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Prime labeling of torch graph
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Abstract

Let G= (V(G),E(G)) be a graph with n vertices. A bijection f:V(G) — {1,2,...,n} is called a prime labeling if for
each edge e = uv,gcd(f(u), f(v)) = 1. A graph which admits prime labeling is called a prime graph. In this paper
we prove that Torch graph O, is a prime graph.
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1. IntrOdUCtion U {anl Vi, VVn+2,VnVn+4, Vn+1Vn+3}

We consider only simple, finite, undirected and non-trivial
graph G = (V(G),E(G)) with the vertex set V(G) and the The following Figure 1 shows a Torch Graph Os3.
edge set E(G). For notations and terminology we refer to
Bondy and Murthy [2].The notion of a prime labeling was V6 V4
introduced by Roger Entringer and was discussed in a paper
by Tout.A [7]. Many researchers have studied prime graph.
For a simple graph G with n vertices in the vertex set V(G), a
prime labeling is an assignment of the integers 1 to n as labels
of the vertices such that each pair of labels from adjacent
vertices is relatively prime. A graph that has such a labeling
is called prime. Gallian’s dynamic graph labeling survey [4]
contains a detailed list of graphs that have been proven to be %)
prime.

v7 Vs

2. Preliminaries

Definition 2.1. Duplication of a vertex v of a graph G
!
produces a new graph Gy by adding a vertex v, with

V2
Figure 1. Torch Graph O3



The following Figure 2 shows a Torch Graph O,, for n > 4.
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Figure 2. Torch Graph O, for n > 4.

Definition 2.3. Ifthe vertices of the graph are assigned values
subject to certain conditions then it is known as (vertex) graph
labeling.

Definition 2.4. Let G = (V(G),E(G)) be a graph with n ver-
tices. A bijection f:V(G) — {1,2,...,n} is called a prime
labeling if for each edge e = uv,gcd(f (u), f(v)) = 1. A graph
which admits prime labeling is called a prime graph.

3. Main Results

3.1 Theorem

The torch graph O, (n > 3) is a prime graph.

Proof:

Let V(0,) ={vi|l <i<n+4} and

E(Op) = {vivpr12 <i<n—=2}U{vivy3]2 <i<n—-2}U
{viviln <i <n+4}U{va_1Vn, VaVni2, VaVinsds Vap 1 Vg3 b
There are n + 4 vertices and 2n+ 3 edges.

Define f: V(G) — {1,2,...,n+4} as follows,

Case(i): when 3 <n <8,
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Clearly, vertex labels are distinct.

ged(f(vi), f(vnt1)) = ged(i+6,1); 2<i<n—2
=1

ged(f(vi), f(vny3)) = ged(i+6,7); 2<i<n-2
ged(f(v1),f(va)) Z:’cd(3,5)

ged(f(v1), f(Vat1)) i:’cd(l 1)

ged(f(v1), £ (Vat2)) ::cd(ﬂ)

ged(f(v1), f(va13)) ;;cd(3,7)

ged(f(v1), £ (Vata)) i;cd(374)

ged(f(va1),f(vn)) =;cd(6,5)

ged(f(vn), f(Vat2)) i ::cd (5,2)

=1
gcd(f(va), f(va+a)) = ged(5,4)
=1
ged(f(vat1), f(vni3)) = ged(1,7)
=1
Case(ii): when n > 9.
fv) =1
f(Vn) =7
f(vnfl) =5
f(VnJrZ) =9
f(Vnta) =3
F(vis1) = 2i; 1<i< V;L‘J

Now, the labeling of remaining vertices as follows,

Suppose n+4 is prime number then f(v,+) =n-+4 and
f(vay3) = j where j is the predecessor prime number of n +4
and we label the vertices (if exist) vi41 ([ %4* ] +1<i<n—3)
by the integers 2t — 1 (6 <t < [%}4]) exceptn+4 and j.

Suppose 1+ 4 is not prime number then f(v,41) =1
and f(vy+3) = m where [ > m, [ and m be the greatest two
consecutive prime number less than n + 4 and we label the
vertices (if exist) vii (L%J + 1 <i<n-—3) by the integers
2t —1(6 <t < ["4]) except ! and m.
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Clearly, vertex labels are distinct. If n+4 is not a prime,

ged(f(Vu+1), f(vns3)) = ged(l,m).
(.- I and m be the greatest

two consecutive prime number

ged(f(v1), f(va)) = gcd(1,7) less thann + 4)
=1 -1
ged(f(v1), f(vus2)) :<i’6d(1»9) gcd(F(v1), fF(vns1)) = ged(1,1)
= =1
ged(f (1), f(Vnia)) = fcd(lﬁ) ged(f(m), f(vn13)) = ged(1,m)
= —1
ng(f(vn71)>f(vn)) :ng(577) 4
:1 ged (F(vis), fomin)) = ged(2i 1 < i< | 22|
ged(f(va), f(vny2)) = ged(7,9) =1
=1 gcd(f(vit1),f(at1)) = ged (2t — 1,1);
ng(f(Vn)7f(Vn+4)) - de(773) 6<t< ’7’1‘;4—‘ and
Ln;4J+l§i§n73
=1
4
If n+4 is prime, ged(f(vigr), f(vay3)) = ged(2i,m); 1 < i < [n; J
=1
ng(f(Vi+1)af(Vn+3)) = ng(ZI_ 17m);
n+4
ged(f(vat1), f(vay3)) = ged(n+4, j) (.- jis the predecessor 6=1= [ —‘and
prime number ofn + 4) {n+4J+1§i§n73
=1
=1
d 1)) = ged(1,n+4
sed(F(1).f(varr)) _ fc (Ln+4) Thus f admits prime labeling.Hence O,, is a prime graph.
ged(f(v1), f(vay3)) = ged(1, )
=1 V2(8)
ged(f(vicr). flner)) = ged i), 1<i< |57

(."n+4 is a prime number)

» v1(7) vs(1)
n+4
ged(f(vis1), f(vas1)) = ged (2 —1,n+4); 6 <1 < [ 2 Wa“d
V;‘lJ"'lSién—S vs(4) v6(2)
=1
o . n+4
ged(f(visr), f(var3)) = ged(2i, j); 194 2 J v4(3)
-1
_ n+4
ng(f(V,‘+1>7f(Vn+3)):ng(2t—1’]);6§t§’7 ) —‘and
n+4 . V3(6)
{ : J+1§z§n—3 Figure 3. prime labeling of O4

=1
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Figure 4. prime labeling of Og

3.2 Theorem

The graph obtained by duplication a vertex v,_, to v:,72 of
the torch graph O, (n > 4) is a prime graph.
Proof-
Let G be the torch graph O, (n > 4)
Let G,,_; be the graph obtained by duplicating the vertex v,_»
in O,,.
Let v;%z be the duplication of v,,_» in G,,—5.
Then |V(Gp—2)| =n+5 and |E(G,—2)| =2n+5.

Let V(G,_z) = {vi|l <i<n-+4and v, ,}

Let E(Gp—) = {vivpr1|2<i<n-—-2}
U{vivu3|2 <i<n-2}
U{vviln <i<n+4}
U Vi1V, VaVns25 VaVntd, Var 1Vns3 §

! !
U {Vn72vﬂ+1 ) Vrz72vn+3}

Define f: V(G,—2) — {1,2,...,n+ 5} as follows,
Case(i) when4 <n <7,

Prime labeling of torch graph — 893/895

f(Vn+4) =4
fvi)=i+6; 2<i<n-—2.
Fns) =n+5

Clearly, vertex labels are distinct.

ged(f(vi), f(vnr1)) = ged(i+6,1);2<i<n-2

ged(f(vi), f(vat3)) i;ca’(i+6,7); 2<i<n—2
ged(f(v1), f(vn)) Z:’cd(w)
ged(f(vi), f(vnt1)) :;cd(l 1)
ged(f(vi), f(vat2)) :Cd(ﬂ)
ged(f(vi), f(vn+3)) :;cd(3,7)
ged(f(vi), f(vnta)) Z;cd(3,4)
ged(f(va-1),f(vn)) :cd(6,5)
ged(f(va), f(vn+2)) z ;cd(5,2)
=1

ged(f(v), f (vara)) = ged(5,4)
ged(f(vas1), f(vns3)) _ ;cdm)
=1
gcd(f(vy_) f(vus1)) = ged(n+5,1)
=1
ged(f(v, ), f(vny3)) = fcd<n +5,7)

Case(ii) when n > 8.

n+5

{

3
Fier) = 2i; nt

Ea

Now, the labeling of remaining vertices as follows,
Suppose n+ 5 is prime number then f(v,11) =n+5 and
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f(vni3) = j, where j is the predecessor prime number of n+ 5
and we label the vertices (if exist) vi41 ( L%J +1<i<n-3)
by the integers 2¢ — 1 (6 <t < [%£37) exceptn+5 and j.
Suppose n+ 5 is not prime number then f(v,+;) = and
f(vut3) = m where [ > m, [ and m be the greatest two con-
secutive prime number less than n+ 5 and we label the ver-
tices (if exist) v;y (L%J +1<i<n-3) by the integers
2t—1(6 <t < [%537) except [ and m.
Clearly, vertex labels are distinct.

ged(f(v1), f(va)) = ged(1,7)

ged(f(v1), f(vat2)) iécd(lﬁ)
ged(f(v1), £ (Vra)) zz’cd(lﬁ)
ged(f(va-1),f(va)) :;Cd(5,7)
8ed(f(va), f (Va12)) zz’cd(7,9)
ged(f(va), f(vata)) :%Cd(7,3)

If n+5 is prime,

8¢d(f(vat1), f(vns3)) = ged(n+5, j) (. j be the
predecessor prime number of n+5)

—1
ged(f(vi), f(Vag1)) = ged(1,n+5)
=1
ged(f(v1),f(vay3)) = ged(1, )
=1
ged(f(vig1), f(vas1)) = ged(2i,n+5); 1 <i < V;ﬂ
=1
ged(f(vit1), f(vnr1)) = ged(2t —1,n+5);6 St{@-‘

n+3
2

J+1§i§n—&

R

ged(f(vir1). f(vai3)) = ged(2ij): 1<i< |
=1

ged(f(vig1), f(vny3)) = ged(2t —1,5);6 <t < [
Vl+3

=1

8ed(F (v, o), F(va1)) = ged (2|
=1

n+3
2

J

n+5
2

J+1§i§n—3

n+5

2 J,n—&-S)
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|9

n+5
2

8ed(f(v2), fns3)) = ged (2|
=1

If n+ 5 is not prime,

gcd(f(vns1), f(vny3)) = ged(l,m) (.- I and m be the two
consecutive prime number

less thann +5)
=1

ged(f(v1), f(vas1)) = ged(1,1)
=1

ged(f(v1),f(var3)) = ged(1,m)
=1

ged(f(vir1) f(nr1)) = ged(2i,1); 1 < i < [
=1
ged(f(virr), f(vui1)) = ged (2t —1,1);

Vl; J“‘l <i<n-3
=1
ged(F(visr), f(vns3)) = ged(2i,m); 1 < i < Vl;ﬁJ
=1
ged(f(vit1), f(vns3)) = ged(2t — 1,m);
6<1r< [@W and
n+3

) J+1§i§n73.

)

ged(f (), fvnin)) = ged 2] "2 1)
=1
N ged (1) S i) = ged 2] 22| m)
=1

Thus f admits prime labeling. Hence O, is a prime
graph.

d
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Figure 5. prime labeling of Og

v3(6)
Figure 6. prime labeling of O4
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