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Let G = (V,E) be a graph. The non-adjacent vertex sum polynomial of the graph G = (V,E) is defined as
x*2(6)-i where nac)—;j is the sum of the number of non-adjacent vertices of all the

vertices of degree A(G) — j and axg)—; is the sum of the degree of non-adjacent vertices of the vertices of
degree A(G) — j. In this paper we derived the non-adjacent vertex sum polynomial for Umbrella graph, Jahangir

Umbrella graph, Jahangir graph, Tadpole graph and Lollipop graph.
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1. Introduction

In a graph G = (V,E) we mean a finite undirected, non-trivial
graph without loops and multiple edges. The vertex set is
denoted by V and the edge set by E, for v € V, d(v) is the
number of edges incident with v, the maximum degree of G
is defined as A(G) = max{d(v)/v € V} for terms not defined
here, we refer to Frank Harary [3]. An Umbrella graph U, ,
is the graph obtained by joining a path P, with a central vertex
of a fan F,,.[7]. Jahangir graph J;, for m > 3 is a graph
on sm+ 1 vertices that is a graph consisting of a cycle Cy,,
with one additional vertex which is adjacent to m vertices
of C, at a distance 's’ to each other an Cy,, [6]. A Tadpole
T, x is the graph obtained by appending a path P to cycle C,
[7]. A Lollipop graph denoted by L,, , is a graph which is
constructed by appending a complete graph K,,,, m >3 toa
pendent vertex of path graph P,.

2. Main Results

Theorem 2.1. Let Uy, , be a Umbrella graph with m+n ver-
tices. Then the non-adjacent vertex sum polynomial of Uy, , is
NAVSP(Upp,x) =

(2n —2)x%""7 4+ (20 —3)x0" 9 4 (2n% — 11n+ 12)x%*10
+(2n=3)x"2 4 (4n— 6)x> 10 4 (4n — )13 4

(20 — 120+ 16)x>" 14 4 (n—2)x?" >

if myn(m>35,n>15) are odd and

ifm,n(m > 6,n > 6) are even

(m+n—2)x"=5 4 (m—+n—3)x 74

(202 — 120+ 16)x5"=8 4 (m+n —3)x>m7

+(4n —8)x>" 8 4 (4n — 10)>m 11 4

(2n% — 150 +25)" 12 4 (n — 2)x2m 3

ifm(m > 6) is even and if n(n >7) is odd

(m+n—2)x"=% 4 (m+n—3)xm= 14

(2n% — 10+ 8)x5" 12 4 (m+n —3)x>" 11

+(4n —4)x>" 12 4 (4n — 6)>m 15 4

(2n% —9n+9)x>" 16 4 (n —2)x?m—7

ifm(m>7)is odd and if n(n > 6) is even

Proof. LetV = {{u;,vj/1 <i<m,1 < j<n} be the vertex
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setand £ = {uiui+1,vjvj+1/l <i<m—-1,1<j<n— l}U
{viu;/1 < i < m} be the edge set of the graph U, ,. Then
Upn,n has m+n vertices and 2m +n — 2 edges.

Case(i) Both m (m > 5) and n (n > 5) are odd.

The total number of non-adjacent vertices of v, is 2n —2, v,,_|
is 2n—3,v3,v4,...,Vy_2 1S 2n2-11n+12, vy is 2n — 3, uy 1y, iS
4n—6, up, Up—1 is 4n-8,u3,us, ..., Upm_2 is 2n* — 12n+ 16 and
v1 is n — 2 and sum of degree of these non-adjacent vertices is
6n—17,6n—9,6n—10,52—9,5n— 10,52 — 13,5n — 14 and
2n — 5 respectively.

Case (ii) Both m (m > 6) and n (n > 6) are even.
The result is similar to case (i).
Case (iii) m (m > 6) is even and n (n > 7) is odd.

The total number of non-adjacent vertices of v, is m+n —
2, Vp—1 IS m+n—3,v3,v4,..., V2 1S 20 — 12n+ 16, vy is
m4n—3,up,upyis4n—8, ux, uy, 1 is4n—10,uz,ug, ..., Uy_»
is 2n% — 15425 and v; is n —2 and sum of degree of these
non-adjacent vertices is 6m —5,6m —7,6m —8,5m —7,5m —
8,5m—11,5m — 12 and 2m — 3 respectively.

Case (iv) m (m > 7) is odd and (n > 6) is even.

The total number of non-adjacent vertices of v, is m+n —
2, V1 is m+n—3, v3,v4,...,Vy_2 18 272 —10n+8, v, is
m—+n—3,up, Uy is 4n—dupu,, | is dn— 6,u3,uUg, ..., Uy 7 1S
2n> —9n+9 and v; is n —2 and sum of degree of these non-
adjacent vertices is 6m —9,6m — 11,6m —12,5m —11,5m —
12,5m — 15,5m — 16 and 2m — 7 respectively. Combining all
these we get the required polynomial. O
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Figure 1

Here NAVSP(Us 5,x) =
8x2 + 7x2! 4+ 7x20 4 77x10 4 14x15 4 12412 61 4355,

Example 2.2. The non-adjacent vertex sum polynomial of the
Umbrella us s,u¢7 and uy ¢ are given in Figure 1, Figure 2
and Figure 3 respectively.
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vy vg

Here NAVSP(Us 7,x) =
1131+ 10x2% 4+ 30028 + 10x23 4+ 20222 + 18x19 + 18x!8 4+ 5x°.
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Figure 3

Here NAVSP(U; 6,x) =
11633 4+ 1023 + 20030 + 10x2* + 20523 + 18x29 4+ 27x19 + 447,

Theorem 2.3. Let J,, be a Jahangir graph with sm+ 1 ver-
tices. Then the non-adjacent vertex sum polynomial of Jgy
is

NAVSP(Jgn,x)) =

(s* =35 =252 + 6s)x232+2576 + (25
(s3 - 3S)x252+s77 +(s2— S)xz(sz
(s>4,m>4)if s,misodd

2
_4S)x2s +2577_’_

"‘)if S,m is even

(s>5,m>5)
(s* +4s—37)(m*+m— 2)x 2m*+4m—6 |
(25 —2)(m* +m— 2) 2m>+4m— T4 (s? _S_3),nx2m2+3m77

+(s% =25+ 1)x?"

if s(s>5)isodd and if m(m>4) is even

(s —25—3)(m? )a2m* =6
(25 +2)(m? —m—2)x2m* 7

+(s> +s5— 3)mx2’” “m=T 4 (25— 1

if s(s>4)isevenand if m (m>5)isodd

—m—2

7))62m2 —4m

Proof. Let Jy, be aJahangir graph with sm—+ 1 vertices namely

V1,V2, ey Vs, Vsm+1- In @ Jahangir graph Jg,,, m vertices have
degree 3, d(vVgm+1) = m and the remaining vertices have de-
gree 2.

Case (i) Both s (s > 5) and m (m < 5) are odd.

The total number of non-adjacent vertices of degree 3 vertices
is 5% — 3s, those vertices adjacent to degree 3 vertices except
Vemi1 18 257 — 38,Vgm 1 is s> — s and the remaining vertices in
the cycle is (s* — 3s® — 25?4 65) and sum of degree of these

009 nn,,
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non-adjacent vertices is 25> +s — 7, 25>+ 25 — 7, 2(s2 —5)

and 2s? + 25 — 6 respectively.

Case (ii) Both s (s > 4) and m (m > 4) are even. This proof

is similar to case (i).

Case (iii) s(s > 5) is odd and m(m > 4) is even.

The total number of non-adjacent vertices of degree 3 vertices

is (s> —s — 3)m, those vertices adjacent to degree 3 vertices

except Vg1 is (25 —2)(m? +m—2), vguy1 is (s =25+ 1),

and the remaining inner vertices in the cycle is (s> + 4s —

37) (m? +m —2) and sum of degree of these non-adjacent

vertices is 2m” +3m—7, 2m* +4m—7, 2m* and 2m* +4m —6

respectively.

Case (iv) s (s > 4) is even and m (m > 5) is odd.

The total number of non-adjacent vertices of degree 3 vertices

is m(s% +s— 3), those vertices adjacent to degree 3 vertices

except Vg1 18 (25 +2)(m?> —m—2),vgneq is (25> — 17) and

the remaining inner vertices in the cycle is (s> —2s —3) (m? —

m —2) and sum of degree of these non-adjacent vertices is

2m? —m—"7,2m* —7, 2m* —4m and 2m* — 6 respectively.
O

Example 2.4. Put s =5,n =4 in the above theorem we have
the graph.
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Figure 4

Here NAVSP(Js 4,x) = 144x%? + 144x*! 4 68x37 + 16x*2.

Theorem 2.5. Let T, be a Tadpole graph with n+k ver-
tices. Then the non-adjacent vertex sum polynomial of T, . is
NAVSP(T, j,x) =

(2n — 4)x*H 4 (20— 5)x%=1 4 (2n — 8) (2k — 1)x* 2
+3(2n —5)x*=3 + (2n — 6)x* 3

ifn(n>6),k(k>4) are even

and  if n(n>5),k(k>3) are odd

(2n —3)x*=1 4 (2n — 4)x% =3 4 (2n — 7) (2k — 2)xH—*
+3(2n — 4)x* =3 4 (2n — 5)x*7

ifn(n>35isodd and if k(k > 4) is even

(2n —5)x*+3 1 (2n — 6)x* 1 4 (2n — 9)2kx*
+3(2n—6)x* 1+ (2n — 7)xH3

if n(n>06)isevenand if k(k>3)isodd

Proof. LetV = {{u;,v;/1 <i<n,1 < j<k} be the vertex
set and E = {uiui+1,VjVj+1/1 <i<n—1,1<j<k— 1}U
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{u1v1} be the edge set of the graph 7, x. Then T, ; has n+k
vertices and n + k edges.

Case (i) Both n (n > 6) and k (k > 4) are even.

The total number of non-adjacent vertices of vy is (2n—4),
Vi1 is (2n—5),v2,v3,...,vk—o and usz,uq,...,u,—1 is (2n—
8)(2k — 1), uz,u, and vy is 3(2n —5) and u; is 2n — 6 and
sum of degree of these non-adjacent vertices is 4k + 1,4k —
1,4k — 2,4k — 3 and 4k — 5 respectively.

Case (ii) Both n(n > 5) and k(k > 3) are even. The result is
similar to Case (i).

Case (iii) n(n > 5) is odd and k (k > 4) is even.

The total number of non-adjacent vertices of v is 2n — 3, v
is (2n—4),v2,v3,...,vx_p and uz, ug, ..., up—1 is 2n—"7)(2k —
2),up,uy,vy is 3(2n —4) and u; is 2n— 5 and sum of degree
of these non-adjacent vertices is 4k — 1,4k — 3,4k — 4,4k —5
and 4k — 7 respectively.

Case (iv) n (n > 6) is even and k (k > 3) is odd. The total
number of non-adjacent vertices of vy is (2n— 5),v;_1 is 2n —
6,v2,V3,...,Vi—p and uz,ug,...,up—1 is 2k(2n —9), uy,up, v
is 3(2n—6) and u; is 2n —7 and sum of degree of these
non-adjacent vertices is 4k + 3,4k + 1,4k,4k — 1 and 4k —3
respectively. O

Example 2.6. Take n = 6,k =4 in the above theorem we have
the graph.

Vg Uy

L ]
L ]

Ug

Here NAVSP(Tg 4,x) = 8x'7 4 7x15 4 28x1% 4-21x13 4 6x!!

Theorem 2.7. Let Ly, , be a Lollipop graph with m+n ver-
tices. Then the non-adjacent vertex sum polynomial of Ly, , is
NAVSP(Lyp,x) =

(2m — 4)x 51 4 (2 — 5)x 53 4 (m—5)(2n— 1)
LS4 (2m — 5)xn2+4n74 + (m—1)nx® = 4 (m —3)x21 3
if m(m>7),n(n>5)are odd and
if m(m>6),n(n>4) are even
(Zm _ 5)xn2+7n+3 + (2m _ 6)xn2+7n+1 + Z(m _ 6)nx”2+7”
+(2m— )Xt (s — 1)1 4 (m — 4)x20 3
ifm(m > 8) is even and if n(n > 5) is odd
(2m— )3y (o — 4) IS
(m— 4)(2n — 2)x7 306 4 (2 — 4)x" 205
+(m—1)nx® 1 4 (m —2)x*" 3
if m(m>17)isodd and if n(n > 6) is even

Proof. LetV = {{u;,vj/1 <i<m,1 < j<n} be the vertex

o
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setand E = {{M,'u,'+1,vj'\/j+1/1 <i<m-1,1<j<n—-1}U
{u1v1} be the edge set of the graph L,, ,. Then L, , has m+n
vertices and (’5) +n edges.

Case (i) Both m (m > 6) and n(n > 4) are even.

The total number of non-adjacent vertices of v, is (2m —
4),vu_1 18 2m —5,vp,v3,..yvp_n is (m—5)(2n—1), vy is
(2m—5),up,u3,...;up is n(m—1) and u; is (m — 3) and sum
of degree of these non-adjacent vertices is n”> +5n — 1, n*> +
Sn—3,n>+5n—4,n*+4n—4,2n— 1 and 2n — 3 respectively.
Case (ii) Both m(m > 7) and n(n > 5) are odd. The result is
similar to case(i).

Case (iii) m (m > 8) iseven and n (n > 5) are odd.

The total number of non-adjacent vertices of v, is (2m —
5),Vp—1 is 2m — 6,v3,v3,...,vy—2 is 2n(m —6),v| is 2m —
5,u3,ua,...,up is n(m — 1) and u; is (m —4) and sum of de-
gree of these non-adjacent vertices is n> +7n+3,n> +7n+
1,n> 4 7Tn,n* +6n—1,2n— 1 and 2n — 3 respectively.

Case (iv) m (m > 7) is odd and n (n > 6) is even.

The total number of non-adjacent vertices of v, is (2m —
3),vn—1 is (2m —4),v2,v3,...,vp_2 is (m—4)(2n —2),v; is
(2m—4),uy,u3, ...ty is n(m— 1) and u; is m — 2 and sum of
degree of these non-adjacent vertices is n”> +3n—3,n> 4+ 3n —
5,n* +3n—6,n> +2n—5,2n— 1 and 2n — 3 respectively. [

Example 2.8. Take m=6,n=4 in the above theorem we have
the graph.

Here
NAVSP(Lg 4,x) = 8x3° +7x33 4+ 7232 4+ 78 +20x7 + 3x°
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