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Abstract
In this paper, we study the stability of a generalized quadratic functional equation in sense of Ulam, Hyers and
Rassias in Banach spaces, Quasi--2-Banach spaces and intuitionistic fuzzy-2-Banach spaces via two alternate
methods.
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Contents terms of the control condition used to define the concept of
approximate solution were established in [3, 22, 38, 41, 43].
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1. Introduction and Preliminaries In this paper, the authors introduce and establish the gen-

In 1940 Ulam [50] proposed the general Ulam stability prob-  eralized Ulam-Hyers stability of a generalized quadratic func-
lem: When is it true that by slightly changing the hypotheses  tional equation

of a theorem one can still assert that the thesis of the theo-

rem remains true or approximately true? In 1941, Hyers [23] qg(v+nw)—2¢q (v +(n-— l)w) +q (v +(n- Z)W) =2! g(w)
gave the first affirmative answer to the question of Ulam for (1.5)
additive functional equations on Banach spaces. Hyers result

has since then seen many significant generalizations, both in ~ where n > 1 in Banach spaces, Quasi-f3-2-Banach spaces
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and intuitionistic fuzzy-2-Banach spaces via two alternate
methods.

Here, we provide the solution of the functional equation
(1.5).

Theorem 1.1. Assume A and B are real vector spaces. Sup-
pose q : A — B is a function satisfying functional equation
(1.5). Then the following assertions hold.

(i) 4(0) =
(ii) q(—w) = q(w), that is q is even;
(iii) q(2w) = 4q(w).

Proof. Given g : A — B is a function satisfying equation (1.5).
The proof of (i) follows by replacing (v,w) by (0,0) in (1.5).
Changing (v,w) by (—nw,w) in (1.5), we have

qg(—2w)=2qg(w)+2q(-w), V weA. (1.6)
Replacing w by —w in (1.6), we arrive
q2w)=2q(—w)+2q(w), V weaA. (1.7)

The proof of (ii) follows by comparing (1.6) and (1.7) with
replacing w by w/2. The proof of (iii) follows by using (ii) in
(1.6). U

Theorem 1.2. Let A and B be real vector spaces. Suppose
q : A — B is a function satisfying the functional equation
(1.1) for all x,y € A. Then q : A — B is a function satisfying
equation (1.5), for all vyw € A.

Proof. Given g : A — B which is a function satisfying func-
tional equation (1.1). Replacing (x,y) by (0,0) in (1.1), we
get g(0) = 0. Changing (x,y) by (—0,w) in (1.1), we have
g(—w) = g(w) for all w € A. In addition, switching (x,y)
by (w,w) and (2w,w) in (1.1), we arrive g(2w) = 4¢g(w) and
q(3w) = 9¢q(w) for all w € A. In general, for any positive inte-
ger a, we have g(aw) = a’>q(w) for all w € A. Interchanging
(x,y) by (w,v+ (1 — 1)w) in (1.1), we get

gw++Mm—1w))+q(w-—
=2q(w)+2q(v+(n—1w),

for all v,w € A. Using evenness of g, the above equation can
be rewritten as

(v+(m-1w))

(1.8)

Dw),
(1.9)

qv+nw)+q(v+n—2)w)=2q(w)+2q(v+(n -

for all v,w € A. Rearrange the above equation we arrive our
desired result. O

2. Stability Results In Banach Space

In this section, the generalized Ulam-Hyers stability of e
functional equation (1.5) is discussed in Banach space using
direct and fixed point methods.

967

2.1 Direct Method
Theorem 2.1. Ler 6 € {—1,1}. Assume A is a normed space
and B is a Banach space. Suppose @ : A> — [0,00) and q : A —
B are functions satisfying the condition and the inequality

o (2“5v,20‘5w)

T A

2.D

and

v+ ) =24+ (= W) +a v+ (0 —2)w)

=2 g(w)|| <@ (vw) 22)
for all vyw € A. Then there exists a unique quadratic mapping
2 : A — B satisfying the functional equation (1.5) and the

inequality

I & @o(—n ~2i5w,2i5w)
-9 <- .
lg(w) = 2w)ll < § | 21;6 YT
=

(2.3)

forallw € A.

Proof. First, we give proof for § = 1. Interchanging (v, w) by
(—=nw,w) in (2.2) and using evenness of ¢, one can find that

dqw)ll <@ (=nw,w) 2.4

H H < B(=nww)
= 4

g (2w) —

2.5)

for all w € A. Again, changing w by 2w and dividing by 4 in
(2.5), one can observe that

a(2*w) _q(2w) H -
P e

o (—n-2w,2w)

e 2.6)

for all w € A. Combining (2.5) and (2.6), one can arrive

q(2*w)

) aw) o (—n-2w,2w)
4

4
2.7)

1
< -

4 w(_nw7w) +

for all w € A. In general for any positive integer o, one can
verify that

q(2%w) 1% @ (—n-2'w,2'w)
|52 a0 < y ol

for all w € A. Replacing w by 28w and dividing by 4P in (2.8),
for any B, > 0 and letting 8 tends to infinity we obtain

{CI(Z“W)

(2.8)

the sequence 1
complete, there exists a mapping £ : A — B such that

q(2"w)

} is a Cauchy sequence. Since B is

2(w) = lim , VweA.
Letting @ — o0 in (2.8), we see that (2.3) holds for all w € A
for 6 = 1. If we changing (v,w) by (2%v,2%w) and dividing

009 nn,,
5:

; ‘a’uv
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by 4% in (2.2), letting & — oo and using the definition of 2(w)
one can see that 2 satisfies (1.5) for all v,w € A. In order
to show 2 is unique, let #Z be another quadratic mapping
satisfying (1.5) and (2.3). Thus,

[2(w) —Z W)

4B HQ(ZB _‘%QBW)H

< (@ —a@ |+ |ae?w) - 22w}
FEEn I

for all w € A. Hence, 2 is unique. Thus the theorem holds
for 6 = 1. Now, we give proof for 6 = —1. Replacing w by
w/2in (2.4), we get

a0 =4a(3)] <@ (-n3.3)

for all w € A. Again replacing w by w/2 and multiply by 4 in
(2.9), we obtain

[¢a(z)#a(p)|s40(npp) @0

for all w € A. Combining (2.9) and (2.10) one can arrive

Jatn =47 (3)]
Sw( "vzv 2)+4w( "%%)

for all w € A. In general for any positive integer & one can

find that
Jam 27 (5 )H<Z4” (-n33)
;V) 2.12)

2.9)

@2.11)

for all w € A. This completes the proof of the theorem. [

The following corollary is an immediate consequence of
Theorem 2.1 concerning the some stabilities for the functional
equation (1.5).

Corollary 2.2. Let m and d be nonnegative real numbers. Let
a function q : A — B satisfies the inequality

la(v+nw)=2q(+ (= Dw) +q v+ (= 2)w)

m7

m (|V[|9+[lw]|),
m (|[v]| +[[w]| ),

m [[v][¢]|w]|,

m [v][ ] |wl|,

H < (2.13)

968

for all v,w € A. Then there exists a unique quadratic function
2 . A — B satisfying the functional equation (1.5) and

mn
ENP
m<77+>4|||W|, 442
d d d.
m N |lw|[Ttm||w]|2 _
||6](W) - Q(W)” < |2dl _4| |2d2 _4| ) dladZ 7£ 2,
d 2d
m n<[jwl|
—5i 2d # 1;
‘22d_4| ’ 7é
d dy+d
m w7 ,
Tpath 4] di+d #2;
(2.14)
forallw € A.

2.2 Fixed Point Method
We firstly recall the fundamental results in fixed point the-
ory.

Theorem 2.3. [39] (The alternative of fixed point) Suppose
that for a complete generalized metric space (X,d) and a
strictly contractive mapping T : X — X with Lipschitz con-
stant L. Then, for each given element x € X, either

(F1) d(T"x,T"'x) =o0 V¥ n>0,
or

(F») there exists a natural number ny such that:

(FPC1) d(T"x,T""'x) < oo for all n > ny ;

(FPC2)The sequence (T"x) is convergent to a fixed point y*
of T

(FPC3) y* is the unique fixed point of T in the set Y = {y €
X :d(T™x,y) < 00}

(FPC4) d(y*,y) <

<17 L d(y,Ty) forally €Y.

For some applications of Theorem 2.3 in the stability of
various functional equations in miscellaneous spaces, we refer
to [8], [10] and [19].

Theorem 2.4. Let A be a normed space and B be a Banach
space. Suppose that q : A — B and @ : A> — [0,0) are func-
tions satisfying the inequality (2.2) and the condition

1
olcgn Gﬁw (Go‘v Ch w) =0 (2.135)
for all vyw € A, where
2 j=0
_ . 2.16
! { y i=1 @10
If there exists L = L(j) such that the function
—nNw w
v 4 =0(—:,—=
<W7W) < 2 ) 2) )
has the property
1
— W (0w, 0jw) =L W (w,w), (2.17)

2
6]
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then there exists a unique quadratic mapping 2 : A — B
satisfying functional equation (1.5) and

L'~

o) =20 < (£ ) # s

(2.18)

forall w € A.

Proof. Define aset 2" ={r/r:A — B, r(0) =0} and intro-
duce the generalized metric on the 2" by, d(r,s) = inf{K €
(0,00) : [[r(w) —s(w)|| < K #(w,w),w € A}. Tt is easy to
see that (2,d) is complete Furthermore, define a function
T: 2 — 2 byTr(w)= 2r(O w), for all w € A. This im-

plies d(Tr, Ts) < Ld(r,s), for all,se 2. ie., T is astrictly
contractive mapping on 2~ with Lipschitz constant L (see
[39]). Using (2.17), it follows from (2.5) for the case j =0
that

el
|2t

=d(Tq,q) <L < oo. (2.19)

for all w € A. Helping (2.17), it follows from (2.9) for the
case j = 1 it reduces to

oo —4a(3)<o(3"3)

o1 (3)] < ¥

=d(q,Tq) <1< oo. (2.20)

for all w € A. Combining the above two cases, we arrive
d(q,Tq) <L/

Therefore (FPC1) of Theorem 2.3 holds. By (FPC2) of Theo-
rem 2.3, it follows that there exists a fixed point 2 of T in Z~
such that

2(w) = lim 4(6/w)

2
o—roo ‘
9]

wEA.

.V 2.21)

To order to prove 2 : A — B is quadratic the proof is similar
ideas to that of Theorem 2.1. Again by (FPC3) of Theo-
rem 2.3, 2 is the unique fixed point of T in the set & =
{Ae 2 :d(q,2) < o}, 2 is the unique function such that
llg(w) — 2(w)|| <K # (w,w) forallw € A and K > 0. Finally
by (FPC4) of Theorem 2.3, we obtain d(gq, 2) < 11 d(q,Tq)

this implies d(g, 2) < % which yields our desired result.
O

The next corollary is a consequence of Theorem 2.4 con-
cerning the stability of (1.5).
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Corollary 2.5. Let g : A — B be a mapping and there exists
real numbers m and d such that

la(v+mw) =2+ (= 1w) +q v+ (n —2)w)

m7
m (IIVLI"HJWII"),
m ||v[[ w4,

—21 g(w) H < (2.22)

for all v,w € A. Then there exists a unique quadratic function
2 : A — B satisfying the functional equation (1.5) and

m
|3‘(, 1) [Iwll?
m(nN“+ w )
law) — 2l < g d#2
d 2d
mn{wl]
—_— 2d # 1;
27 4] .
(2.23)
forallw € A.
Proof. Take
m?
@(v,w)=q m ([Pl +[|w]l), (2.24)

m [[v][¢[|wll,

for all v,w € A in Theorem 2.4 for three cases. Replacing
(v,w) by (87 v,67 w) and dividing by sza in (2.24) one can
see that (2.15) holds. Now, by definition of % (w,w) and its
property, we have

m
_ m(n?+1)
W ww)=o [ W) — Il
2 2 mn
o w2
and
m
n2
it +1)
1 1
?W(ij,ejw): 2d62 He ||
J
Ll RIPRWICY
~2dp2 J )
2249’
0,2 W (w,w),
= 9;-]_2 W (w,w),
032 # (w,w),

for all w € A. Hence, the property (2.17) and the inequality
(2.18) holds for the following cases.
for j=0

_p2_n2
L=6;"=2
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L'/

latw) - 2001 < (1= ) #00)
272

- (532 ) =5
-2 1 2

L:Gj :P:2 for j=

m(n?+1) d
1
L:@H_TUZ2 224 for j=1

~m(ni+1) d
i [[wl]

L=672=2"2 for j=0

L'
latw) - 20011 < (T ) # ()
s m e il
“\1-p2a—2 ) H2a IV
_ mn’ 2d
- 1 - .
L:de2:22d72:22 2 for j=1

L

latw) - 2011 < (1= ) #00)

_ 1 mn? 2d
“\1-2224d | 2 [Iwl]

mn?
T 24

‘24

1wl

Therefore, the proof is complete.

3. Stability Results In Quasi-3-2-Banach
Space

In this section, the generalized Ulam-Hyers stability of
functional equation (1.5) is established in quasi-f3-2-Banach
space using direct and fixed point methods. Here, we give
basic definitions and notations in quasi-f-2-Banach space
[20, 21, 51, 52]; see also [35-37].

Definition 3.1. Let X be a linear space of dimension greater
than or equal to 2. Suppose ||(e,0)|| is a real-valued function
on X x X satisfying the following conditions:

(OB2N1) ||(x,y)|| = 0 if and only if x,y are linearly dependent
vectors,

(QB2N2) ||(x,y)|| = | ()| for all x,y € X,

(OB2N3) ||(Ax,y)|| = |A|P||(x,y)|| for all A € R and for all x,y €
X where B is a a real number with 0 < 3 < 1

(OB2N4) If exists a constant K > 1 such that ||(x + y,z)|| <
K(l[x,2)[| 4+ [(»2)]]) for all x,y,z € X.

The pair (X,||(e,)]|) is called quasi-B-normed space if
[|(e,0)|| is a quasi-B-2-norm on X. The smallest possible K
is called the modulus of concavity of || - ||.

Definition 3.2. A quasi-B-2-Banach space is a complete
quasi-f-normed space.

3.1 Direct Method

Theorem 3.3. Let 6 € {—1,1}. Let A be a quasi-f-2-normed
space and B be a quasi-B-2-Banach space. Suppose @ : A> —
[0,00) and q : A — B are functions satisfying the condition and
the inequality

2065 2055
g @ (2700.2%0w)

o—ro0 4055

=0 (3.1
and
v+ nw) =24+ (= VW) +a v+ (0 —2)w)

=2 g(w),z

[ <@(w) (3.2)

for all vyw € A and all 7 € B. Then there exists a unique
quadratic mapping 2 : A — B satisfying functional equation
(1.5) and the inequality

Kol = w(—n'2i5W72i5W)
e
=

(3.3)

forallw e A and all 7 € B.

Proof. First, we give proof for 6 = 1. Interchanging (v,w) by
(—nw,w) in (3.2), using evenness of g and (QB2N3), one can
find that

[(g(2w) =4 g(w)),zl| < @ (—nw,w) (3.4)
. H (q(iw) q(w)) Al < 2mmn) (3.5)

970 X
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for all w € A and all z € B. Again, changing w by 2w and
dividing by 4 in (3.5), one can observe that

H (q(22W) q(ZW)) .

e 0 (3.6)

@ (—1n-2w,2w)
< 2\ 1 =)
= 4B 4

for all w € A and all z € B. Combining (3.5) and (3.6), one
can arrive

(229

< K [0)
= 47ﬁ (_nW7W)+

o(—n -2w72w)] 37)

4

for all w € A and all z € B. In general for any positive integer
a, one can verify that

- Ko-1 a—1 g (_n -2iw,2iw)

H (q(izm _q(w)) A= :

for all w € A and all z € B. The rest of the proof is similar
lines to that of Theorem 2.1. This finishes the proof. O

i=0
(3.8)

Now, we have the upcoming corollary of Theorem 3.3
concerning the stability for functional equation (1.5).

Corollary 3.4. Let A and d be nonnegative real numbers. Let
a function q : A — B satisfies the inequality

la(v+nw)=2q(+ (= Dw) + 4 v+ (= 2)w)

m?

m ([l +wll)
m (||| +[[w]| ),
m [[v] ||,

m [yl ]|wl|,

—2! g(w),z (3.9)

\ <

for all vyw € A and all z € B. Then there exists a unique
quadratic function 2 : A — B satisfying the functional equa-
tion (1.5) and

llg(w) —2w)||
4mK*!
4b[3p
K Um (nP141) [jw]|?
4B|2P1 4]
KU m P w4
4B|2P4 4]

,d #£2;

K%t m [w]|®

4ﬁ|2ﬁd274‘ y A1,
a1 Bd 2d
KPPt
4B|2B2d _ 4]
Ko1 nﬁd1||w||d1+d2
4ﬁ|2ﬁ(d1+dz) — 4|

IN

adl +d2 7é 29

(3.10)

forallw e A and all 7 € B.

971

dr #£2

Theorem 3.5. Let A be a quasi-B-2-normed space and B
be a quasi-f3-2-Banach space. Suppose that q : A — B and
@ : A% — [0,00) are functions satisfying the inequality (3.2)
and the condition

: 1
olgr;e@w(ef‘v, 67w) =0 (3.11)
for all vyw € A, where
_J2 j=0
9]—{ % =1 (3.12)
If there exists L = L(j) such that the function
—_nw w
/4 =0(—,=
o) =0 (35 ).
has the property
1
o2 W (Ojw,0w) =L W (w,w). (3.13)

J
Then there exists a unique quadratic mapping 2 : A — B
satisfying functional equation (1.5) and
L'
1-L

l(g(w) — 200)).2l < ( (3.14)

forall w € A and for all z € B.

Proof. Define aset 2" = {r/r:A — B, r(0) =0} and intro-
duce the generalized metric on the 2 by, d(r,s) = inf{K €
(0,00) : ||(r(w) —s(w)),z|| < K# (w,w),w € A,z € B}. It is
easy to see that (Z°,d) is complete. In addition, define a
function T : 2" — 2 by Tr(w) = eijr(ejw), for all w € A.
This implies d(Tr,Ts) < Ld(r,s), forall s € Z . ie., T isa
strictly contractive mapping on 2~ with Lipschitz constant L
(see [39)).

With the help of (3.13), it follows from (3.5) for the case
j = 0itreduces to

)7 s

) e
iH(WﬁW)),Z%W

= d(Tq,q) <L < . (3.15)

for all w € A and for all z € B. Helping (3.13), it follows from
(2.9) for the case j = 1 it reduces to

[(a0r-2a(3)) A <o (5"3)
 Jfer-sa(2)) ) < i
=d(q,Tq) <1 <oo.

(3.16)

for all w € A and for all z € B. Combining the above two
cases, we arrive _
d(q,Tq) <L'.

The rest of the proof is similar to that of Theorem 2.4. O
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The following corollary is an immediate consequence of
Theorem 3.5 concerning the some stabilities of (1.5). Since
the proof is routine, is omitted.

Corollary 3.6. Let g : A — B be a mapping and there exists
real numbers m and d such that

a(v+nw) =24+ (= VW) +a v+ (0 —2)w)

m’
m (IIV{IJI“\JWII"%
m [[v[[“] ]|,

_21 q(w),zH < 3.17)

forall v,w € A and for all z € B. Then there exists a unique
quadratic function 2 : A — B satisfying the functional equa-
tion (1.5) and

1(g(w) = 2(w)),z]|

m

|3|(, Pd 1) ||w|?

m(NP*+1) ||w )

< 2B 4 , d#2; (3.18)

Bd 2d

m NP4 |wl|

- 7L 2d # 1;

P 7

forallw € A and for all 7z € B.

4. Stability Results In Intuitionistic Fuzzy
-2-Banach Space

In this section, the generalized Ulam-Hyers stability of
the functional equation (1.5) is established in intuitionistic
fuzzy -2-Banach space using direct and fixed point methods.
For more stability of the functional equation in intuitionistic
fuzzy spaces, we refer to [9] and [11]. Here, we give basic
definitions and notations in intuitionistic fuzzy -2-Banach
space.

The basic definitions and notations in the setting of intu-
itionistic fuzzy normed space was introduced by Saadati and
Park [47].

Definition 4.1. A binary operation x : [0,1] x [0,1] — [0,1]
is said to be continuous t-norm if x satisfies the following
conditions:

(1) = is commutative and associative;
(2) * is continuous;
(3) ax1=ajforallac|0,1];

(4) axb <cxdwhenevera<candb <dforalla,b,c,d €
[0,1].

Definition 4.2. A binary operation < : [0,1] x [0,1] — [0,1]
is said to be continuous t-conorm if ¢ satisfies the following
conditions:

(1)’ ¢ is commutative and associative;

972

(2)’ ©is continuous;
(3) ao0=aforallacl0,1];

(4)” aob < codwhenevera<candb <dforalla,b,c,d €
[0,1].

Definition 4.3. The five-tuple (X, U, V,*,0) is said to be an
intuitionistic fuzzy -2- normed space (for short, IF2NS) if X
is a vector space, * IS a continuous t-norm, < is a continuous
t-conorm, and L,V are fuzzy sets on X x X x (0,0) satisfying
the following conditions. For every x,y,z € X and s,t > 0;
(IF2N1) p(x,z, t)+v(x z,1) <1,
(IF2N2) u(x,z,1) >
(IF2N3) u(x,z,t) = 1 if and only if x =
(IF2N4) p(oux,z,t) = p (x,2, %) for each o #0,
(IF2N5) u(x,z, t)*u(y,z s) < p(x+y,z,t+s),
(IF2N6) 1 (x,z,-) : (0,00) — [0,1] is continuous,
(IF2N7)] lim u(x,z,2) = 1 and lim p(x,z,¢) =0,
t—oo t—0
(IF2N8) v(x,z,t) < 1,
(IF2N9) v(x,z,t) =0, if and only if x = 0.
(IF2N10) v(ax,z,t) = v (x,2, %) for each ot # 0,
(IF2N11) v(x,z,t)oV(y,2,5) > V(x+y,z2,f +5),
(IF2N12) v(x,2,) : (0,00) — [0,1] is continuous,
(IF2N13) tli_)rrolov(x,z,t) =0and II% v(x,z,t) = 1. In this case,

(W, V) is called an intuitionistic fuzzy -2- norm.

Example 4.4. Let (X,||||) be a normed space. Let axb = ab
and aob=min{a+b,1} forall a,b € [0,1]. Forall x,z € X
and every t > 0, consider

—— if t>0;

)= ] if :

H(x,z,1) { 0 if t<0;
and

lxzl . _

V(x,zt) = e o 1>0;

0 if 1<0.

Then (X, L, v,*,0) is an IF2N-space.

Definition 4.5. Ler (X, 1L, V,*,0) be an IF2NS. Then, a se-
quence x = {x;} is said to be intuitionistic fuzzy -2- convergent
toapoint L€ X if

lim p(xx—L,z,t)=1 and lim v(xx—L,z,1)=0
forallt > 0. In this case, we write
Xp, i) L as k — oo

Definition 4.6. Ler (X,u,V,*,0) be an IF2NS. Then, x =
{xx} is said to be intuitionistic fuzzy -2- Cauchy sequence if

1 (X p —X,2,1) =1 and V (X p — Xk, 2,8) =0

forallt >0, andp=1,2---.
Definition 4.7. Let (X, 1, V,*,0) be an IF2NS. Then (X, 1L, V,*,0)
is said to be complete if every intuitionistic fuzzy -2- Cauchy

sequence in (X, lL,V,*,0) is intuitionistic fuzzy -2- convergent
(X, 1, v,%,0).
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4.1 Direct Method
Theorem 4.8. Let 6 € {1,—1}. Let A be a a linear space,

(B, ', V') be a intuitionistic fuzzy -2-Banach space and (C, ', V')

intuitionistic fuzzy -2-normed space. Let @ : X x X — B and
q : A — B are mappings satisfying the conditions and the
inequality
u (a) (2“51), ZO‘BW) ,zJ)
> W (Y0 (nw),.z1)

V(o (20‘5\1,20‘5))) ,2,1)
<V (Y0 (v,w),z,0)

“.1)

: / 8 6 26 —
Jim ' (@ (297, 2%%w) ,2,220%) = 1

(4.2)
lim v/ (@ (29"v,2%%w) ,2,22%%) = 0
o —roo

and

u(a+nw) =29 (v (= w)
g (v (n —2)w) —2! q(w),z,z)
> ' (o (v,w),z,1)
v(a(v+nw) =2 (v+ (0 = 1)w)
+q(v+(n—-2)w)—2! q(w),z,t)
<v(o(,w),zt)

(4.3)

)
forall vweAallz€Bandallt >0 with 0 < (Z) <1

a
Then there exists a unique quadratic mapping 2 :A — B

satisfying (1.5) and

u(g(w) — 2(w),z,1)
> IJ/ ((J) *nWaW) %5 ‘4717“)

vig(w) — 2(w),z,1)
< v/ (w(—nWaW) x4 |4—p|l>

“4.4)

forallweAallzeBandallt > 0.

Proof. Case (i) Let 6 = 1.
Substituting (v,w) by (—nw,w) in (4.3) and using even-
ness of ¢, one can find that

u (q(zw) 74q(w) ’th) > “, (w(fnwvw) 7Z7t)
v(q(2w) —4q(w),z,t) <V (0 (—nw,w),z,1)
4.5)

for all w e A all z € B and all # > 0. Applying (IF2N4) and
(IF2N10) in (4.5), we have

u(Q(zw) —Q(w),z,i) > W (o(=nw,w),z,t)

4 4
2 !
v(@ *Q(W)az’%) <v(o(=nw,w),z,1)
(4.6)
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forallw € A all z € Band all 7 > 0. Setting w by 2%w in (4.6),
we obtain

a+1

2
(1)
> p (0(=12%w,2%W),z,1)
g2%w) D
V(f*CI(Z W)’Z’Z)

<V (0(—1n2%w,2%w), z,1)

for allwe A all z€ B and all r > 0. Using (4.1), (IF2N4),
(IF2N10) in (4.7), we get

2% ) g2%)
'u< 4la+l) 4a ’Z’4,4a>
2“/ (a)(_nw>w)727%) (48)
(fI(Za“W)_Q(Z“W) Lt ) '
4(a+1) 4o 77440
<V (a)(—nw,W),z, #)

for all w € A all z € B and all t > 0. Changing ¢ into y*¢ in
(4.8), we get

42" ) %) 1
‘u( 4la+l) T 4a ’Z’4,4a)
Z”/(w(inwvw)azat) (49)
q*'w) q(2%w) 1-y* '
V( 4lat+l) 4o ’Z’4,4a)

< V/ (w(_nw7w)7z7t)

for all w € A all z € B and all r > 0. Relations (IF2N4),
(IF2N10) and equation (4.9) imply that

m (‘I(iiaw) —q(w),z, Z?;Ol 4}2:")

a-1,, (42" 'w) _ q@w) _ Fur
> i=0 .U'(W g %5 4.41

(4.10)

V(% —q W),szzq:BI AZZ'-)
< TIf' v (1 — 420 o 1)

40+ 1) 4 0% 4.4
where
oa—1
ch:CI*CZ*"'*cn
i=0
and
a—1
[1di=dicdro---od,
i=0

for all w € A all z € B and all r > 0. Hence, from (4.8) and
(4.10), we find

u(%_q(w)zl?‘;&ff)

41
Z H:X:Bl ”/ (w(inwv W),Z,t)
= “/ ((D(—m‘% W),Z,Z‘)

. @411
v (452 —g(w), 2 X 1)
< H;('x:_()l V/(a’(—TIW7W)7ZJ)
= V/(w(_nW7W)>ZJ)
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forallw e A all z € Band all + > 0. Switching w by 2w in  for all
(4.11) and using (4.1), (IF2N4), (IF2N10), we obtain in (4.1

q<20c+m ) q 2mw a—1 Yll
4(n+m) 4m > 721 0 44z+m)

>p' (0(2"w),z,t) = ' (a)(—nw,w),z,#)

q(on»mW) 2771 o—1
V( glntmy T 4m ’ 721 0 4. 4(1+m))
<V (@2"W),z,1) = V' (a)(fnw,w),z, #) for all
4.12
( ) obtain
forallwe Aall z€ Bandallz > 0 and all m,n > 0. Replacing
t by Y"t in (4.12), we get
q(2% M) g(2Mw) a—1 Y
4(ntm) T gm e 721 0 4.4(i+m)
> IJ/ (w(_nW7 W)7Z7t)
(4.13)
q(2%t"w)  ¢(2 a—1 Yyt
V( anFm) 4’” 7 ’Zt 0 4,4(i+m))
< 4 (w(_nwﬂw)ﬂz>t)
forallwe A all z€ B and all t > 0 and all m,n > 0. The
relation (4.12) implies that
20+my, om for all
u (q(4(n+m) ) - q(4’"W) ’Z’t>

i=m 4.47

Z:u/ w(_nwaw)7za a_t] 7 )
(4.14)

4 g2mw)
V( Alntm) T 4m , 251

<V <w(—nw,W) 2 ):a:t, 7 >

4.4
holds for all w € A all z € B and all r > 0 and all m,n > 0.
a .
Since0 < p<4and ¥} (%)l < oo, the Cauchy criterion for the
i=0

20{
convergence in IF2NS shows that the sequence {CI(MW) }

is Cauchy in (B, u,V). Since (B,u, V) is a complete IF2NS
this sequence converges to some point 2 (w) € B. So, one
can define the mapping £ :A — B

lim p (q(Zaw) —Q(W),Z,t) -1,

o—roo 4o
. q(2%w) _
0161_r)130v< 20 2(w),z,t | =0
forallwe€ A all z € B and all r > 0. Hence
2(X
% LN 2(w), as n— oo

Letting m = 0 in (4.14), we arrive

(15— g(w),zt) > (w(nw,wm — w‘)
i=0 i

v(% —q(w),z,t) <V (w(—nw’W)’a Zq,’l ,»_)

we Aall z€ Band all # > 0. Taking « tend to infinity
5), we have

1(200) —qlw),t) = (@(-nww).z. 14 p))

v(20w) —qw).zr) <V (@(-nww).z, 1(4=p))
(4.16)

w € Aallz€ Bandallz > 0. To prove 2 satisfies (1.5),

Interchiging (v,w) into (2%v,2%w) in (4.3) respectively, we

u(Fea @ (v+1w) ~ 29 2%+ (0 = D)w))

+q(2%(v+(n—2)w) =2! q(2W) 2.1)
> u' (0(2%,2%),z,22%)

V(g 22 (v+nw)) 24 (2%(v+ (1 — 1)w)

+q(2%(v+(n—2)w) =2t q(2%W) 2.1)
<V (w(Z“v,Z“w),z,ZzaI)

“4.17)
weAallze Band all t > 0. Now,

u(ﬂ(v—&-nw)—z,@(v—k(n— w)
+2(v+(n—2)w)—2! Q(w),z,t)
> 12004 10) -~ sz (vrmw) o 5 )

2 t
22 (v+ (N = 1w)+ 35z (v (= w) 2,2 )+

2' t
2 22a ( )7Z7§)*

(-
w(20+01-2w) - 5za(v+(1-2w) 2,5 )+
(-
( qgv+nw)— 2i}tq(\ﬂr(nfl)w)

2 2! ! 4.18
+ g+ (1 =2w) — g (w),5 £) (@18)

V(Q(ernw)fZQ(er(nfl)w)
+2(v+(n=2w) =2 2(w),z1)

> v( 20+ mw) ~ sz (v+1w) 5 o
V(=220 (0= 1)w)+ aga vt (0= 1) 2 £ )o
V(204 (1 -2w)~ a0+ (1-2w) 2, £ )o
v(—Z!Q(w)—i—Zzz—ixq(w),z,%)o

v (5 v+ 19) — o (v (0~ 1)w)

1 2! t
+ 3z (v (M =2w) = 2g(w) 2.5 ) (@19)
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for allw € A all z € B and all t > 0. Moreover,

hmu(zzaq@“mnw» q(2%(v+(n = w))
(2 + (N —2)w) —2! q(2%W) ) = 1
hm v(zzaq(Zo‘(ernW)) q(2%(v+(n—1w))
2o (- 2w) 21 420 w),51) =0

(4.20)

forallwe A allze€ Bandall ¢ > 0. Letting n — oo in (4.18),
(4.19) and using (4.20), we observe that 2 fulfills (1.5). There-
fore, 2 is a quadratic mapping. In order to prove 2(w) is
unique, let 2'(w) be another quadratic functional equation
satisfying (1.5) and (4.4). Hence,

1(20w) — 2(w).2.1)
> (Q(zam g2z

t.2¢%

u (‘I(2aw) - 3/(20(“’)’27 )

t2‘”(4—p))
)

)

20{
0(2%w), z, 7

12%4-p)
T

o(—nw,w),z,

12%(4—-p) _

forallwe Aallz€ Band allr > 0. Since lim
o—roo 2 yo

) 1
):o
forallwe A all z€ Band allt > 0. Thus

w(2w)— 2 (w),z,t)=1 }
v(2w)— 2 (w),z,t) =0

for all w € A all z € B and all r > 0. Hence, 2(w)

Therefore, 2(w) is unique.

Case 2: For 6 = —1. Putting w by 5 in (4.5), we get
—nw w

w(aw) =47 (%) 2.0) 21 (0 (5,5)21)

v(gw) =47 (5),z0) <V (0 (F*5) 21)
@21)

we obtain
t2%4-p)
T2y

12%(4-p)
2y

Olglgoﬂl ((U(—TI“G W)7Z7

. ’ .
olcl_rgov ((D( nw7w)azv

=2 (w).
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forall v,y € Aall z€ Band all # > 0. The rest of the proof is
similar to that of Case 1. This completes the proof. 0

The following corollary is an immediate consequence of
Theorem 4.8, regarding the stability of (1.5).

Corollary 4.9. Suppose that a function q : A — B satisfies
the double inequality

w(q(v+mw) =2q(v+ (= )+ (v+ (0 =2)w)
(m,2.1),

.z (|4 + [ wl[) .1
m.z (|| + | wl ) 1
m. 2ol || |wl|“.1)

mz] || |wl|,1),
1) )+q(v+(n—2)w)

-2! q(w),z,t) > 3

b

v(q(v+nw)—

m z,( IVH"+|IWHd)7t
m,z, (IIVHdl +|[wll)
m,z, [l “||w|,r),
m,z, |v]4[wl| 1),
(4.22)

’
7t)7

20 g(w),z1) <

e~~~

forallviwe Aallz€ Band allt > 0, where m,d,dy,d> are
constants with m > 0. Then there exists a unique quadratic
mapping 2 : X — B such that

H(‘I(W)—e@( ),2,1)

"(m, |4 — p\t)

EmIIWI Al +1),z,14—plt),
Z7|4—p|t+|4—p\1)7

" (m||wl[*n? 2, |4~ ple)

u
u
' (mn® |[wl| 4+ m||w]| %2,

(m||w[[1F2n 2, |4 — p|r)

==

v(‘](w) _Q(W)’Z>l)
V/(I’I’l,|4—p|l‘),

V! (mllwl[(In|4 +1),z,14 = plr),
mn ]| +ml[w||®,
z[4=pli+]4— plt),
v/ (m||w[[*“n?,z, |4 — plr)
V! (m||w][ 120 2, |4 — plr)

v/

IN

(4.23)

forallweAallze Bandallt > 0.

4.2 Fixed Point Method

Theorem 4.10. Ler A be a a linear space, (B,i’,V') be a
intuitionistic fuzzy -2-Banach space and (C, ', V') intuition-
istic fuzzy -2-normed space. Suppose that q : A — B and
@ : A> — [0,0) are functions satisfying inequality (4.3) and
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the condition

lim pt! (a) (e;xx, quy) .z, e;xt) —1

n—yoo

(4.24)

n—so0

lim v' (@ (68x,08) ,2,6%) =0

forallvyjw € Aall z € Band all t > 0 where

2
9/:{ 1
2

If there exists L = L(j) such that the functions

WA (wow),z,t) =i’ <(D (—;]14/71/21/) 7ZJ> :

“(o(553) )

if j=0

A (4.25)

V(W (wyw),z,t) =

has properties

Ly <912 W(ij, ij) 7Z7t> =u (7 (w,

v’(62 W (0jw,0,w),z ) =Vv' (¥ (w,w),z,Lt)
(4.26)

w),z,Lt)

forallw e Aall z € Bandallt > 0, then there exists a unique
quadratic function 2 : A — B satisfying the functional equa-
tion (1.5) and

=
S
S
|
S

(w),z,t) >’ (W(w,w),z,%t)

v(gw) — 2(w),2,1) < V' (W(w,w),z,%;)
4.27)

forallweAallzeBandallt > 0.

Proof. Defineaset Z' ={r/r:A— B, r(0) =
duce the generalized metric on the .2~ by,

0} and intro-

d(r,s)
,u(r/w) s(w),z,1)
—inf{ M € (0,00) : j(ﬂ(v(g/( (W)) 2, 11)4;)
<V (w,w),z,Mt),

(4.28)

forall w € A. Itis easy to see that (2, d) is complete Besides,
define a function T : &~ — £ by Tr(w) = o L r(8;w), for all

w € A. This implies d(Tr,Ts) < Ld(r,s), for all ns € 2.
i.e., T is a strictly contractive mapping on .2~ with Lipschitz
constant L (see [39]).
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With the help of (4.26), (4.28), it follows from (4.6) for
the case j = 0 it reduces to

(@ (w),z,t) > ' (o(—nw,w),z,4t)
v(q(iw) —q(w),z,t) <V (0(—nw,w),z,4t)
w(Talw) = qlw),z,1) = 1 (7 (ww), 2, L)

(Tq( ) q(w),z,t> <V (H (w,w),z,L1)

=d(Tq,q) <L <oo. (4.29)

for allwe€ A all z€ B and all r > 0. Using (4.26), (4.28), it
follows from (4.21) for the case j = 1 that

w(gw)—4r (%) .z0) > n (o (—3*,5),21)

v (a(w) = Tq(w), 21

=d(q,Tq) <1< co. (4.30)
Thus, from (4.29) and (4.30), we arrive
d(Jf.f)
( ((;)( C]())le) ,
. 1—i ) - w,w),z,L it
=inf¢ L' € (0,00) : ( g(w) —q(w),2.1)
VIO (w,w),z L1 '),

for all w € A all z € B . Therefore, (FPC1) of Theorem 2.3
holds. By (FPC2) of Theorem 2.3, it follows that there exists
a fixed point 2 of T in 2" such that

0%x
lim p <q(9{x ) —Q(W),Z,t) =1,

J
Ox

lim v <‘1(0]q ) —Q(w),z,t) =0
J

for all w € A and all ¢ > 0. To order to prove 2 : A — B is
quadratic the proof is similar ideas to that of Theorem 4.8.
Again by (FPC3) of Theorem 2.3, 2 is the unique fixed point
of Tintheset # = {2 € 2 :d(q,2) <}, 2 is the unique
function such that

(g(w) = 2(w),z,1) = p'(# (w,w), 2 L”t)weA}
v(g(w) = 2(w),2,0) V(7 (w,w),z, LI 't) w €A

for all w € A all z € B and all ¢+ > 0. Finally by (FP4), we
obtain

=
N
=
|
L
i

H>nu (W(w, w),z, %l_let)
%
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for all w € A all z € B and all + > 0. Hence the proof is
complete. O

Corollary 4.11. Suppose that a function q : A — B satisfies
the double inequality

u(a(v+mw) = 2q(v+ (= 1w)
g (v+(n —2)w) =21 g(w) ,z,t)
U (m,z,t),

>0 (m ([l +1]y119) 2.1)
w (] |][y11% 2,1

431)
v(g(+nw) =290+ (n—D)w)
(v (M —2)w) =21 g(w) ,z,t)
V' (m,z,1),

<8V (m (I +1Iy117) 20)

V' (ml x4 1Iy[1,2.1)

forallw,y € Aandallt >0, where m,a are constants with
m > 0. Then there exists a unique quadratic mapping 2 :
X — B such that the double inequality

H(g(w) = 2(w),2,1)
u(m,z, i

>0 (mlbwl (I + 1,2 550 )
W (mllwl P2, ot )

v (g(w) = 2(w).21)
V/ m,z, ﬁ) 9
<8V (mlwl (I + 1),z 57 )

14 m| |W| ‘Zdnd7zv W)

(4.32)
holds for allw € A and all t > 0.
Proof. Set
m,
ovw)=q m (| +wl9), (4.33)

m [[v][¢[|wll,
forallv,w € A in Theorem 4.8. Replacing (v,w) by (6 v, 6 w)

and dividing by 920‘ in (4.33) and taking o tends to 1nﬁn1ty,
one can see that (4 24) holds. Now, by definition of # (w,w)
and its property, we have

LMW( no
u nw W) ,z,t>
m zl
1
+)WW@0
2M|MWJQ
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and

v (W (wyw

w=v(o3"5) )

v/ (m,z,t)
. v(@y“NwWaQ
|MWJQ

m
v’(

n2d

forallw € A all z € B and all ¢+ > 0. In addition, from (4.26),
we have

1
u' ((#W(ij,ejw),z,t>

J
T t)

27 b

9]

441

u’mmFMﬁMﬂm>

dg2
290,

d

mn 2d
rorRlLadl ,z,t>
2 Gj

W (7 ).z, 6;%)

(
=< u (W(W, W), 2, Gj‘?fzt)
(

and

v # (w,w),z,0 ; t)

edz)

W (w sz 2)

v/

(
= v (#lww
(7

forall w e A all z € B and all ¢ > 0. Hence, inequality (4.27)
is true for following:

2_5-2

L=6; for j=0
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1 (g(w) — 2(w),z,1) X
Z ,u/ (W W,W),Z, 12;—2t)
= (m.z5)
v(g(w) — 2(w),z,1) i
S vl (W(W,W),Z, 1 2—2t>
— v (m.z.4)
_ 1 .
L=6;" F:zz for j=1

1 (g(w) — 2(w),z,1)
> (V/(W,w),z, 5t
= (mz5)
v(g(w) — 2(w),z,1)
S vl (W W,W),Z, 1 22t)
— (mz. %)

_ pd-2 d-2 —

L=6/"=2 for j=0

H(CI(W)—Q(W),ZJ)I i
Z ,u/ W(Waw)azv]zzﬁ zid t)

= (m (n?+ 1)lIwl|,2, A1)
v (q(w) = 2(w),z.1)

d—2
<V W(W’W),Z,lizﬁ zidt)
— v/ d d 1
= V' (m (4 D)l 2, 52501

1

L=092=_—— =229 for j=1

J 2d-2
pg(w) = 2(w),z,1)
>/ W(w,w),z,liz% 2%t)
=/ (m (m?+ D)lwll, 2, 55 )
v(g(w) = 2(w),z,1)
< 14 (W(W,W),Z, 172% 2%11‘)

v (m (nd 4 Dlwlid 2, 5

L=0;"=2""2 for j=0

Hgw) = 2(w).z0)

> (W w0w). 2 s 1)
= (m w2, )
v(g(w) —fz(w),z,t)zd .

< v/ W(W7W>7Z7 1_22T 2% t)

= V' (m | w2, )

978

1
=22 for

_p2d—2 _
L=67""= 22d—2

Jj=1

1 (g(w) — 2(w),z,1)

> W(W7W),Z,1_2ﬁ 2%0
= ' (Wl P, 2, 55
V(g(w) — 2(w),z,1)

S V/ W(va)azvl_zﬁ z%t)

= V' (mn||wl, 2, 7 )

The the proof is complete. O
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