2\2m+8 + Vamis:

Proof. Let G =Cy, ), where Cj, ) is a closed polygonal cylin-
der of a graph G.
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1
dg(u)+dg(v)
1
—+
4+4 uve%,m

X (2mn —5m) +

uveE(G)

)}

uveEyg

1
Va4+m

1
vVm—+m

+ )

uvEEy,
1
2V2

+ X

m(m—1)

1
Vam
\/m+4(2m(n+ Vm) — \/%(2+5\/r%)) +4m\/2

2v/2m+8
2m(n+ /m)vm+4—vVm?+4m(2+5v/m)
2v/2m+8

n 2m\/2
V2m+38

O

Theorem 3.18. The atom-bond connectivity index of closed
polygonal cylinder of a graph G is

Vém(2n—5)
i

ABC(C["L”]) +(m—1)\/2m—2+

m? +2m.

Proof. Let G =Cyy, 5, where C,, ) is a closed polygonal cylin-
der of a graph G.

Now

2

[4+m—2
C4xm

u)+dg(v) —
uv;’ ( )dg(v)

4+4-2
Y\ axa t Z
uvekyg 4x4

uveE iy,
)

m+m—2
V' mxm

ABC(G)

uveEy,
6 2
= %x(zmn 5 )+\/%X2m
2m—2
Txm(m—l)
B V6(2mn —5m) +4+/m(m+2)
n 4
+(m—1)y/2(m—-1)
MJr(mfl),/szz
+vVm?+2m.
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4. Conclusion

In this paper, we can give explicit formulae for first and second
Zagreb, F-index, first and second hyper-Zagreb, harmonic,
Randié, sum-connectivity and atom-bond connectivity indices
of polygonal cylinder and closed polygonal cylinder of a
graph.
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