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1. Introduction

The first definition of fuzzy graph was introduced by Kauf-
mann in 1973, based on Zadeh’s fuzzy relations in 1971[11].
A more elaborate deinition is due to Azriel Rosenfeld who
considered fuzzy relations on fuzzy sets and developed the
theory of fuzzy graph in 1975[12].A fuzzy graph is the gener-
alisation of the crisp graph. Therefore it is natural that many
properties are similar to crisp graph and also it deviates at
many places. In crisp graph, A bijection f: VUE — N that
assigns to each vertex and/or edge if G = (V,E), a unique
natural number is called a labeling.

The concept of magic labeling in crisp graph was moti-
vated by the notion of magic squares in number theory. The
concept of Hamiltonian labeling was introduced by Willem
Renzema and Ping Zhang in 2009[9]. The concept of Fuzzy
labeling was introduced by Nagoor Gani and Rajalaxmi in

2012[7].Also, the concept of Fuzzy magic labeling was in-
troduced by Nagoor Gani and Rajalaxmi in 2014[1]. In this
paper, we introduce two fuzzy labeling concepts such as hamil-
tonian fuzzy labeling and hamiltonian fuzzy magic labeling
of graphs.

A fuzzy graph G = (V,0, ) is a triple consisting of a
nonempty set V together with a pair of functions 6 : V —
[0,1] and p : E — [0, 1] such that for all x,y € V, u(x,y) <
o(x)ANo(y).Let G= (V,u,p) be a fuzzy graph. Then the
order of G is defined to be O(G) = Z uv).

veV
A path P in a fuzzy graph G = (o, ) is a sequence of

distinct vertices xg,x|,X2, ...., X, such that u(x;_1x;) > 0;i =
1,2,3,...,n. Here n is called the length of the path. The
strength of P is defined to be A7, p1(x;—1x;).In words, the
strength of a path is defined to be the weight of the weakest
edge.The strength of connectedness between two vertices x
and y is defined as the maximum of the strengths of all paths
between x and y and is denoted by CONNg(x,y).

A fuzzy graph G = (V,0,u) is connected if for every
x,y € V,CONNg(x,y) > 0. An arc of a fuzzy graph G =
(V,o,u) is called strong if its weight is at least as great as
the strength of the connectedness of its end nodes when it is
deleted. An x —y path P is called strong path if P contains
only strong arcs. The length of a longest strong u — v path
between two nodes u and v in a connected fuzzy graph G
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is called fuzzy detour g—distance from u to v, denoted by
Dg(u,v).

A Hamiltonian labeling of a connected graph G of order
n is an assignment ¢ : V(G) — N of labels to the vertices of
G such that |c(u) — c(v)| 4+ D(u,v) > n, for every two distinct
vertices u and v of G. A graph G = (o, ) is said to be a
fuzzy labeling graph, if 6 :V — [0,1] and u : E — [0, 1]
is a bijective such that the membership value of edges and
vertices are distinct and p(u,v) < o(u) Ac(v) forall u,v € V.
A fuzzy labeling graph is said to be a fuzzy magic graph if
o (u) + t(u,v) + o(v) has a same value for all u,v € V which
is denoted as my(G).

A diamond graph is a graph on 4 vertices with exactly
one pair of non-adjacent vertices. A butterfly graph is a pla-
nar undirected graph with 5 vertices and 6 edges. A Umbrella
graph U (m,n) is the graph obtained by joining a path P, with
the central vertex of a fan F,,. An Octopus graph O,,n > 2
can be constructed by joining a fan graph F;,,n > 2 to a star
graph K , by with a common vertex, where # is any positive
integer. i.e.0, = I, + K1 4. A graph obtained from a path B,
by attaching a pendant edge to every internal vertices of the
path is called Hurdle graph with n — 2 hurdles and is denoted
by Hd,. Let P, be a path with n vertices. The comb graph is
defined as P, (O K. It has 2n vertices and 2n — 1 edges.

2. Hamiltonian Fuzzy Labeling of Graphs

Definition 2.1. A fuzzy labeling graph is said to be a Hamil-

tom'an fuzzy labeling graph if |6(u) — o(v)| + Dg(u,v) >

Z o(u)V u,v €V, where Dgy(u,v) is the fuzzy detour g— dis-

ucV

tance from u to v and Z o (u)
ucV

is the order of fuzzy graph.

Example 2.2. The following figure 1 shows that diamond
graph is a hamiltonian fuzzy labeling graph.

Figure 1. Hamiltonian fuzzy labeling of diamond graph

Theorem 2.3. The Umbrella graph U(m,n),m >3,n> 1 is
a Hamiltonian fuzzy labeling graph.

Proof. Let V(U(m,n)) ={up,v;:1<i<m+1,1<j<
n} be the vertex set of the umbrella graph U(m,n). Let
E(U(m,n)) = {u,-uiH,ukumH,umHvl,vjij 01 S i S nm —
1,1 <k<m,1 <j<n—1} be the edge set of the umbrella
graph U(m,n). The umbrella graph U (m,n) has m+n+ 1
vertices and m +n + 2 edges.
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Define a labeling o : V(U (m,n)) — [0,1] by

o(u)=ix 107" "2 1 <i<m—1,
o(vj)=(j+m+1)x 10" "2 1 < j<n,
Define a labeling pt : E(U(m,n)) — [0,1] by

2i+1

u(uiuiy 1) = (

W (gt 1) = kx 10" 1 <k <m—1,
2

U(Upyivi) = ( m2+3> x 10 m+m)

L(vivier) = <2(]+;”)+3

)x 10-mtn=) 1 <i<m—1,

) x 1070 1 < j<p—1.

Then the order of the fuzzy umbrella graph
Umn)= Y
uevV (U(m,n))

_ <(m+n+1)(m+n+2)> « 107(m+n72).

o (u)

2

Clearly, the membership values of all vertices and all
edges are distinct. Therefore, it is clear that
p(uv) <ou)Ao(v)Yu,veV(U(m,n)).

Note that, all arcs except (ugimi1,1 < k < m—1) are
strong arcs. Then the fuzzy detour g-distance between two
vertices are

Dg(uj,uj) =j—i,1 <i<j<m,
Dg(viyvj)=j—i,1<i<j<n,

Do (g, ume1) =m+1—k,1 <k <nm>3,

Dy (ttmy1,vi) =1,1 <i<n,m>3,
Dg(ujyvj)=m+j—i+1,1<i<m,1<j<n.

Case 1: Dy(uj,uj) =j—i, 1 <i<j<m.
Let uj,u; € V(U(m,n)).
Then |0 (u;) — 0/(uj)| + Dy (ui; u)
= |ix 107m=2) _ s 107mEn=2)| i,
=[(i—j)x 1072 |4 j—i

> ((m+n+l)(m+n+2)> % 10—(m+n—2).
2

Case 2: D,(vi,vj)=j—i, 1 <i<j<n.
Letv;,v; € V(U(m,n)).
Then |6 (v;) — 6(vj)|+Dg(vi,v;)
=|(i+m+1)x 10~ m1=2)
~ 107(1n+n72)| +j—i
= (=) x 107 4 i

> ((m+n+ 1)(m+n+2)> > 107(m+1172).
- 2

—(j+m+1)
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Case 3: Dy(ug,umy1) =m+1—k,1 <k <nm>3.
Let uy,up i1 € V(U(m,n)).
Then |0 (ux) — 0 (Umt1)| + Dy (g, Um+1)
= [k x 1072 _ (4 1) x 10~ "2 | 41 — k.
= |(k—=m—1)x 10"""=2)| L 41—k,
S
- 2

Case 4: Dy(uyy1,vi) =i,1 <i<n,m>3.
Let tty41,vi € V(U(m,n)).
Then |6 (umt1) — 0 (vi)| + Dg (i1, Vi)

~—

=[(m+1) x 10702 _ (jm41) x 1072 4,
=|—jx 1072 4,

> ((m+n+1)(m+n+2)) > 107(m+n72).
- 2

Case 5: Dy(uj,vj) =m+j—i+1,1<i<m,1 <j<n.
Letu,,vJEV(U( n)).
Then |6 (u;) — o (v )HD (uivj)
= |i x 10~ (mn=2)
+m+j—i+1.
=[(i—j—m—1)x 107" L j it m41.

> ((m+n+1)(m+n+2)) % 10—(m+n—2).
- 2

—(j+m+1)x 107 mn=2)|

() — (V)| + Dg(u,v) > (++1>2<m++z>>

x 10~ =2 v y v € V(U (m,n)).
Hence, the umbrella graph U(m,n) m>3n>1lisa
Hamiltonian fuzzy labeling graph. U

Example 2.4. The following figure 2 shows that Umbrella
graph U(6,3) is a hamiltonian fuzzy labeling graph.
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Figure 2. Hamiltonian fuzzy labeling of umbrella graph

U(6,3)
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Theorem 2.5. The Octopus Graph O,,n > 2 is a Hamiltonian
fuzzy labeling graph.

Proof. LetV(0,) ={uj,v;:1<i<n+1,1<j<n}bethe
vertex set of the octopus graph O,,. Let E(O,)) = {uu;+1,
Uiln1,un1vj 2 1 < i, j < n} be the edge set of the octopus
graph O,. The octopus graph O, has 2n+ 1 vertices and
3n—1 edges.

Define a labeling o : V(O,,)

o(u)=(n+i)x107"1<i<n+1,
o(vj))=jx107"1<j<n.

— [0,1] by

Define a labeling i : E(O0,) — [0,1] by

u(uinir) = (W) x 107D 1 <i<n,

(i) = (n+0) x 107D 1 < i<,
W(ps1vj) = jx 107D 1< j<n.

Then the order of the fuzzy octopus graph

((2n+l)(2n+2)) o

O, = Z o(u)= >

ucV(0y)

Clearly, the membership values of all vertices and all
edges are distinct. Therefore, it is clear that u(uv) < o(u) A
oc(v)Yu,v € V(Op).

Note that, all arcs except (u+1u;, 1 <i<n—1) are strong
arcs. Then the fuzzy detour g—distance between two vertices
are

Do(ujuj)=j—i,1<i<j<n+l,

Dg(vi,vj) =2,1<i,j<n,

Dg(ui,vj) =n+2—1i,1<i,j<n,
Dg(upy1,ui) =n+1—1i,1 <i<n,
Dy (ttny1,vi) =1,1<i<n.

Case 1: Dy(uj,uj)=j—i,1 <i<j<n+1.
Letu;,u; € V(On). Then |G(u,~) — G(uj)\ +Dg(u,~,uj)

=|(n+i)x 107" — (n+j) x 107" |+ j—1i.
=[(i—j)x107"|+j—i.
- ((2n+1)2(2n+2)> 10"

Case 2: Dy(vi,vj) =2,1<i,j<n.

Let v;,v; € V(0,). Then |o(v;) — o (v})| + Dg(vi,v;)

=[ix107"—jx 107" |4+ j—i.
=[(i—j)x107"|+j—i.

> ((2n+1)2(2n+2)> 10"
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Case 3: Dy(uj,vj) =n+2—i,1 <i,j<n.

Let u;,vj € V(Op). Then |6 (u;) — 0(v;)| + Dg(ui,v;)
=|(n+i)x107"—jx 107" |+n+2—i.
=|(n+i—j)x 107" +n+2—i.

> <(2”+1)(2”+2>) 107",

2

Case 4: Dy(upi1,u;)) =n+1—i,1 <i<n.
Let uyt1,u; € V(0,).
Then [0 (up+1) — 0 (ui)| + Dy (unt1,ui)
=|2n+1)x 107" = (n+i) x 107" |+n+1—1i.
=|(n+1-i)x 107" +n+1—1i.

L (renenn) g

Case 5: Dy (u11,vi) =1,1<i<n.

Let uy41,vi € V(Op).

Then [0 (up+1) — 6 (vi)| + Dg(utn41,vi)
(2n+1)x 10" —ix 107"+ 1.
2n+1—-i)x107"|+1.

> (@“)M) %1077,

2
Therefore, it is clear that |6 (u) — o(v)| 4+ Dg(u,v) >
<<2”+”2<2”+2)> X 107" u,v € V(O,).

Hence, the octopus graph O,,n > 2 is a Hamiltonian fuzzy
labeling graph. O

Example 2.6. The following figure 3 shows that octopus
graph Os is a hamiltonian fuzzy labeling graph.

0.00007 0.00008
000000015 #2X_0.000000025 U3

0.00006 0.00009 0.0001

Uy

0.000008

£00000°0

Vi v V3 H b
0.00001 0.00002 0.00003 0.00004 0.00005

Figure 3. Hamiltonian fuzzy labeling of octopus graph Os.

3. Hamiltonian Fuzzy Magic Labeling of
Graphs

Definition 3.1. A fuzzy magic labeling graph is said to be a

Hamiltonian fuzzy magic labeling graph if |6(u) — o(v)| +

Dg(u,v) > Z o(u) YV u,v €V, where Dy(u,v) is the fuzzy
ucV

detour g—distance from u to v and is the order of fuzzy graph.
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0.05

Figure 4. Hamiltonian fuzzy magic labeling of butterfly
graph

0.065
s

Example 3.2. The following figure 4 shows that butterfly
graph is a hamiltonian fuzzy magic labeling graph.

Theorem 3.3. The Comb graph P, O K\,n > 2 is a Hamilto-
nian fuzzy magic labeling graph.

Proof. LetV(P,OK)) = {u;,vi: 1 <i<n} be the vertex set
of the comb graph B, O K. Let E(P, O K1) = {ujui1,u;v; :
1 <i<n—1,1<j<n} be the edge set of the comb graph
P, ©K;. The comb graph P, () K| has 2n vertices and 2n — 1
edges.

Define a labeling o : V(B, O K;) — [0,1] by

202n+i)—3
o (ui) = (MJ;’)) X107, 1<i<n,

oc(vi)=02n+i—1)x107"1<i<n.

Define a labeling i : E(P, ©® K;) — [0, 1] by

4n—i)+1
W (utir) = <(”2’)+) X107 1<i<n—1,
puv) = (2(n—i)+1)x 107", 1<i<n.
Then the order of the fuzzy comb graph
10n* -3
P, @K1 = Z o(u)= (n n) x 107",
uev (P, OKy) 2

Clearly, the membership values of all vertices and all
edges are distinct. Therefore, it is clear that y(uv) < o(u) A
oc(v)Vu,veV(P,OK).

Let u;,uir1 € V(P,OK1) and wui1 € E(P,OK)). Then
the fuzzy magic constant

mo(P, (D K1) = 0 () + (utti1) + 0 (uis1)
_ (2(2n+i)—3> 0 (4(n—i)—|—1>

2 2
x 107"+ (2(2n+’2+1)_3) X 107",
3(4n—1) _
= —_— 10 n'
(5
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Note that, all arcs are strong arcs. Then the fuzzy detour
g—distance between two vertices are

Dg(ujyuj) =j—i,1 <i<j<n,
Dg(viyvj) = j—i+2,1<i<j<n,
Dy(ui,vj) =Dg(viuj) = j—i+ 1,1 <i< j<n.

Case 1: Dg(uj,uj) = j—i,1 <i<j<n.
Let uj,uj € V(P,OK).

Then |0 (u;) — o /(u;)| + Dg(ui,u;)

_ ’(z(zn+z)—3) o (2(2}1—1—])—3) o
2 2

i

+j—i

:’(2(l;])> % 107"
2_
> (1()1’123”) x 107"

Case 2: Dy(uj,uj) =j—i,1<i<j<n.
Letvi,vjeV(P,,@Kl). Then‘G(V,‘)—G(Vj”—f—Dg(V,’,Vj)
=|2n+i—1)x107"—(2n+j—1) x

= |(i—j)x 107"+ j—i+2.

> (10’12_3’1) % 107",

Case 3: Dg(u;,v;)
Let Ui, vj € V(PnQKl). Then |0'(ui)—

— ’(2(2’”2’)_3)) X 107" = (2n+j—1)x 107"

it 1.

2(i—j)—1 -

=l — 107"
2_

> (lOn2 3n> < 10"

In each case, |o(u) — o (v)| + Dg(u,v) > (107!223n> %

107"Vu,veV(P,QOK).
Hence, the comb graph P, O Kj,n > 2 is a Hamiltonian
fuzzy magic labeling graph. O

107" +j—i+2.

o (vj)|+Dg(ui,v;)

j—i+l.

Example 3.4. The following figure 5 shows that comb graph
Ps O Kyis a hamiltonian fuzzy magic labeling graph.

Theorem 3.5. The Hurdle graph Hd,,,n > 3 is a Hamiltonian
fuzzy magic labeling graph.

Proof. LetV(Hdy,) = {u;,vj:1<i<n,1<j<n—2}bethe
vertex set of the hurdle graph Hd,. Let E(Hd,) = {uu;+1,
ujpvj:1<i<n—1,1<j<n-—2} be the edge set of the
hurdle graph Hd,,. The hurdle graph Hd,, has 2n — 2 vertices
and 2n — 3 edges.

=Dy(vi,uj)=j—i+1,1<i<m<j<n

786 X

0.000095 0.000105 0.000115 0.000125 0.000135
uy uy 3 uy s

0.000085 0.000065 0.000045 0.000025

L0000°0
€0000°0
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100000

v vy vy V4 Vs
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Figure 5. Hamiltonian fuzzy magic labeling of Ps O K|

Define a labeling o : V(Hd,) —

o(u)= <2(2n—|—21)—7> % ]0*("*1)7] <i<n,
o(vj) =

Define a labeling p : E(Hd,) —

[0, 1]by

(2n+j-3)x107" D 1< j<n-2.

0,1]b

4(n—i)—
p(uiniyy) = ((’12[)3> x 107D 1<i<n—1,

pjvy) = (2(n—j—1)) x 107D 1< j<n-2,

Then the order of the fuzzy hurdle graph

2_
Y ow= (lOn §3n+14) x 10701,
)

ucV(Hdy,

Hd, =

Clearly, the membership values of all vertices and all
edges are distinct. Therefore, it is clear that u(uv) < o(u) A
oc(v)Vu,veV(Hdy).

Let u;,u;+1 € V(Hd,) and wu; 1 € E(Hd,,).

Then the fuzzy magic constant

mo(Hdy) = o (u;) + i (uiniy1) + 0 (i 1)
_ (2(2n—;z)—7> <10~ 4 (4(n—1)—3>

2
% 107(/171) + (2(2n+12+ 1) —7> 107(,17])

Note that, all arcs are strong arcs. Then the fuzzy detour
g—distance between two vertices are
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Let uj,u; € V(Hd,). Then |6 (u;) — o (u;j)|+ Dg(ui,u;)

2 2
x 107D 4 j—i.

+j—i.

(2<2—J>) <1001

2
> <10}’l 23n+14> % loi(nil).

- 2
Case 2: Dy(vi,vj) =j—i+2,1<i<j<n-—2.
Let v;,v; € V(Hd,). Then |0 (v;) — 6(v;)| + Dy (vi,v;)

=|(2n+i-3)x 107" — 20+ j—3) x 10~V
+j—i+2
=[(i—j)x 10" V|4 j—i+2

2
Z (IOn §3n+14> % 10_(’1_1).

Case 3: Dy (u;j,vi) =2,1<i<n-—2.
Let u;,v; € V(Hd,). Then |6 (u;) — 6(v;)| + Dg(u;i,vi)

’(2(2n+i)—7

2
+2.
) x 10~ | 2.

> ( > x 10~ (=1

Case 4: Dy(uj1,vi) =1,1<i<n-2.
Let uj11,v; € V(Hdn).
Then |0 (uit+1) — 0/(vi)| + Dg(uit1,vi)

( ) X 10~

2n4i—3)x 10~

Y w1000 1

> .
2

> (lOn —23n+14> Xloi(nil).

- 2
Case 5: Dy(u;,vj) = j+i—2,2<i<n—-1,1<j<n-2.
Let Ui, vj € V(Hdn) Then |G(Lt,') —G(Vj)| —|—Dg(u,-,vj)

) x 107D — (2p+i—3) x 1071

-1

2

10n% —23n+ 14
2

22n+i4+1)—7
2

+1.

- ‘ (2(2’“;’) _7> x 107D — (2n 4 j—3) x 10~ =1
Fjti-2.
‘(2(’_2”_1) x 107D 4 ji-2.
2
Z (10}1 —2371"'14) % 107(’171).
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Case 6: Dy(vi,uj) = j+i—2,1<i<n—-22<j<n—1.
Let v;,u;j € V(Hd,). Then |6 (v;) — o(u;)| + Dg(vi,u;)

) x 10~ (=1

202n+j)—1

:’(2n+i—3)x10<”1)—( 5

— ’(2(l1)+1) X 107(}171)

2
> ( > x 10~ (=1

10n* —23n + 14
2
Case 7: Dy(u,v;) =i+1,1<i<n-2.
Let uy,v; € V(Hd,). Then |6 (u1) — o(v;)| +Dg(ur,vi)

(

+1+i.

:’(_2l+1> x 107D | 4144,

2_
. (IOn 23n—|—14) o)

2
Case 8: Dy(uy,vi) =n—i,1 <i<n-2.
Let u,,v; € V(Hd,). Then |0 (u,) — (vi)| + Dg(un, vi)

(

) x 107070 — (2n+ j—3) x 1o<"1>) ’
+n—i.
<2(nj) -1

3 ) x 10~ (1)

2
IOn _23n+ 14> % 10_(’1_1).
In each case,

2
o(u) — o(v)| + Dg(u,v) > ('0”2%3”“4) X

10-=D Y u,v € V(Hd,).
Hence, the hurdle graph Hd,,,n > 3 is a Hamiltonian fuzzy
magic labeling graph. 0

+jHi—2.

+j+i—2.

202n+1)—7

5 ) x 107 — (2n+i—3) x 1071

6n—17

= +n—i.

>

Example 3.6. The following figure 6 shows that hurdle graph
Hds is a hamiltonian fuzzy magic labeling graph.

0.0008
1

e
=
S

0.0006
0.0002

u
0.00075

0.00065 0.00045 u3

0.00095

0.00025 0.00005 us

0.000115

DA A
0.00085 0.000105
2

=]
<
S

(‘]’?0009
Figure 6. Hamiltonian fuzzy magic labeling of hurdle graph
Hds
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