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Theoretical fixed point theorem on S-metric space
under binary relation via implicit contractive
condition with an application
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Abstract

In this paper, we extend and generalises the results by Ahmadullah et al. to self mappings on the S-metric space
under a binary relation via implicit contractive condition with an application to an integral equation. We also
provided an illustrative example.
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1. Introduction (1) Let X =R" and ||.|| a norm on X, then,
In 1992, Bapure Dhage [5] 1.n his PhD thesis 1ntroduc§d S(e,y,2) = |[y+z—2x]| +ly—2||,
a new class of generalised metric space called the D-metric
space. In this work, he defined topological properties, com- is an S-metric on X.

pleteness and compactness for D-metric spaces.

The study of fixed point theorems on S-metric space was
initiated by Sedghi et al. [17]. They gave an interesting gener-
alization of D-metric space to S-metric space by formulating
its properties as follows:

(2) LetX =R" and ||.|| a norm on X, then,
S(e32) = e =zl + fly —zll;

is an S-metric on X.

Definition 1.1. [17] Let X be a non empty set. A S-metric (3} Let X be a non empty set, d is ordinary metric on X, then
on X is a function S : X3 — [0,0) that satisfies the following

conditions for all x,y,z,a € X. S(x,y,2) = d(x,2) +d(v,2),

(S1) S(x,y,2) >0; is an S-metric on X.

($2) S(x,y,z) =0 if and only if x =y = z; and Sedghi et al. [17] proved that the D-metric is the S-metric,
but in general the converse is not true.

(S3) S(x,y,z) < S(x,x,a) +S(y,y,a) +S(z,z,a). We give some vivid illustrative examples on S-metric
spaces as follows:

The pair (X,S) is called the S-metric space. Example 1.2. [17] Let X = R?, d is an ordinary metric on X,

therefore,

Some of the examples which satisfies the above character-
istics are: S(x,y,z) =d(x,y) +d(x,2) +d(y,2),
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is a S-metric on X. If we connect the points x,y,z by a line
we have a triangle and if we choose a point a mediating this
triangle then the inequality

S(x,y,2) = S(x,x,a) +S(y,y,a) + 8(z,z,a),
holds.
Example 1.3. [17] Let X =R, then

S(xy2) = e =z + [ly —zll;

is a metric space on X. Define a self map F on X by:
Fx= %sinx. We have

1 1
S(Fx,Fx,Fy) = |§(sinx—siny)|—|—\E(sinx—siny)|7
1 1
< |Z(x— (x—
< Ity
1
< SUG=»l+lE=x,
1
= ES(xaxvy)7

for every x,y € X.

Also, [17] proved the following lemma to satisfy S-metric
Lemma 1.4. [17] In an S-metric space, we have

S(x,x,y) =

Lemma 1.5. [17] Let (X, S) be an S-metric space. If lim x, —
n—yoo

S(y,x).
x and lim y,, — y, then
n—oo

lim S (X, %0, yn) = S(x,x,y).

n—yoo
Lemma 1.6. [18] Let (X,S) be a S-metric space. If there ex-
ists two sequences {x, } and {y,} such that lim S(x,X,,yn) =
n—yoo
0, whenever {x,} is a sequence in X such that lim x,, =t for
n—yoo

somet € X, then lim y, =t.
n—oo

Definition 1.7. [17] Let (X,S) be the S-metric space. For
r> 0 and x € X, we define the open ball Bs(x,r) and closed
ball Bg[x,r] with center x and radius r as follows:

(B1) Bs(x,r)={y€X:S(y,yx) <r}
(BZ) BS[xvr] = {y €X: S(yvyax) < r}'

The topology induced by the S-metric is the topology
generated by all open balls’ base in X.

Definition 1.8. [17] Let (X, S) be an S-metric space.

(i) A sequence {x,} € X converges to x if and only if
S(xy,Xn,x) = 0 as n — eo. That is for each € > 0, there
exists ng € N such that for all n > ng, S(xp,%,,x) < €
and we denote this by ,}E}}o Xp — X.
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(ii) A sequence {x,} in X is called Cauchy sequence if for
each € > 0, there exists ng € N such that S(xy, X, Xm) <
€ for each n,m > 0.

(iii) The S-metric space (X,S) is complete if every Cauchy
sequence is a convergent sequence.

Since then, several researchers have been working in this
direction to generalise the results in different spaces using the
S-metric space. For more details, one can see [6, 9, 16] and
the references therein.

2. Preliminaries

2.1 Implicit relation

In 2018, Popa and Patriciu [14] gave the concept of implicit
functions in S-metric space which includes most of the exist-
ing literature’s well-known contractions besides several new
ones. Popa and Patriciu [14] proved a generalised fixed point
theorem for two pairs of compatible mappings in S - metric
spaces. They considered the family .%¢s be the set of all real
continuous functions.

F :R$ — R satisfying the following conditions:

(F1) F is non-increasing in variable #5 and #¢;

(F») there exists & € [0, 1) such that for all u,v >0,
(Foy) F(u,v,v,u,0,2u+v) <0, or

(Fap) F(u,v,u,v,2u+v,0) <0, implies u < hv,
(F3) F(t,1,0,0,¢,t) <0,V7>0.

Popa and Patriciu [14] used it to unify and extend various
findings in the literature. Fore more details, one can see paper
by Imdad et al. [8].

These are some examples of implicit functions which
satisfies the above implicit relations.

Example 2.1 The function of F' € .Z ¢y satisfies the prop-
erties ( F1) - (F3) (see, Popa and Patriciu [14] ).

1) F(11,t2,t3,14,15,1) =1) —kmax{ty,t3,t4,15,6 }, where k €
1
0,7).
03

2) F(t1,tz,l‘3,l‘4,l‘5,l‘6) =t —aty) — bty — ct4 — dt5 — etg, where
a,b,c,d,e>0anda+b+c+3d+3e < 1.

) F(t1,t2,t3,14,15,16) =t —aty —bmax {3,14,15,16 }, where
a,b>0anda+3b< 1.

@) F(t1,02,t3,14,15,1¢) = t; —aty — bty — ct4 — dmax {rs,16 },
where a,b,c,d > 0anda+b+c+3d < 1.

(5) F(t1,12,t3,14,15,1¢) =t] —atp —dmax {ts,f4 } — bts — ctg,
where a,b,c,d > 0anda+d+3(b+c) < 1.

(6) F(t1,12,13,14,15,t6) =t — a(ts +15) — bty —cmax {t3,14},
where a,b,c > 0and 3a+b+c < 1.
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(7) F(t1,12,13,14,15,16) =t —a(t3 +14) — bty — cmax {ts,1s },
where a,b,c > 0and 2a+b+3c < 1.

8) F(11,t2,t3,14,15,1) = 1) —amax {t4 + 15,13 + 16} — btr,
where a,b > 0 and 4a+b < 1.

9) F(t1,t2,t3,14,15,1) = tf —11(aty + btz +cty) — dtsts, where
a,b,c,d>0,a+b+c<landa+d < 1.

(10) F(t1,t2,13,14,15,16) = 1§ — at\tr — i3ty — ctste,
where a,b,c > 0,a+b<landa+c < 1.

fs+1,
aan F(fl,tz,l3,t4,t5,f6)tlkmaX{tz,t&M,iG},Where
ke [0,1).

2.2 Relation theoretic in S-metric space

In this section, we recall some definitions of binary relations
relevant to relation-theoretical variants and some metrical
concepts such as completeness and continuity. They will be
useful in developing our main results.

Definition 2.1. [11] A binary relation on X is a non-empty
subset Z of X x X. X is called transitive binary relation if
(x,z) € Z for all x,y,z € X such that (x,y) € Z and (y,z) € %.
If (x,y) € Z, we also denote it by xZy, and we say "x is
related to y”.

Definition 2.2. [10] Let X be a non-empty set and % be a
binary relation on X. Let | be a natural number; a path length
in Z from x to y is a finite sequence {20,21,22,...,21} € X
beginning with x ending with y, such that

202721, K822, 20K 73,3824, . . . 2n—1 %7,

which satisfies the following conditions: zo = x,z; =y and
[zi,2iy2i+1] € Z foreachi€ {0,1,2,3,...1 — 1}, then this finite
sequence is called a path of length | (where | € N) joining x
toy in %. We denote the family of all paths in % from x to y
by Y(x,y,%).

Note that, a path of length | involves (I + 1) elements of
X that need not be distinct in general.

Definition 2.3. [19] A metric space (X,d) endowed with a
binary relation Z is %-non decreasing regular if for any
sequence {x,} € X,

(XnsXx,,,) € Z,Vn €N,

X, —x" €X,

= (xp,x") € Z,Yn € N.
We denote by X (F, ) the set of all points x € X satisfying

(x,Fx) € Z, where % be a binary relation on a non-empty
set X and F : X — X a self mapping.

Motivated by definition given by Roldan and Lopez [19],
we extend it to S-metric space notion.

Definition 2.4. A S-metric space (X,S) endowed with a bi-
nary relation Z is %-non decreasing if for any sequence
{x} ex,
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(i) (xnvxnmxanrl) S %,Vn S N,
(i) x, > x€X,
(iii) = (x,,xn,x) € Z,Vn e N.

We denote by X (T, %) the set of all points x € X satisfying
(x,x,Tx) € %, where Z be a binary relation on a non-empty
set X and T : X — X a self mapping.

Definition 2.5. Let (X,S) be the S- metric space. A binary
relation Z defined on X is called S-self closed if whenever

{xn} is a R#-preserving sequence and x, EA X, then there is
a sub sequence {x,,} of {x,} with [x,,,xn.,x| € Z for all
k € Np.

Definition 2.6. Let (X,S, %) be the S- metric space equipped
with a binary relation Z defined on X. Then a subset D of X
is called Z-directed if for every pair of points x,y € D, there
is z in X such that (x,x,z) € % and (y,y,2) € %.

Several scholars worked along this line, proved and gen-
eralized a binary relation notion in different spaces. One can
see [1, 3,4, 7, 12, 15] and the references therein.

Furthermore, Ahmadullah et al. [2] gave an interesting
result on metric spaces equipped with binary relation as fol-
lows:

Theorem 2.7. [2] Let (X,d, %) be a metric space equipped
with a binary relation Z defined on X and T a self-mapping
on X. Assume that the following conditions holds:

(@) (X,d) is Z-complete,

(b) X(T; %) is non-empty,

(¢) Z is T-closed,

(d) either T is % continuous or X is d-self-closed,

(e) There exists an implicit function F € % with

F(d(Tx,Ty),d(x,y),S(x,Tx),d(y,Ty),d(x,Ty),d(y, Tx)) <0,

forall x,y € X such that x,y € %.
Then T has a fixed point.

Theorem 2.8. [2] In addition to the hypothesis (a) — (e) of
Theorem 2.7, suppose that the following condition hold:

® vr (x,y,%°) is non-empty for each x,y € X, wherein F
also enjoys (F3). Then T has a unique fixed point.

The purpose of this paper is to study the existence of
a fixed point employing an arbitrary binary relation under
self-mappings in S-metric spaces via implicit contraction con-
dition. Our results improve and extend
Ahmadullah et al. result in [2] from metric space to S-
metric space notion.
<0,

T o
£ o092,
R
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3. Main Results

In this section, we will extend the results due to Ahmadullah
et al. [2]. The extended theorem is as follows:

Theorem 3.1. Let (X,S) be the S- metric space equipped with
a binary relation % on X and T a self-mapping on X. Assume
that the following condition holds:

@) (X,S) is Z-complete,
(b) X(T,Z) is non-empty,
(¢) Z is T-closed,
(d) either T is Z continuous or % is S-self-closed,
(e) there exists an implicit function F € F¢cs with
F(S(Tx,Tx,Ty),S(x,x,y),S(Tx,Tx,x),
S(Ty,Ty,y),S(Tx,Tx,y),S(Ty,Ty,x)) <0, (3.1)
for all x,y € X such that x,y € Z%.

® v (x,x,y,%°) is non-empty for each x,y € X, where in F
also satisfies (F3). Then T has a fixed point.

Proof. Let xp € X(T,Z) be non empty set, as from (a), we
construct a Picard sequence {x,, } such that x, = T"x, Vn € Ny.
Since (xo,x0,Txp) € Z and Z is T-closed using (c) we have

S(Txo, Txo, szo),S(szo, szg, T3x0), ..
S(T"x0,T"x0, T”JFIJC(])7 - EZ.

From Definition 2.4, we have
(xn;xn,xn-H) € %,Nn € Ny.

Such that the sequence {x,} is Z-preserving. By (3.1) for
x =Xx, and y = x,41 we have

F(S(T_Xn, Txl’H Txn+1)aS(xn,xnaxn+1)7S<Txn; Tle7-le>7
S<T-xn+17Txn+laxn+1)7S(Txn7 Txnver»l)v
S(Tx11+1 s TxXnt1 7xn)) <0.

Equivalently to

F(S(xll+1axn+1 »xn+2)as(xnaxnaxn+l)aS(xn+1axn+17xn)v

S(xn+27xn+2axn+l)aS(anrl yXn+1 7xn+1)aS(xn+27xn+27xn)) <0.

Implies that

F(S(xn+] s Xn4-1 ,xn+2)7S(xn7xn7xn+l )aS(anrl yXn+1 7xn)7

S(xn+27xn+2axn+l)a 07 S(xn+2,xn+27xn)) S 0. (32)
By Lemma 1.4,

S(xn+27xn+2 yXn+1 )

S(xn+17xn+17xn)~

S(xn+1 yXn+1 7xn+2)

S(xnaxnaxn+l) =

application — 1022/1028

By (S3) we have

S(xn+2;xn+27xn) < ZS(er»ZaanrZaanrl)+S(xnaxnaxn+l)-

Then, by (3.2) we obtain
F(SXnt15%n415Xn042) s S (X, X5 Xn41) S (X 1, X115 X)),

S(Xn+2,Xn42,Xn+1),0,28 (X1 2, Xn4 2, Xn 4 1)
+S(xn7xn7xn+l )) < 0. (33)

Letting

u = S(Xnt1,%n+1,Xn+2), (3.4)
and

v o= S(xn,Xn,Xnt1), (3.5)

Applying (3.4) and (3.5) in (3.3), we get
F(u,v,v,u,0,2u+v) <0.

By (F), F is non-decreasing in the sixth variable.
F(u,v,v,u,0,2u+v) < 0.

Implying thereby using (F;) there exists some £ € [0, 1), such
that # < hv, which amounts to say

SCnt1,Xn+1,%012) < WS (X, Xy X1
By induction, it gives rise to

Sy 15 X0t 1,%012) < B8 (x0,%0,x1), Vn € Ny. (3.6)
Thus for all n < m, by S3, Lemma 1.4 and (3.6), we have

S(Xnaxnyxm) < 2S(xn7xnaxn+1) +S(xmaxmvxn+1)~

ZS(xnvxnvanrl) +S(anrl s Xn4-1 7xm)a e

< z[hn+hn+1+hn+2___+hm71]s(xo7xo7xl)
< 20"S(xo,x0,x1) [ +h+ R+ K"
< 2K"S(x0,x0,x1)[1+h+h+ .. 4B

m—n—1
< 20" Y WS(xo,x0,x1)

i=0

n
< %S(XOJCO;X])- (3.7

If x = x, and y = x,_1, by (3.1) we obtain
F(S(Tx,,,Tx,,,Tx,,,l),S(x,,,xn,xn,l),S(Txn,Tx,,,xn),
S(TxnflvTxnflvxnfl):S(TxmTxmxnfl)vs(TxnflzTxnflv-xn)) <0.

Equivalently to

F(S(anrlaanrlaxn)as(xmxmxnfl);S(xn+17xn+17xn)7

S(xn,xn,xn,l )7S(xn+l yXn+15Xn—1 )7S(xnaxnaxn)) <0.
Implies that

F(S(xn+17xn+17xn)7S(xnaxnaxn—l);S(xn+17xn+1axn)a
S(xmxnaxnfl)as(xn{»l7xn+17xn71)70) <0.(3.8)
S50,

St %7z

=

1022
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By Lemma 1.4,

S(xn—hxn—laxn—H)

S(xnfl s Xn—1 7xn)~

S(xn+1>xn+17xn—1)

S(xnaxnaxnfl) =
By (S3) and Lemma 1.4 we have

28 (Xnt15Xn41,%n) +S(Xn—1,%0-1,%)

28 (Xnt1 5 Xnt1,%n) + S(Xn, X, Xn—1)-

S(Xn+17xn+laxnfl)

<
S(anrlvanrlaxnfl) S
Then, by (3.8) we obtain

F(S(xn+l yXn+1 ,)Cn),S(Xn,Xn,X”,1),S()Cn+1 s Xn+1 >xn)7
ZS(xn+l yXn+1 7xn) +S(xn7xn7xn71 )70) <0.(3.9)

Letting

u = S, X0+1,%), (3.10)
and

v o= S(xn,Xn,Xn—1), 3.11)

Applying (3.10) and (3.11) in (3.9), we get
F(u,v,v,u,2u+v,0) <0.

But from (F;), we have, function F non-decreasing in the
sixth variable. Thus by applying (F3), there exists some
h €[0,1), such that u < hv, i. e.

S(anrl yXn+1 7xn) < hS(x,,,x,,,x,,,l )a

which inductively gives rise to

S(-xn+l7xn+17xn) S hn+ls(x07x07xl)7

Vn € Np. (3.12)

We notice that (3.12) is identical to (3.6). So we follow a
similar proof for the condition (F>;) and conclude that a se-
quence {x,} is Cauchy sequence in X. Hence, {x,} is an
Z-preserving Cauchy sequence in X.

From (d) assume that T-is Z#-continuous. Since X is
complete there exists x € X with

lim Tx, = x.
n—oo

Since T is continuous, we have
x=lim Tx,4, = lim T(Tx,) = Tx.
n—soo n—yoo

Therefore, x is a fixed point of 7.
Letting m — o in (3.7), we have
2n"

1th()C,)C,)C()).

S(Txanxmx) <
Next, suppose that & is S-self closed and x, EN x, there is
a subsequence {x,, } of {x,} with [x,, ,x, ,x] € Z, Vk € Ny.
This implies that either (x,, , Xy, ,X) € %, Vk € Ny or (x,x,x,, )
€ #,Vk € Ny.

1023
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Applying condition (e) to (X, ,X,,,x) € %, Vk € Ny, for
X = Xp,, y = x and by Lemma 1.8, we have

F(S(Txp, Ty, TX), S (X s X3 %), S (T T Xy s Xy ),
S(Tx,Tx,x),S(Txp,, Ty ,x),8(Tx, Tx,xp,)) <O0.

or

F(S(xnk+| 7xnk+] ) TX),S(Xnk,Xnk7X),S(Xnk+| 7xnk+] axnk)7
S(Tx, Tx,)c),S()c,,k+l Xy ,X),S(Tx,Tx,x,,)) <O0.

Letting n — oo by Lemma 1.4 and using x;,, 3, xand continuity
of F' and S, we obtain

F(S(x,x,Tx),S(x,x,x),S(x,x,x),S(Tx, Tx,x),
S(x,x,x),8(Tx,Tx,x)) <O0.
F(S(x,x,Tx),0,0,8(Tx,Tx,x),0,8(Tx,Tx,x)) <0,

a contradiction to (F3). Hence, we obtain S(x,x,Tx) = 0, so
that 7x = x. x is a fixed point of 7.

Again, if (x,x,x,, ) € Z, Vk € Ny. Then owing to (F}), we
obtain S(x,x, Tx) = 0, so that Tx = x. Hence x is a fixed point
of T.

By assumption ( f), there exists a path say {z0,21,22,..-,2/ }
of some finite length / in %° from x to y so that 7o = x,z; =
v, [, 2,2 1] € Z foreach i(0 <i <1—1). As Zis T-closed,
we have [Tz}, 7"z}, T"Z. ] € Z foreach i(0 <i<[—1) and
each n € Np. Let

Tx=xand Ty =Y. (3.13)

We show that x=y. By (f), there exists a path ({zo,z1,22,-.-,21})
of finite length / in %Z° from x to y with

=xand z; =Y, [2i,2i, Tzi+1] € Z, foreachic {0,1,2,...1—1},

(3.14)
and
[zi,2:,Tzi) € #, foreachie {1,2,...1—1}. (3.15)
We construct two sequences
2 =xand z,l, =y. (3.16)

By using (3.13), we get
ng =Tx=xVn € Ny, and Tzfl =Ty=yVneNp.
Setting, p

=z forie{0,1,2,3,....,1—1}, (3.17)
we construct a sequence {z,,}, such that T'z, = T'z,,, corre-
sponding to each z;. Since [z, %,2;] € # and % is T-closed,
on using (3.6), we get

1gnS(z;,z;,z;+l) = 0,Vie{0,1,2,3,....[—1}.
n—roo

00%%
L0,
e

(T}

S
25
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By Using (2,2, 25" '] € % due to (3.14) and (3.15) and Z is
T closed, we obtain
(T2, Tzh,TZy"'] € #,foreachi € {0,1,2,...1—1}
and for all n € Ny,

— [z, 2h,25""] € #,foreach i € {0,1,2,...1— 1}
and for all n € Ny.

Define !, = S(z},7,,7,t1), for all n € Ny and for each i €
{0,1,2,...1—1}. Equivalently to
. i
nlgroloSn =0.
By Lemma 1.6, assume that lim S\, =¢ > 0. Since [z}, 7}, 7,"]
n—yoo

€ X, either [7,7,,771] € # or [Z1,71,71] € #, now on
applying condition (e) to it, we obtain

F(S(TZ T2, T2)), S 2 2), S(T2 Tt 24,

n

(T2, T2y, 2,),S(T2, " T2y 2,).8(T'25, T2y, 25,11)) < 0.

or
F(S(Zi:—ll’Ziill7ziz+l)vs(ziz+l’ziz+lvziz)’S(Zizt-ll’zi:-ll’zﬁrl%
S(ZZ+1,ZL+1,Z;l,),S(Zi;lpi;ll,Z;),S(Z£,+1,Z£,+1,Zi,+])) < 0.
Taking n — oo and using r}grolo Si =t in the above inequality,
we get

F(t,1,0,0,1,1) <0,

which is a contradiction by (F3) and hence

lim S, =¢ = 0.

N—yo0
Similarly, if (z},7,,7,") € %, then, from above

lim S|, =¢ = 0.

n—oo

Therefore,
lim S, = lim $(z},,2,,2,"") =0,
n—oo n n—oo e

foreachi€ {0,1,2,...1—1}. (3.18)

Using (S3) and Lemma 1.4, we obtain

-1
S(e,x,y) =S ana) < Y St
i=0

-1
L5
i=0

—0asn— oo,

From Theorem 3.1, we can deduce a number of corollaries
which appeared as given below:

Corollary 3.2. The results of Theorem 3.1 remain true for all
x,y € X with (x,x,y) € R, the implicit relation (e) is replaced
by one of the following:
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(@

S(Tx,Tx,Ty)
< kmax{S(x,x,y),S(Tx,Tx,x),S(Ty, Ty,y),
S(Tx,Tx,y),S(Ty, Ty, x)}, (3.19)

1
where k € {0, g)
(i)
S(Tx,Tx,Ty)
< aS(x,x,y) +bS(Tx,Tx,x) +cS(Ty,Ty,y)
+dS(Tx,Tx,y) +eS(Ty,Ty,x), (3.20)
where a,b,c,d,e >0anda+b+c+3d+3e < 1.
(iii)
S(Tx,Tx,Ty)
< kmax{S(x,x,y),8(Tx,Tx,x),5(Ty, Ty, y),
S(Tx,Tx,y),S(Ty,Ty,x)}, (3.21)
1
where k € [O, §)
(iii)
S(Tx,Tx,Ty)
< aS(x,x,y) +bmax{S(Tx,Tx,x),S(Ty, Ty,y),
S(Tx,Tx,y),S(Ty,Ty,x)}, (3.22)
where a,b > 0 and a+3b < 1.
(iv)
S(Tx,Tx,Ty)
< aS(x,x,y) +bS(Tx,Tx,x)+
cS(Ty, Ty,y) +
dmax {S(Tx,Tx,y),S(Ty,Ty,x)},
(3.23)
where a,b,c,d > 0anda+b+c+3d < 1.

4]

S(Tx,Tx,Ty)

< aS(x,x,y) + dmax{S(Tx,Tx,x),
S(Ty,Ty,y)} +bS(Tx,Tx,y) +
cS(Ty,Ty,x),

where a,b,c,d >0anda+d+3(b+c) < 1.
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(vi)

S(Tx,Tx,Ty) < a(S(Tx,Tx,y)+S(Ty,Ty,x))+
bS(x,x,y) +
cmax {S(Tx,Tx,x),S(Ty, Ty,y)},

(3.25)

where a,b,c > 0and 3a+b+c < 1.

application — 1025/1028

Example 3.3. Ler X = [1,2]. Define the usual S-metric as
S(x,y,2) = ||x—z||+ |ly—z|| for all x,y,z € X . Then (X,S) is
a complete S- metric space. Let T be a self mapping defined
on X as:

Tx= { (1):

Now, Z can be a set of binary relation.

for €[0,1],
forxe (1,2].

(vii) Z = {(0,0)(0,1),(0,2),(1,1),(1,2),(2,2)},
on X. Obviously, Z is T-closed but T is not continuous. We
S(Tx,Tx,Ty) < a(S(Tx,Tx,x)+S(Ty,Ty,y)) choose X - preserving sequence {x,} with x, 3, x such that
+bS(x,x,y) + cmax{S(Tx, Tx,y), (X, Xn, Xnt1) € Z, for all n € Ny.
S(Ty,Ty,x)}, (3.26) Here, one may notice that (x,,,x,,X,+1) € %, forall n € Ny
and there exists an integer N € Ny such that x, =x € {0,1,2}
where a,b,c > 0and 2a+b+3c < 1. for n < N. So, we can take subsequence {x,, } of the sequence
{x,} such that x, = x for all k € Ny. For which it amounts
(viii) saying that [x,, ,x,,,x] € %, for all k € Ny. Therefore % is
S-closed.
S(Tx,Tx,Ty) < amax{S(Ty,Ty,y)+S(Tx,Tx,y), Define a continuous function F : R§ — R by
S(Tx,Tx,x)+S(Ty,Ty,x)} 9 9
+bS(x,x,y), (3.27) F(t1,02,13,14,15,16) = 1 1005 T 10t
ie.,
where a,b > 0and 4a+b < 1.
99 9
(ix) S(Tx,Tx,Ty) < mS(Tx, Tx,y)+ ES(Ty7 Ty,x).
) For
S(Tx,Tx,Ty)> < S(Tx,Tx,Ty){aS(x,x,y)+
bS(Tx, Tx,x) + cS(Ty7 Ty,y)} (x7y) € {(070) (07 1)7 (072)7 (17 1)7 (172)7 (2,2)},Vx,y €EX.
—dS(Tx,Tx,y)S(Ty, Ty,x),
(3.28) S(Tx,Tx,Ty) = 0,
hence obvious.
where a,b,c,d > 0,a+b+c<landa+d < I. For (x,y) € (0,2)
(x) S(Tx,Tx,Ty) = S(T0,T0,T2)=2.
, S(Tx,Tx,y) = S(T0,7T0,2)=2.
S(Tx,Tx,Ty)> < aS(Tx,Tx,Ty)S(x,x,y)+ S(Ty,Ty,x) = S(T2,72,0)=2.
bS(Tx, Tx,x)S(Ty, Ty,y) +
¢S(Tx,Tx,y)S(Ty, Ty,x), 99 9
S(T0,70,72) < —8(70,70,2)+ —S8(T2,T2,0).
(3.29) (TO,70,72) = 7555(T0.70,2)+ 55(12,72,0)
2 < ﬁ X2+ 2 X2
where a,b,c > 0,a+b < 1landa+c < 1. }gg 18 10
. 2 < —
(xi) ~ 100 10
, o
S(Tx,Tx,Ty) < kmax{S(x,x,y),S(Tx,Tx,x),S(Ty,Ty,y), - 100
S(Tvaxvy)+S(Tvayax)} For (x,y) 6(1,2)
3 )

where k € [0,1).
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(3.30) S(T)C7 Tx, Ty) =

S(T1,T1,T2) =2.
S(T1,T1,2) =4.
S(T2,T2,1) =0.

S(Tx,Tx,y)
S(Ty,Ty,x) =
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S(T1,T1,T2) < %S(Tl,Tl,z)Jr%S(Tz,Tz,l).
2 < §)9g><4+190><0.
2 < ;(:)ngO.
2 < 100"

Which shows that all assertion of Theorem 3.1 are satisfied.

Hence x = 0 is a fixed point of 7. O

4. An application

In this section, we provide an application of Theorem 3.1 in

the form of the existence of a solution for an integral equation.

In 2018, Ozgiir and Tas [13] gave a generalization of
completeness of S.-space by using the metric S.. defined as
Sw-metric generated by de.

Let F=Ror F =Cand

Cla,b] = {f : [a,b] — F}

where F is a continuous function.
The function

Sw : Cla,b] x Cla,b] x Cla,b] — [0,0)
defined as
Sw(fang) dw(fah)+d°°(gah)

= sup |f(x) —h(x)|+ sup |g(x) —h(x)],

x€la,b] x€la,b)

for all f,g,h € [a,b] is the S-metric on [a, ] and (Cla, D], Sw)
is the S-metric space.
Definition 4.1. [13] Assume that r = min{a, 2} and

X ={yeClxo—rxo+r:S(xx),yx),y) < b
forx € xo—rxo+r]}

where S is the S-metric spaces defined in Definition 1.7.
Hence, (X,S.) is a complete S-metric space.

Definition 4.2. [13] The function f is bounded if there exists

sup{|f(x,))]: (x,y) €1}
We notice that (x,x,y) € I for S(x,x,x9) <randy € X.

K:

Proposition 4.3. [13] (C[a,b],S«) is a complete S-metric
space.

Consider the following integral equation

{ Y () = flxy (),

y(x0) = Yo- “-1)

The solution of this problem can be written in the follow-
ing form

"X

y) =y(x0) + [ fe0)dr V1 € fa],

X0

“4.2)

1026
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where y(x) is an unknown function on I = [a, b], y(xo) known
continuous function on / and F a kernel defined on D =

{(x,y) :x €I} forall (x,y1),(x,y2) € D.

Definition 4.4. A lower solution for (4.2) is a function o €
C([a,b],R)

o(x) < y(xo) +/xxf(t7y1(t))dt,Vt € [a,b].

Definition 4.5. An upper solution for (4.2) is a function 3 €
C([a,b],R)

Bx) <3()+ " Fle,ya0))de, Ve € [a,b).

Theorem 4.6. Assume that f: [a,b] X [a,b] X [a,b] — R is
continuous for all x,y € C([a,b],R)and there exists a real
number M > 0 such that

0 < f(r,y(1)) <M,

forallt € [a,b] and x,y € R. Then the boundary valued prob-
lem (4.1) has a lower solution which ensures the existence of
a unique solution of (4.2).

Proof: We start by formulating (4.1) as a fixed point
equation

Ty=y.

Tye X and T : X — X defined by

Ty(6) =y(0) + | fey@)dn relabl,  @3)

and an S- binary relation
Z =A{(x,x,y) € C(la,b],R)|x(t) < y(1),¥1 € [a,b]}.
(i) Assume that X = C([a,b]?,R) is the space of all continu-

ous functions and define a S-metric space on X endowed
with S..- metric.

sup |x(t) —y(t)[+ sup |x(t) —y(1)],
t€la,b] t€la,b]

S°°(x7xay) =

for all x,y € X is a complete S-metric space and hence
C((I,R),Sw) is Z-complete.

(ii) Choosing an Z-preserving sequence {y, } such that y, EN
vy, we get forall r € I,

yo(t) < yi(t) <ya(t) < -+ < yplt) < yura(t)...

and it converges to y(¢) implying that y,(z) < y(¢) for
all r € I,n € Ny, which is equivalent to [y,,y,,y] € %,
for all n € Ny. Hence, Z is S- self-closed.

00%%
< 000,
Seezz

v
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(iii) We prove that a mapping T defined in (4.3) is a con-
traction for two continuous functions y; and y; on
C({a,b],R). For any (y1,y1,y2) € %, (1) < ya(t) for
all ¢ € [a,b], L > 0and f(t,y(t)) > 0, we obtain

) = yx0)+ [ feso(0)ds

IN

o)+ [ fleyi(e)dr

< Ty(t),

which shows that (Ty;,Ty;,Ty2) € %, thus %-is T-
closed.

(iv) For all (y1,y1,y2) € %, we have

— Ty (x)]
— f(t,y2(1)) dt

S(Ty1(x), Ty1(x), Ty2(x)) = 2|Ty1 (x)

/\ffyl

< ZM/x y1(2) —ya(t)|de
< 2M [y1(r) = y2(1)] (/xdf)

< MSw(y1,31,32 (/ )
)-
)-

<M(x—x0)Se(y1,51,¥2
< MSe (J’ly)’h)’z

where M > 0 and x > xg. This shows that T satisfies
assertion (e) of Theorem 3.1.

(v) Next, a lower solution for (4.2), by Definition 4.4 is a
function o(x), let a(x) = y1(x) € C([a,b],R) for all
tel,

IN

() y(xo)Jr/Xxf(t,yl(t))dt,Vt € la,b],

= Ty (X),

which shows that the function y; satisfies if and only if
a lower solution is bounded.

Using the definition of » and Definition 4.2, if S(x, x, x9) <
r then we have

S(Tyi(x),Iyi(x),y0) = 2|Tyi(x)—yol
< 2 fen)ar
< 2 [fen)a
< 20enO)l( [ )
< 2K|x—xo| = KS(x,x,x0).

Kr <b,
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which shows that a lower solution exists and is bounded.
Implies that (y1,y1,Ty1) € Z therefore X (T, %) is non
empty.

(vi) For the uniqueness of a fixed point, let y and y, be the
arbitrary element of C(I,R) and choose y; such that
y(t) <yi(¢) and y,(¢) <y, (¢) for all # € I. This implies
(v,y,y1) € Z and (y2,y2,y1) € %. Therefore, the finite
sequence {y,y,y2} describe a path which join y to y,
inZ.

Operator T satisfies condition of Equation 3.1. Hence by
Theorem 4.6 we have shown that the operator T has a fixed
point y(x) € X, which is a solution of (4.1).

5. Conclusions

We extended and generalized the results by Ahmadullah et al.
[2] to self mappings on S-metric space under a binary relation
via implicit contractive condition. In doing so, we corollaries
several results in the existing literature (see Corollary 4.1).
[lustrative example and an application to the integral equation
provided to support Theorem 3.1.
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