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A convolution and product theorems for the
N-dimensional fractional Fourier transform

Vasant Gaikwad*

Abstract

The n-dimensional fractional Fourier transform, which is a generalization of the one dimensional fractional
Fourier transform, has many applications in several areas, including signal processing and optics. In a recent
paper, derived n-dimensional fractional Fourier transforms of a product and of a convolution of two functions.
Unfortunately, their convolution formulas do not generalize very nicely the classical result for the Fourier transform
and Laplace transform, which states that the Fourier transform of the convolution of two functions is the product of
their Fourier transforms. The purpose of this note is to introduce a new convolution structure for the n-dimensional
fractional Fourier transform that preserves the convolution theorem for the one dimensional fractional Fourier
transform.
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Contents integral transform will give the solution of the original partial
differential equation. Even though there are a number of in-
1 Introduction.........ccoviiiiiiiiiiiiiiieinarnnnnnns 935  tegral transforms suitable for different differential equations,
2 The fractional Fourier transform.................. 936  the most known in the applied mathematics community are

the Laplace transform and the Fourier transform [5].

The n-dimensional fractional Fourier transform of | .
3 e n-dimensional fractional Fourier transform of usua The Fourier transform has long been proved to be extremely

Product and convolution.......................... 937 ) . 3 X
1 Th ; f a Prod - useful as applied to signal and image processing and for ana-
8. & transform of a Product St 93 lyzing quantum mechanics phenomena. Particularly, in genet-
3.2 The transform of a convolution ........... 937 ics and medical areas, it helped in analyzing biosignals such
4 Product and convolution of n-dimensional Fractional ~ as heart rate variation and in interpreting X-ray computed
Fouriertransform...........ccviviiviiinninnnnnns 938  tomography images.
References........covvvviiiiiiinriiiinicnnnnnnn. 9s0 e know that the one dimensional Fourier transform is ex-

tended to one dimensional Fractional Fourier transform. Us-

ing this extension there are many results and application’s
1. Introduction obtained mainly by Alieva Tatiana in [3], [4], Almedia L.B.in
[6], victor Namis in [9], Mcbride Kerr in [10] and precisely
the product and convolution theorems are derived by Ahmed
Zayed in [1], L.B.Almeida in [2] and Gaikwad and Chaudhary
in [8] etc..
Due to many applications of Fourier transform, in this paper
the n-dimensional fractional Fourier transform which is de-
fined in [7] and its convolution are considered, n-dimensional
fractional Fourier transform of usual product and convolu-
tion of two n-dimensional functions are obtained in [8] but

In general, integral transforms are useful tools for solving
problems involving certain types of partial differential equa-
tions, mainly when their solutions on the corresponding do-
mains of definition are difficult to deal with. For a given
partial differential equation defined on a domain, the applica-
tion of a suitable integral transform allows it to be expressed
in such a form that its mathematical manipulation is easier
than the original one. In this way, if a solution on the trans-
formed domain is found, then an application of the inverse



A convolution and product theorems for the N-dimensional fractional Fourier transform — 936/940

they are not in usual form as like convolution and product
theorem of Fourier and Laplace transform. So a new convo-
lution is defined for two functions in L!(R") N C!(R"), by
using usual convolution and convolution in convolution and
product theorem of one dimensional Fractional Fourier trans-
form given by Ahmed Zayed in [1]. For this convolution, a
convolution and product theorem for n-dimensional fractional
Fourier transform is obtained. A new convolution for the n-
dimensional fractional Fourier transform that preserves the
convolution theorem for the n-dimensional Fourier transform
and one dimensional fractional Fourier transform. In section
1 involve introduction, in section 2 consist of some basic
definitions. In section 3 we have the usual product and convo-
lution of n-dimensional Fractional Fourier transform which
was preciously explained in [8]. In section 4 we define a new
convolution and obtain a convolution and product theorem for
n-dimensional Fractional Fourier transform.

2. The fractional Fourier transform

Definition 2.1. /5] If h € L'(R) NC'(R) then the pair of
Fourier transform and its inverse Fourier transform are given
by

H(V1 tl e mvldl‘l

v

and

h t| \/2771:/ H Vl mvld\/l

where t;, vi € R.

Definition 2.2. [5] If o1 € R; with oy is a constant and
h € LY(R)NC!(R), then the pair of one dimensional frac-
tional Fourier transform and its inverse are given by

R [h(01))(1) = Hay (1) = | B(01)Keg (61, 9)d
where
1—jcotoy
Kq, (t1,v1) = TX
AL s o
exp J E(tl +v])cotoy —tvicse | s
if ) # tm, forallm=0,1,2,... and
h(n) = / Ko (11, v1)Hay (v1)dv,
where
— /14 jcotoy
K(xl(tl,vl>: TX
1
exp{ j{z(tlquv%)cota] tlvlcscal} };

if @) # tm, forallm=0,1,2,
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Definition 2.3. [5] Using vector notation with

t=(t,t0,  ty) ER" v=(vi, v, - ,v,) ER" and

h € LY(R") NCY(R"), the n-dimensional Fourier transform,
denoted by H(v), is defined by

H(v):(zjr)g/_z/_:../_ih(,)e,m

or simply by

H(v) = (2; /” [He”l”l’}dt

where v-t = vit; +vatr + -+ -+ vut, and dt = dtidt, - - - dt,,.
It’s inverse n-dimensional Fourier transform denoted by h(t),
is defined by

h(t):%/m/mm/vae’( 0
(2m)2 St oo

or simply by

W) = (2;) [ [H ervprp} v,

where v-t = vit] + oty + - -+ vut, and dv = dvidvy - - - dvy,.
Definition 2.4. [7] Lett = (t1, 12, -+ ,1,) € R",
v=(vi,va, - ,vn) ER" and a = (o4, 0, -+, ) € R";

with all components of o, are constants. The kernel Ky (t,v)
is defined as follows

n
Ko(t,v) = H Koy, (tp, vp),
p=1

where

1—jcota,

Ka,,(tpa Vp) = 7

Lo o .
€XpyJ E(tp—l-vp)COt(Xp—tpvpcscap ;
ifo, # wm, forallm=0,1,2,...and p=1,2,...,n

Definition 2.5. [7] Lett = (t1, 12, -+ ,1,) € R",

v=(vi,v2, -+ ,v) ER" h e LY(R")NC!(R") and

o= (ay, o, ,0,) € R". The n-dimensional fractional
Fourier transform with parameter o, = (0, 0p, - ,0,;) of
h(t) = h(t1,t2,- - ,ty) denoted by R*[h(t)](v) or Hy(v) or

He o, 0,(V1, V2, -+ , V) and is given by the following inte-
gral transform
R* [h( )I(v)
= Hg(v

L [

[ [1Xq, (@, vp)} dndty---dt,
p=1

_ / h(1)Ke(t, v)d1,
Rn
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where all the components of & are constants,
h(t) =h(t,ta, - ,ty),dt =dtdty---dt, and

1—jcote
e H[/’CO”X

1
exp {j {20’% + vf,) cotay, — 1,V cse ap] }] ;

ifap, #mm, forallm=0,1,2,...and p=1,2,...,n
Also if a = 0 then R*[h(¢)](v) = h(z).

T T b4
7272
reduces to n-dimensional Fourier transform.

Note 2.6. If o = , then the equation (2.1)

Note 2.7. If n = 1, then the equation (2.1) reduces to one-
dimensional fractional Fourier transform.

Theorem 2.8. [7] Let h € L'(R") NC!(R"). Ift, v, a € R",
where all the components of o are constants, R*[h(t)](v) or
Hg(v) is the n-dimensional fractional Fourier transform of
h(t), then h(t) is given by

)= /nm(t, V) He (v)dv,
where K (t, v) = ﬁ

1+ jcotay, y
poi 2

expy —Jj fl(tz—l—vz)cot(x —1t,v,CSC O
2 P p 14 pvp P
dV——dvldv2-~dv,,.

and

Definition 2.9. [5] If h,g € L'(R*) NC!(R"), then denote
their convolution f by hx g and defined as

1) = heg0) = [ m0g(s
e / "

g —t,y2— s Yn —t)dtidty -+ - dty.

[h*gl(y

3. The n-dimensional fractional Fourier
transform of usual Product and
convolution

Leta, = a,,(a,,) = Com” by, =bpy(a,) =sec OC,,,

cp=cplay) =4/1 Jcotapr—IZ
=2ap(0,)by(0,) =cscay;Vp=1,2,-
paper the constants a,,b, and ¢, V p = 1,27 e
these values.

,N. Throughout this
,n, will denote

3.1 The transform of a Product

Let us consider two functions x,y € L!(R") NC!(R") and let
z(#) = x(t)y(t). The function z is in L! (R") N C!(R") and thus
its n-dimensional fractional Fourier transform Z is obtained

937

by the definition. The value of Zy (1), expressing x(¢) in terms
of its inverse n-dimensional fractional Fourier transform is
given by [8] as follows:

where Y is the n-dimensional Fourier transform of y.
Replacing v by u# — v, in above equation, we get result in
another form as follows.

zali = (152 [ Xatu-

V2
( n j<upvp—(2p)>cot(xp>
I1e dv, (3.2)
p

v)Y (vescor) x

We then make the further change vesco — v orv — vsina
= Vpesca, = vp or vp n—> vpsinoy, = dv,csc ), = dv, or
dvp =dv,sinoy, = dvlI,— csc )y = dv

ordv = dv]_[’,’,:1 sin @, resulting in

1
(27‘[)(%) R?

2
Vp
—J <2> Sin 0, cos 04y + jupvp oS Oty
( e )dv.
p=1

(3.3)

Zo(u) = Xo(u—vsina)Y (v)x

N

Equation (3.1)-(3.3)are valid if ¢, is not multiple of 7 for
all p, p=1,2,...,n. Of course the role of x and y can be
interchanged. These results can be extended in general form
as in more general form subsection.

3.2 The transform of a convolution

Let us again take two functions x,y € L' (R") nC!(R"), and
their convolution w(t) = (x*y)(t) = [pax(u)y(t — u)du is
in L'(R") N C!(R"); then the n-dimensional Fourier trans-
form of w(t) is denoted by W (w) and defined by W (w) =
(v/27)"X (W)Y (w), where X and Y are n-dimensional Fourier
transform of x(t) and y(t) respectively in L' (R") NC!(R").
We know that W, is the n—dimensional fractiona] Fourier
transform of W, with angles oy — 5,00 — Z,..., 00, — 5. We
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can therefore use (3.1) to obtain,

S "5[\:

Xo(v)x
RV[

u) = (}j | sec ap|ej<

[\ ) ‘~g<|\)

) tan ap
>dv,

3.4)

where y is inverse n-dimensional Fourier transform of Y.
Replacing v by u — v, in above equation, we get,

y[(u—v)seca (He (

n

We (1) = (]’[ secap|> /RnXa(u—v)y(vsecoc)x

p=1
\ ]{(v?p—zu,,v,)] wna

(He 2 p)dv. (35)
p=1

Again put vsec 0t = v or v =vcos = v, Sec ¢, = v, or

Vp =V,C08Q)y = dvpsec ), = dvy or dv, = dv,cos
n _ _ n

= d.v(.Hp=1 secp) = dv or dv = dv([]},_, cos @)

obtaining

Walu) = / Xa(u—veos@)y(v)x

V§
sm (Xp COoS (Xp ]Mpr Sll'l (Xp
H e dv.

(3.6)

Equation (3.4)-(3.6) are valid if o, —
forall p; p=1,2,...,n

% is not a multiple of 7

4. Product and convolution of
n-dimensional Fractional Fourier
transform
Let us define the following definition

Definition 4.1. For any function f € LY(R")NCY(R"), let us
define the functions f(x) and f(x) by

F) = [H" (@) ﬂf(x) and

f:(x) = p—l e —Jjap(op)x;,

2

s
For any two functions f and g, we define the convolution
operation x by

(e = | [T 22 et | (7o
!

Where * is the convolution operation for the Fourier transform

as defined by definition 2.9. Likewise, we define the operation
® by

*8)(x)

n eja[; Ocp)x[z, o
(fog)lx [ }

[1

p=l1

Theorem 4.2. Let h(x) = (f *xg)(x) and Fy,Gq and Hy de-
note the n-dimensional Fractional Fourier transform of f,g
and h respectively. Then

Ho(u) = u) ﬁ e Jan(ap)uy “.1
p=1
Moreover
FOC f(x)g(_x) Iﬁlejdp(ap)x%, (I/l)
p=1
= [T er(—o)(Fa® Ga)(w) 4.2)

Proof From the definition of the n-dimensional Fractional
Fourier transform and first definition of convolution in the
definition 4.1, we have

Ho (1) :/nh(t)x

ﬁ cp(@p) i [ap(o) (3+13)~2ap 0y upiy dr:
1 V21
p
where u,,t,,a, € R" with o, is constant for p = 1,2,---n

and
dt =dtdty-- - dt,.

He (u)

{15 i

fo | [Tz epo

|: 1 ep(0p) & [“1}(%)(1%*“%)*2‘1/1(O‘p)bp(ap)”ﬂﬂ] ] dt
p=1 V 21

| cj(0p) y

L 27

p
/R l:He/ [a,,(oz,,)up 2ap (0p)bp(0tp “P’ﬂ]:| (f*g)( )dt

/‘ |: I”I ej [ap((lp)u%—Zap(ap)bla(ap)"‘I”l’] ] dt f(x) X
R? :

Jap(an) ]g(t _ ) [ﬁ e/“p(“p)(’p_xp)z] dx

p=1
%2 [, [, s

n
exp{j {ap((xp)(u?, +x?, +t]2, +x,2, —2tpx))
p=1

- 2ap(a,,)bp((xp)uptp] }dxdt.

By making the change of the variable, 1 —x =v
ie. (tl —X1,lp = X2, ,In _xn) = (vlaVZa"' avn)
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ie.tp—x,=vp,Vp=12,---,n
Ort,=v,+x,,Vp=12,---,n
=dt,=dvp,Vp=1,2,---|n

=dt =dtidty - -dt, = dvidvy - --dv, = dv.
Therefore
Ho (u)

n C2 .
-| I B [ s

n
H e’ [dp(‘Xp)(“,2;+X,2;+V%)—2“/)(ap)b17(0‘p)”p(xp+"p)] dxdv
p=1
2
_ |:I’_’I Cp(ap) eja],(ap)u%:|
pei 2
n
x) H ol [ap(ap)(u§+xﬁ)—2“p(0‘p)bp(%)“pxp] dx
R® p=1
n
V) H e’ [ap(Ofp)(M,Z;JFV%)*2“p(ap)hp<0‘p)”p"p] dv
R” p=1

= |: H eju”(ap)u%’:| F(x(u)Ga(M)
p=1

and this complete the proof of equation (4.1). As for equation
(4.2) we have from second definition of convolution in the
definition 4.1.

(Foa ®Ga)(u)
n ejap(ocp)ulz,

V2T }(
rn ejap(ot Jup 2

F2 m} L. {He e ] (%)

ﬁ e—jap(ocp)(up—Xp)z} Go(u—x)dx.

Fy % Gy)(u)

_p=]

We know that

CplOp

=152 [, 7

H ol (@) G ) 2ap(p)bp ()25 ]

where z = (21,22, ,Zn)-

939

Therefore

n ejal-’(aP

(Fa ®Gq)(u)
1557 fie)

:Ll
{[H ] Hexp{ [a,, () (2 +2)

p=1

cp(ay)

V2r

2ap(otp)b,,((x,,)z,,x,,} }dz} Go(u—x)dx
m ”2”(‘“] [ 5@ [ Gatu

n

[1

p=1

|

By making the change of variable, u —x=v=x=u—v.
That is (x1,%2, -+ ,X%,) = (U] — Vi, Up — Vo, Uy — Vp).

eijap(ap) [(”p’XP)Z*Z%IJrZhP(ap)poP] :| dx] dz.

Orx,=u,—v,,Vp=12--,n
=dx,=—dv,,VYp=12,---,n
Therefore
(Fo ®Gg)(u)
n ejap(ot,,)u,z,c o
- K] [ @] [, Gatx
-PZI 27[ JRn JRn

e . 2.2 5y _
He Jap(otp) |vp—2p+2bp(0p) (up—vp)zp

Lp=1

} dv] dz

e o).

o (f )F

[ [f1erealizmennsl] o
11

(1] | o

(—o
V27
e*]'ap(ap) [(V%}+Z]2,)*2b11(ap)Vpr} dV} dZ-

Which, in view of the inversion formula for the n-dimensional
Fractional Fourier transform,can be reduced to

(Fou ® Go) (1)

n ejap(ap)“% cp ((Xp>

I i

1 cp(—0p ]/nf(z)g(z)x
P

In] exp{Zjap(Otp) [Z127 - bp(ap)upzp] }dz
p=1
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Which iplies that

(Fa ®Gq)(u)

) LH] %] /R [f (Z)g(z),ﬁ] efan<ap>z,%]

|: ﬁ ej%(“p) [Z;ZJJF”;ZFZ”p(O‘p)”pZP] ] dz
p=1

5| e | rrete) [T et

{ n :
=1 Cp(—0p =1

Therefore

Arere Hl e ) = [It[lcp(—ap)} .

(Fa®Gg)(u).

Remark 4.3. In this paper we have defined the kernel and
integral transform for those

o=

(o, 0, -+, 04) € R" such that all a/s are not multiple

of . We could not consider the case where all s or some of
os are multiple of 7.
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