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Nonstandard Compactification of uniform spaces
S. Alagu’*

Abstract

Let (X,¥) be a uniform space. We define an equivalence relation on a superstructure *X of X. The set of
equivalence classes is denoted by X. We extend the uniform structure ¥ of X to a suitable uniform structure ¥
on X. We embed X as a dense subspace of X and show that X is compact. Thus X turns out to be a uniform

compactification of X.
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1. Introduction

Non-standard analysis is a branch of Mathematics introduced
by Abraham Robinson in 1966[1]. Abraham Robinson con-
structed a superstructure to work in any given structure like
the Euclidean spaces, topological spaces, algebraic structures
(rings, fields etc.,.), graphs and so on. The basic idea is not
necessarily to study the superstructure but to study the clas-
sical spaces by getting on to a higher platform, namely a
superstructure, and get a microscopic view of the classical
space below.

2. Preliminaries

We assume preliminaries and notations like V (X),V (*X) for
superstructures, as in [1] and [2]. For preliminaries on uniform
spaces we refer to [3],[4],[7].

Definition 2.1.

Let X be a set. A uniform structure on X is a filter
¥ C X x X such that
HVUe¥,A(X)CU, where A(X) = {(x,x) : x € X} being
the diagonal of X.

()VU e, U e¥, where U~ = {(x,y): (y,x) €U}
(i) YU e ¥,AV CU suchthat VoV C U,

where VoW = {(x,2) : (x,y) €V A(y,z) € W}, for general
V.WC X xX.

Definition 2.2.

Let X be a set with uniform structure ¥. For
VeW xeXdefineV(x)={yeX:(x,y) €V}. There ex-
ists a topology on X such thatVx e X, {V(x):V e ¥}isa
neighbourhood base for x. Henceforth X with this induced
topology will be referred to as the uniform space X.

As a common notation as in [1],[2], *X denotes a non-
standard extension of X, V (X),V (*X) the corresponding su-
perstructures on X, *X respectively. We assume V (*X) is an
enlargement of *X, as defined in [2].

We now give the definition of concurrence.

Definition 2.3.

A binary relation P is said to be concurrent on
A C domP if for each finite set {x;,x;....x,} in A there is a
y € rangeP so that (x;,y) € P,1 <i <n. P is concurrent if it
is concurrent on domP.

The following proposition is from [2].

Proposition 2.4.
The following are equivalent.
(1) V (*X) is an enlargement of V (X).
(i) For each concurrent relation P € V (X) there is an element
b € range *P so that (*x,b) € *P for all x € domP
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3. Main Results

Let (X,¥) be a uniform space.

In *X define X' ~y it *f (X') = *f(y/) Vfe C(X,R)

Here C (X, R) is the space of bounded continuous real-valued
functions on X.

Clearly ~ is an equivalence relation on X.

Let X be the set of equivalence classes. We denote the equiva-
lence class of X’ € *X by [x/].

First we make the following observation.

Proposition 3.1.

For x € X, [x] = m(x), the monad of x.
Proof.
We recall m (x) = N *G where G is a neighbourhood of x.
Lety € [x]
Suppose y ¢ m (x)

Then y ¢ *G for some neighbourhood G of x in X.
By complete regularity of a uniform space,

Jfe C(X,R), f:X —[0,1] suchthat f (x) =0, f(X —G) =
{1}
Then *f(x) =0, *f(y) =l sincey € *(X —G)

Therefore *f (x) and *f (y) are not infinitely close to each
other, contradicting x ~ y

Therefore y € m (x)

Therefore [x] C m (x)

Conversely let y € m (x)
Then y ~ x
Therefore *f (y)
Therefore y ~ x
That is, y € [x]
Therefore m (x) C [x]

Hence [x] = m (x) O

~ f(x) V f€C(X,R), by continuity of f

Next we have the following.

Proposition 3.2.
The map ¢ : X — X defined by ¢ (x) = [x] is one-

one.

Proof.

Let [x] = [y] forx,y € X

Thenx~y

Therefore *f (x) ~ *f(y) Vfe€C(X,R)

Thatis, f(x) = f(y) ¥V feC(X,R)

Therefor x = y, by complete regularity of X

Therefore ¢ is one-one. O

For U € W, let U C X x X be defined by
U={(W,lV): (¢,y) € U}
Let ¥ = {ECXXX EDUforsomeUe‘P}
That is, W is the collection of all supersets of the Us,UcW¥

We make the following fundamental observation.

Proposition 3.3.
(X ,@) is a uniform space.
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Proof.
We shall verify the conditions one by one.
(i) Since ¢ ¢ ¥, we get ¢ ¢ ¥

NowletV,We‘Ii R R R
Then ([x],[y]) e VW < ([x],[y]) € V and ([x], [y]) e W
< (x,y) € *V and (x,y)e W

& (x,y) € VN W= *(VNW)

< ([, [])GVﬂW

Therefore VAW = VﬂW

LetE,F € P
ThenVQE,VAVQFforsomeV,We‘P
ThereforeV/ﬂTV:A\A/ﬁWQEﬂF andVNWeW¥
Therefore ENF € ¥

Next let E E‘i‘andE CF
3V€‘Psuchthat\7§E

Thergfore v CF

Fe¥Y

Therefore W is a filter of subsets of X x X

(ii) Let E € ¥

Then V C E for some V € ¥
VxeX, (x,x)eV

By Transfer Vx € *X, (x,x) €

Therefore V x € *X, ([x] [x]) €
Therefore V [x] € X, ([x], [x]) €

(iii) For V € Wix,y € *X; R

(LD eV« (W,D) eV e (xy) e *V
Now (x,y) €V & (y,x) €V~ ! forx,y € X
Therefore, by Transfer (x,y) € *V < (y,x) €

b oyevT N
Thus (], 1) € (V) (b)) e V!

—

R
Therefore (V) =yl

Let?e@ where V ¢ ¥
Then V~ E ¥
Therefore V-1 cy

N\ —1
That is, (V) ey

VCE

* (Vfl) PR

PN Nl

Thusveqf;»<v) ey

IfEe‘f’,thenl/}QEforsomeVe‘P
RS

Therefore (V) CE-!

~

N\ -1
As already shown, (V) c¥
Therefore E~! € PVYE S V7

@iv) Let U E‘f’ where U € ¥
EVG‘PsuchthatVCUandVoVCU
Claim : VoVCU

Let ([x],[y]) € VoV, where x,y € *X



Then ([x],[z]) € V and ([],[y]) € \7 for some z € *X
Therefore (x,z) € *V and (z,y) €
=

Now (x,z) € V and (z,y) €V = (x, ) (VoV)

By Transfer, (x,z) € *V and (z,y) € *V = (x,y) € *(VoV)
= (x,y) € *U__

= (b el

Therefore VoV C U, proving our claim.

IfEG‘/}\‘,thenﬁgEforsomeUe‘P

By what we have proved, 3 V € W such that V C U and
VoVCUCE

NowV CU=VCUCE

ThusV E € ¥, 3v G‘Psuchthat\A/QEandVo\A/ CE
Therefore (X , ‘f’) is a uniform space. O

For f € C(X,R), define f on X by f([x]) = st *f (x),
where x € *X.
Since f is bounded, * f (x) is a finite real number and hence
st * f (x) exists.
Also if [x] = [y], then x ~ y; s0 * f (x) ~ *f(¥).
Hence f ([x]) = f ([y]) showing that f is a well-defined map.

Next we have the striking result.

Proposition 3.4.

__The uniform topology 3, generated by the uniform
structure ¥, on X, is the same as the weak topology @ induced
by the f’s on X, where each f € C (X, R)

Proof.
Let U ([x]) be a basic open set in (X,3), where U € W.
LetVeWbesuchthatV CUand VoV CU

JW € ¥ such that W CV, W (x) C V (x), by regularity of X.
3 f € C(X,R) such that f : X — [0,1], f =1 1in W (x) and
f£=0in (V(x))¢, by complete regularity of f.

Now f~! ((%, 1]) is an open set containing V (x), by continu-
ity of f.

Claim : (7) " ((1,1]) €T (W)

Let ] € (7) (3
Therefore f ([y]) €
That is, st *f( ) €
Therefore 1 <t

Now we need to prove [y] € U ([x])
Equivalently, ([x],[y]) € U

That is to prove (x,y) € *U

Since f =0in (V (x)), *f=0in (*(V (x)))°
Since % < *f(y)<l,wegetye "V (x)
Therefore y € *U (x), since V C U
Therefore (x,y) € *U proving the claim.
Hence S C @

Conversely let G =N, {[z] € X : | /i ([z]) - fi (D])| < €}
be a typical @-basic nelghbourhood of [y] 6 X, wherey € *X
Now G =N {[z] € X : |st “fi (z) — st “fi (v)| < €}

= (X h@) -5 i <€)
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=N Uy, whereUj={z€ X :|fi(z) —st " fi(y)| < €}
is open in 3, by continuity of each f;
Therefore G € 3
Therefore @ C 3
Hence w =3 O

Theorem 3.5.
(X ,‘I—‘) is a compactification of (X, ¥).

Proof.
We intend to show that ¢ : X — X, defined by ¢ (x) = [x],
imbeds X as a dense subspace in X and that X is compact.
We have already seen that ¢ is one-one, by Proposition 1.2
Let V [x] be a basic neighbourhood of [x] in X, where x €
X, VeV
NowyeV(x)= (x,y) €V

= (x,y) € "V _

= (Wb eV

=@ (y) =Dl eV
Therefore ¢ is continuous.
To prove @ is an open map into ¢ (X), let V (x) be a basic
neighbourhood of x € X, where V € W
By complete regularity of X, fix f € C(X,R) such that f :
X —[0,1], f(x) =0and f(V (x)°) = {1}
Nowz€ "X, ["f(z)| < 3 =2¢ ("V(x) =2z€ *V(x)

—(1) )
(D] < 3

Let 2]
Therefore z € V (x), by (1).

Then |f (z)] < %

Therefore [z] € @ (V (x)) -(2)
Also {[z] € X:z€X, |f([z])— f([x])| < 5} is a neighbour-
hood of [x] = ¢ (x) in ¢ (X)

This neighbourhood = {[z] € X :z € X, | £ ([2])]
f(x)=0

1 .
< 3}, since

Co(V(x)),by (2
Therefore ¢ (V (x)) is open in ¢ (X)
Therefore ¢ is an open map.
Therefore ¢ : X — X is a homeomorphism of X onto ¢ (X)
Next we show ¢ (X) is dense in X.
Lety] € X - @ (X)
We take a basic neighbourhood of [y] given by
G=n_,{leX:|fi([z)- Dl <e}
Now ﬁ":1 {xe *X:|"fi(x) = Fi (D])| < &} # ¢, since it con-
tains y.
N {xeX:|fi(x)
fer.
That is, ﬁ”]{xEX |fl —fi(ly
Therefore 3 [x] € G for some x € X
Therefore ¢ (X) is dense in X
Finally we show X is compact and complete the proof.
For each [y] € X, we associate a map T ([y]) from C (X,R) to
R defined by
TR1(f) = F (b)) =t *f ()
Let A be the range of T'.
Claim : T is a one-one mapping of X onto A.
V1] # [v2] = *f (1) and *f (y2) are not infinitely close to

— fi(])| < €} # ¢, by Downward Trans-

N <e}#¢
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each other for some f € C(X,R)

= st f(y1) # st " f(y2)

= f(n]) # (D))

=T () (N)#T (v2)) (f)
Therefore T ([y1]) # T ([y2])
Therefore T is one-one, establishing the claim.
Define a topology on A by declaring U open in A if
T-'(U) is open in X.
By definition, 7' is a homeomorphism of X onto A.
To show X is compact, all we need to show is that A is com-
pact.
A basic neighbourhood of o € A is of the form
G=n {BeA:|a(f)—B () <e)
where € > 0 and f1, f2,...fn € C(X,R)
Since X is dense in X,3 x € X such that T [x] € G
Thatis, | (fi) =T [x] (f;)| < efori=1,2,...n
Thatis, o (f;) — fi(x) < efori=1,2,...n
Thatis,Va €A,V fi,..f €C(X,R),Ve>0inR,
Jx € X suchthat o (f;) — fi(x)| < efori=1,2,...n
By concurrence, 3 x € *X such that V oo € *A, V f €
C(X,R),Ve>0 in*R,
a(f)— "Fll<e
Taking € > 0 as a positive infinitesimal, we get the following :
Jxe€ *XsuchthatVa e *A,V f€C(X,R), a(*f)
—@3)
Now letye *A
To show A is compact, we need to show that Y is near some
0€A
By (3), 3x€ *X suchthatV f € C(X,R), v(*f)
Take § =T ([x])
ThenV f € C(X,R), 6 (f)
y(*f)
Therefore y~ 6 € A
Therefore A is compact.
This completes the proof.

~

~

“f (x)
T (f) =st"f (x) > "f (x) ~

O
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