Malaya Journal of Matematik, Vol. 9, No. 1, 914-916, 2021
https://doi.org/10.26637/MJM0901/0162

On commutative Cl-algebras
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Abstract

Cl-algebra is a generalization of BE-algebra. The concept of Commutative BE-algebra was first introduced by
A. Walendziak. B. L. Meng applied the same definition in Cl-algebras and established that any commutative
Cl-algebra is a BE/dual BCK-algebra. In this paper we continue to study commutative Cl-algebras and try to
establish some properties in some specific Cl-algebras.
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1. Introduction

Since the introduction of the concepts of BCK and BCI-
algebras ([2,3]) by Y Imai and K.Iseki, some more concepts
of similar type like BCH ([1]), BH ([4]), d ([8]), etc have
developed and studied by a number of authors in the last
two decades. In 2006, H. S. kim nad Y. H. Kim introduced
the notion of BE-algebras ([6]) as a generalization of dual
BCK-algebras ([5]). The concept of Commutative BE-algebra
([11]) was first introduced by A. Walendziak. In 2010 ([7])
B. L. Meng introduced the notion of a new algebraic struc-
ture called Cl-algebras as a generalization of BE-algebras. In
his paper Meng defined the commutativity property of CI-
algebras alongwith many new concepts and established that
any commutative Cl-algebra is a BE/dual BCK-algebra. The
concept of Cartesian product has been developed by us in
2013 ([9]). In 2018, we introduce some special types of CI-
algebras ([10]) obtained from a given Cl-algebra. In this paper
we continue to study commutative Cl-algebras and discuss
some new properties of it in these specific CI-algebras.

2. Preliminaries

Definition 2.1 ([6]). An algebraic system (U;x,1) is called a
BE-algebra if it satisfies the following axioms:

(Ul) bx b=1
(U2) bx1=1
(U3) 1x b=s

(U4) bx(cx d)=cx(bx d) forallb,c,d € A.

Definition 2.2 ([8]). An algebraic system (U; *, 1) is called
a Cl-algebra if it satisfies the following axioms:

(Al) bxb=1
(A2) 1xb=b
(A3) bx(cxd) =cx(bxd) forall b,c,d € A

Example 2.3. Ler U be a non-empty set and let F(U) be the
set of all function f : U — (0,00). For k, f € F(U), we define
f(w)

k =
(k)00 = o

Ifwe put 1(w) =1 forallw € U, then 1 € F(U) and simple

computation proves that (F(U);*,1) is a CI- algebra.

In U, we can define a binary relation < by b < ciff bxc = 1.

welU

Lemma 2.4 ([8]). In a Cl-algebra (U;*,1) following results
are true:



1. bx((bxc)xc)=1
2. (bxc)x1=(bx1)x(cx1) forallb,ce U

Theorem 2.5 ([10]). Let (U;*,1) be a system consisting of a
non-empty set U, a binary operation x and a distinct element
I. LetV=UxU={(by, bp) : by, by €U. Foru,w €V with
u= (by,by),w={cy,c2), we define an operation ® inV as

u®@w = (by*cy, by*xcy)
Then (V;®,(1,1)) is a Cl-algebra iff (U;*,1) is a Cl-algebra.

Corollary 2.6 ([10]). If (U;*,1) and (V;o,e) are two CI-
algebras, then W = UXV is also a CI-algebra under the binary
operation defined as follows: Foru= (by,c) andw = (by,c3)
inR,

u®w = (by* by,crocy)
Here the distinct element of W is (1,e).

Theorem 2.7 ([11]). Let (U;x,1) be a Cl-algebra and let
P(U) be the class of all functions f : U — U. Let a binary
operation o be defined in P(U) as follows:

For fte P(U)andw e U
(for)(w) = f(w)*t(w)

Then (P(U);0,17) is a Cl-algebra where 17 is defined as
1~(w) =1 for allw € U. Here two functions f,t € P(U) are
equal iff f(w) =t(w) forallw € U.

Notation 2.8 ([11]). (a) Forany setU; C U, let P (U;) de-
note the set of all functions f € P(U) such that f(w) €
Ui forallweU

(b) Foranyu €U, we consider f,, € P(U) defined as f,,(w) =
uforallweU.

Definition 2.9 ([11]). A BE-algebra (U;x*,1) is said to be
commutative if (bxc)xc = (cxb) b for all b,c € U.

Example 2.10 ([11]). Let No = NU{0} and let the binary
operation x be defined on Ny as follows:

0
b*c{ c—b

Then (No; *,0) is a commutative BE-algebra

ifb>c
ifc>b

3. Commutative Cl-Algebra

Definition 3.1. A Cl-algebra (U;x,1) is said to be commuta-
tive if (bxc)*xc.= (cxb)xbforallb,c € U.

Example 3.2. We consider a system (U;x,1) where U =
{1, p,q,r} and the binary operation *is given by

*‘Ipqr
1|1 p q r
pl|1 I q r
qg|1 p I r
ril p q 1
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This (U;*,1) is a commutative BE /CI -algebra

Theorem 3.3. Let U and V be Cl-algebras as considered in
theorem (2.5). Then'V is commutative iff U is commutative.

Proof. First suppose that V is commutative. Let b and ¢ be
arbitrary elements of U. We choose u = (b,1) and w = (c, 1).
Since V is commutative, we have

(u@wW)@w=(Wweu)Qu

This gives ((b*c)*c,1) = ((cxb)*b, 1), which in turns imply
that
(bxc)xc=(c*xb)*b

Hence U is commutative.
Conversely, suppose that U is commutative. Let u = (b1, by)
and w = (cy,c2) be any two arbitrary elements of V. Then

(uew)@w = ((b1, by)®(c1,c2)) @ (c1,¢2)
= (b1 *c1, byxca) @ (c1,¢2)

(
((byxc1)xc1,(by*xca)*ca)
((c1 % b1)* by, (ca* ba)* by)
((c1,¢2) @ (b1, b2))® (b1, by)
(wQu)Qu.

Hence U is commutative. O

Corollary 3.4. Let U,V and W be Cl-algebras as considered
in corollary (2.6). Then W is commutative iff both U and V
are commutative.

Theorem 3.5. Let (P(U);0,17) be Cl-algebra as considered
in theorem (2.7). Then P(U) is commutative if and only if U
is commutative.

Proof. First suppose that U is commutative. Then
(bxc)xc= (cxb)xDbforall b,c e U

Let f,t € P(U). Then for any w € U, we have
((for)or)(w) = (f(w)xt(w))*t(w)

()
= (t(w)xf(w))*f(w)
= (tof)of)(w).

This proves that (fot) ot = (to f) o f Hence P(U) is commu-
tative.

Conversely, let P(U) be commutative. Let u,w € U. We
consider f,, fi, € P(U). Then

(fuofw) o fw= (fwofu) ° fu
This gives
((fuo fw)o fw) (v) = ((fwofu)o fu) W);vEU

This implies that (u*w) *w = (w=*u) % u (notation (2.8)(b))
Hence X is commutative.
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