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1. Introduction

Yang Tan [44], Yang Tan and Yue Wang [43] investigated
some interesting results on the multiple values and uniqueness
of algebroid functions on annuli and also others have proved
several results for algebroid functions on annuli ([10, 11, 13—
17, 19-38]. Therefore it is interesting to consider the unique-
ness problem of algebroid functions in multiply connected
domains. By Doubly connected mapping theorem [42] each
doubly connected domain is conformally equivalent to the an-
nulus {z: 7 <|z] <R},0 <r < R < +o0. We consider only two
cases : r =0, R = oo simultaneously and 0 < r < R < +oo.
In the latter case the homothety z — ;% reduces the given do-

main to the annulus A = A (Ri(,’RO) = {z: RI—O <z < Ro},

where Ry = g. Thus, in two cases every annulus is invariant

1

with respect to the inversion z — —.

2. Basic Notations and Definitions

We assume that the reader is familiar with the Nevanlinna
theory of meromorphic functions and algebroid functions (see

[8, 9], [12] and [18]).

Let A,(z2),Ay—1(2),..-,A0(z) be a group of analytic
functions which have no common zeros and define on the
annulus A Ri07R0> (1 <Ry < +o0),

V(W) =A, @)W’ +A,_1 QW' + . +A ()W
+Ap(z) =0. .1)

Then irreducible equation (2.1) defines a v-valued algebroid
function on the annulus A (RL()’RU) (1 <Rp < +o0).

In this paper, a algebroid function always mean
a function which is algebroid in A (R—IO,RO) (1 <Ry < +o0).
Let W(z) and M(z) be v-valued algebroid functions which
is determined by (2.1) on the annulus A (RLO,RO) (I<Ry <
+o0),a € C. We say that W and M share the value a CM if
W (z) —a and M(z) — a have the same zeros with the same mul-
tiplicities. We shall use standard notations of value distribu-
tion theory in annuli, 7o (r, W), mo(r,W), No(r,W), No(r,W),...
([43], [44D).

Let W(z) and M(z) be v-valued algebroid functions which
is determined by (2.1) on the annulus A (RLO,RO) (I<Ry <

+o0) share the finite value a IM (ignoring multiplicities), if
W(z) —a and M(z) — a have the same zeros on annuli. If
W (z) —a and M(z) — a have the same zeros with the same
multiplicities, we say that W(z) and M(z) share the value
a CM (counting multiplicities) on annuli. If W(z) —a and
M (z) — a have the same zeros with different multiplicities,
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we say that W(z) and M(z) share the value a DM (different
multiplicities) on annuli.

W—a
is the counting function of zeros of W (z) — a with multiplicity

< k and N(kJrl (

1
Next, let k be a positive integer, we denote by NO) ( )

is the counting function of zeros

of W(z) —a with multiplicity > k. Definitions of the terms N(I;)
1
and NékH can be similarly formulated. Finally N3 <r7 W>

denotes the counting function of zeros of W where a zero of
multiplicity k is counted with multiplicity min{k,2}.

We use C to denote the open complex plane, C = CU {oo}
to denote the extended complex plane, and X to denote the

subset of C. Let S be a set of distinct elements in C and X C C.

Define

EX(S,W) = Uyes{z € X | Wa(2) =

FX(S,W) = U,es{z € X | W,u(z) =0, ignoring multiplicities},
where W,(z) =W (z) —aif a € C and Weo(2) = Wl@. We also
define

E (S,W)= Ugesiz € Xt all the simple zeros of W,(z)}.

For a € C, we say that two algebroid functions W; and W,
share the value a CM(IM) in X(or C), if Wi(z) —a and
Wa(z) — a have the same zeros with the same multiplicities
(ignoring multiplicities) in X (or C).

Definition 2.1. [43] Let W(z) be an algebroid function on
the annulus A < Ro) (1 < Ry < +o0), the function

To(rnW)=mo(rhW)+No(,W), 1<r<Rp

is called Nevanlinna characteristic of W (z).

Definition 2.2. For positive integer k,m, we define that

Nt (rw=)
85(a,W) = 1 — limsup —~W-a/
0@ W) =1-lmsup—rc W)

No 7#
Oy(a,W) =1 —hmsupM,
To(r W)

r—r4-o0

where N ( 1= a) is counting function of a-points of W (z) on
A where a-points of multiplicity m is counted m times if m < k
and 1 +k times if m > k. In particular, if k = oo, then

o () No (. 73)
SO(G,W) = llmlan =1 W

—limsu
r—r+-oo P

r—+oo
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3. Some Lemmas

Lemma 3.1. [43] (The first fundamental theorem on annuli)
Let W (2) be v-valued algebroid function which is determined

by (2.1) on the annulus A (R—IO,RO) (1<Ry<+),aeC

mg(r,a) +No(r,a) = Ty (W) + O(1).

Lemma 3.2. [43] (The second fundamental theorem on an-
nuli). Let W(z) be v-valued algebroid function which is de-
Ro) (1< Ry < +20),

ax (k=1,2,..,p) are p distinct complex numbers (finite or
infinite), then we have

termined by (2.1) on the annulus A (R%?
p JR—
(p=2)To (rW) ZN ( >+So(rW) 3.1)

Lemma 3.3. [43] Let W
which is determined by (2.1) on the annulus A (Rio,

(2) be v-valued algebroid function

Ro) (1<

0, counting multiplicities}, Ry < +oo), if the following conditions are satisfied

To (W
timinf 2UW) 0 Ry — e
r—e  logr
To (r,W
1iminf7°(r’1 ) <o, Ry < oo,
r—)Ra Ogm

then W (2) is an algebraic function.

The following result can be derived from the proof of
Frank-Reinders’ theorem in [46]

Lemma 3.4. Letn > 6 and

(n—1)(n—2)

H(w) = o™ —n(n—2)w""!

(3.2)

Then H(w) is a unique polynomial for admissible merommor-
phic functions, that is, for any two admissible meromorphic
Sunctions f and g on A, H(f) = H(g) implies f = g.

By similar process to the one in [47] we can obtain a stand
and Valiron-Mohokotype result in A as follows

Lemma 3.5. [45] Let f be a nonconstant meromorphic func-
tion in A, Q1(f) and O»(f) be two mutually prime polynomi-
als in f with degree m and n, respectively. Then

T <r, 01(f)

02(f)

Lemma 3.6. Let W(z) be v-valued algebroid function which

is determined by (2.1) on the annulus A ( Ro) (I<Ry<
+o0). Then

) =max{m,n}To(r,f)+So(r, f) (3.3)

1 1 —
Ny (r, W’) =N <r, W) +No (W) +So(r,W) (3.4)

where So(r,W) as defined in Lemma 3.2.
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Proof. Since

1 1 w’
mo V’W < my ”,W +my V’W

1
= my (r, VV/> +S()(F,W). 3.5)
From Lemma 3.1, we have
1 ) 1
To(r,W) —No g <To(nW') =Ny n
+So(r,W). (3.6)
That is,
No(r— <To(r,W"To(r, W) + N 1
o\ 7y ) STl olh AT
+So(r,W). 3.7
limsup | [ (2v + 1)No( W)—I—Zq:(2)< !
ol Wi r,
r%w,relz; j=1 0 Wl—(,’]
. - L —2) 1
limsup | [ (2v+1)No(r,W2)+ 0 <r,
r—oo,rel j=1 W2 —¢;

where N(()z)(r, ) = No(r,.) +N(()2(r, ), N(()z(r, ) =No(r,.) —

=l . .
N0> (r,.), and I is some set of r of infinite linear measure, then

_aWa+b

YT W td’ (3-10)
where a,b,c,d € C are constants with ad — bc # 0.
Proof.Set
H—;;zgg(;;zgg) a1
Supposing that H = 0, we have
mo(r,H) = So(r), (3.12)

where So(r) =o(To(r)), To(r) = max[To(r, W1 ), To(r, W2)]. Since
EA(W1,0) = E*(W3,0), and by elementary calculation, we
can conclude that if z( is a common simple zero of W; and W,
in A, then H(zp) = 0. Thus we have

N,

IN

No <r, 111) < To(rH)+0(1)

< No(rH)+So(r), (3.13)

where N(;)(r) = N(i)(r7 W%) = N(;)(r7 Wiz) The poles of H in A

can only occur at zeros of W{ and W2/ in A or poles of W; and
W, in A. Moreover, H only has simple zeros in A. Hence,
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Since

To(nW') = mo(r,W)+No(r,W')
< mo(r,W)+mg (r, Vvi;’) + No(r,W) +No(r,W)
< To(n,W)+No(rnW)+So(r,W). (3.8)
< 2vTo(n W)+ So(r,W)

Then from (3.7) and (3.8), we can get the conclusion of
Lemma 3.6.

Lemma 3.7. Letr Wi(z) and Wa(z) be two V-valued alge-
broid functions which is determined by (2.1) on the annulus

A (R—lo,Ro) (1< Ry < +oo) satisfying E*(W;,0) = EA(Wa,0)
and let c1,¢2,¢3,...,cq be q(> 2) distinct nonzero complex
numbers. If

+No <r, Wf)) (To(r,Wl))1> <gq,

+No (V’ul/z’)> (To(ﬁWz))_1> <q, (3.9

from (3.13), we have

_ _ 1
Ny (r) < No(r,Wi)+No(r,Ws)+Ng <W>

1

% (g ) 5 ()
+N v, — + N ¥,

0( W2> /:Zl P\
+fN(2<rl>+S(r) (3.14)
j:1 0 7W2—Cj 0 9 .

where Ng <r7 Wi,) is the reduced counting function for the
1

zeros of W' in A, where W, does not take one of the values

O,Cl,CQ,...,Cq.
Since
1
r,— =
W,

_ 1 _ 1 —(2 1
Ny (r,Wl) +No ZVNO)(V)—FN(() (r,Wl)
—(2 1
N, — . 3.15
(o). oo

Then from (3.14) and (3.15), we have

— 1 — 1 — _
No (I’, 7) +No (I’, 7) < ZVNO(r,Wl) +2VNy(r,W3)
Wl W2

1 1 — 1
N n— +2VN8 r,— —I—N(()2 (n—)
W W, W
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() bt A
+Ng (= | +2v Y Ny (n = —
0 (r W2 j; o \” Wlfcj =No|rn Wl/ ) (3.19)
1
+2v ZNO ( "Wy — ) +So(r)- (3.16) From (3.18) and (8.18), we can get that, for r € E,
From Lemma 3.2, we have q[To(r,Wh) + To(r,W2)] B
X . 1 < (2v+1)No(n, Wl) (2v+1)Ny (r, Wz)
qTO(I}WI) S NO(V,W])+NO (}’77)4‘ 7(2 <V,7) -
D) el nlt)
=1 —Cj —¢
1
_N(()) <r7vvr> +SO(r)7 rgEv o 1 1
1 +Ny W +N0 ¥, — W —l—S()( ) (3.20)
1 I 1 1 2
qTo(rnW2) < N (V7W2)+No( )+Z (()2<7W — )
2/ =l 27 From (3.9) and (3.20), Let W (z) and W5 (z) be two v-valued

0 1 algebroid functions which is determined by (2.1) on the annu-
—Ny (r, Wé) +So(r), r¢E, (3.17) lus A (RLO’RO) (1 < Ry < +o0), we can get that

where E is a set of r of finite linear measure and it needs not [Ty (r,W;) + Ty (r, W2)] < o[To(r,W}) +To(r,W5)], r  E,R € 1(3.21)
to be the same at each occurrence. From (3.16) and (3.17),it ~ Thus we can get a contradiction. Therefore H = 0; that is

follows that, for r € E, " / " /
Wi v Wi _W v W,

qlTo(r,W1) + To(r,W2)] W W W, W, (3.22)
— d 1
< Qv DNo(n W) + (2v 4+ 1)No (1 Wa) + ; <r7 Wi — c,~> For the above equality, by integration, we can get
4 _ 1 1 aW, +b
W= , 3.23
TR (v ZINO = T W td G2

Loy ZN(()Z (n . 1 ) o2 (’vWL) o2 (nWL) where a,b,c,d € C and ad — bc # 0.
= 27 ! 2 Lemma 3.8. Let Wi(z) and W,(z) be two v-valued alge-
+N4(% <r, 1/) +N8 <r7 1/> +So(r). (3.18) broiclifunctions which is determined by (2.1) on the annulus
A (R—O,Ro) (1 < Ro < +eo) satisfying E2(W,0) = E£ (W5, 0)
and let cy,¢2,¢3,...,cq be q(> 2) distinct nonzero complex
numbers. If

limsup (((2v+ 1)No(r,Wi) + i‘féz) (r, W 1_C]> +No (r Wlfl) +2vNE ( Wl/l)) (To(r, Wl))_1> <4

r—oo,rel =1
imsup  ( (2v-+ 1u(rws) + 1 (r 1 )+N (r 1)+2vN(2 (r 1) (T Wa) ' | <a, 324
r—soo,rel 0 2 =1 0 7VVQ—C]' 0 W2 0 7W2 o\ W2 s .

where N(()Z)(r, .) = No(r,.) +Néz(r, D, N(()Z(r’ ) =No(r,.) — EL(W;,0) = Ef(W2,0), we can get that

=1 ; P
NO) (r,.), and I is some set of r of infinite linear measure, then

aW, +b 1) = = -0 1
= 3.25 Ny’ (r) <No(r,W1) +No(r,W2)+Nq | 1, —
Wyt d’ (3.25) o (r) (nWh) (nW2) +Nj < W
where a,b,c,d € C are constants with ad — bc # 0. — 1 0 1 —@ 1
) ) +No|rn— | +Ny | n | +Ny | 1,
Proof. Let H be stated as in the proof of Lemma 3.7, since W, W, w,

1050 'y
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+]_”21N0( ) Z o(rgrs ) 620

Similar to the argument in Lemma 3.7, we can get that, for
r¢ E

q[To(r,Wr) + To(r,W2)]
<(2v+1)Ny(r, Wl) +(2v+1)No (r,W,)
1

q
Z ]; szcj
~2 ( 1
2VN 2VN,
+v0<’W>+v0<Wz>
A (PRLER IV - (PRI B
r,— r,— r).
0 W 0 W] 0

From (3.24) and (3.27), let W; (z) and W>(z) be two v-valued
algebroid functions which is determined by (2.1) on the annu-

lus A (RLO,R()) (1 <Ry < +o0), we can get that

I*CJ

(3.27)

[T()(r,W]) +T0(V,W2)} < O[T()(r,W]) 4”1”(\‘)(7‘,‘/‘/2)}7 r QE,R el

(3.28)
Thus we can get a contradiction. Therefore H = 0; that is

W// W/ W// W/
L oy M 5 M

; — == —=. (3.29)
w, Wi W, W
For the above equality, by integration, we can get
aWy+b
= 3.30
! Wr+d’ ( )
where a,b,c,d € C and ad — bc # 0. O

4. Main Results

In this paper, we will focus our attention on the uniqueness
problem of shared set of algebroid functions on annuli. In
fact, we will prove the uniqueness of algebroid functions on

annuli sharing one set S = {® € A : P; (@) = 0}, where
—1)(n—2v
Pi(o) _(=D=2v) —n(n—2v)o""!
2v
n(n B ]) n—2
— 4.1
v c, 4.1)

and c is a complex number satisfying ¢ # 0, 1.

Our main theorems of this paper are listed as follows

q
lim sup <<(2v+ 1)No(r,F) + ZN(()2> (r,

r—oo, réI j=1
4vNy(r,W, 6v)To(r,W,
< limsup 0(nWh) + (n+6v)To(r, W1) <2V.
r—oo,rl I’lTo(l’, Wl)
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Theorem 4.1. Let Wi (z) and Wa(z) be two v-valued alge-
broid function which is determined by (2.1) on the annulus
A (R—lo,Ro) (1< Ry < +oo). IFEM(S,Wy) = EA(S,Ws) and n
is an integer > 10v + 1, then W, = W,.
Proof. From the definition of Pj(®), we can get that P, =
l—c:=c;#0,Py=—c:=cp #0and

nn—1)(n—2v) o

Pl(0) = Sy (@—1)720"3, (4.2)
Pi(w)—c1=(0—1)°01(w), 01(1) #0, (4.3)
P(w)—cr=0"20x(w), 02(0)#£0,  (4.4)

where Q1,Q; are polynomials of degree n — (2v+ 1) and 2v,
respectively. We also see that Q;(i = 1,2) and P, have only
simple zeros.

Let F and G be defined as F = P; (W) and G = P; (W>). Since
EA(Wy,8) = EA(Ws,S), we have EA(F,0) = EA(G,0). From
(4.3) and (4.4), we have

—(2 1 — 1 —(2 1
Né)(nF*CI) — o (ryF*61)+N(() (KF*Cl)

1 —(2v+1) 1
—1) + Z N°< W, —a,)
<(n=1)To(r,W1) +So(r),

SZVNQ (V}
Wi
o (1 - VY
N, =N N, .
0 (nF*Cg) O(KF*CQ o r’F*CZ

. 1 2v 1
<2VNj (n 7) + ) Ny (r, 7)
W ,; Wi —b;

< AvTy(r,Wy)+So(r), 4.5

where g;(i=1,2,...,n— (2v+1)) and b;(j = 1,2v) are the
zeros of O (@) and Q> (®) in A, respectively. From (4.2), we

have
N() ! <N() !
l F' W]
+N 1, 71 N ! ( )
+ . (4.6
0 ) W1 ] 0 W/

From Lemma 3.5, we have To(r, F) = nTy(r, W) +So(r). Thus,
combining (4.5) and (4.6), by Lemmas 3.6 and 3.7 and n >
(10v + 1), we have

F;J,) +N Q;)) (To(er))_l>
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Similarly, we have

q
, - ~(2) 1
hmsup(((ZVJrl)NO(VaG)JFj;NO (r,G

r—soo rl —Cj

4VNU(F, Wz) + (n + 6V)T()(I’7 Wz)

= 113;5:15 nTo(r,W>) <
Thus by Lemma 3.7, we have
%l— v%z%—Zv%. 4.9
From the previous equality, by integration, we get
F= %, (4.10)

where a,b,c,d € C and ad — bc # 0. Since E*(W,S) is
non-empty and E®(Wy,S) = EA(W5,S), we have b = 0,a # 0.
Hence

aG G

F= = ,
¢cG+d AG+B

4.11)

where A = ¢, B= % #0.

Two cases will be considered as follows

Case 1 (A # 0): From the definition of P;(®) and (4.11), we
see that every zero of P, (W;) + % in A has a multiplicity of at
least n. Here, three following subcases will be discussed.

Subcase 1 (% = —cy): From (4.3), we have
B 3
P(W,) + 1 =Wa—1)°(Wr —ay)(Wh — azy)...
(W2 _an7(2v+l))7 4.12)
where a; # 0, 1, are distinct values. It follows that
i No(r,a)
®Oo(a;,W;) = 1—limsup ——=
O( ' 1) rg)ocpT()(r,W])
. No(r,a) 1
> 1—limsuyp ———= > —. (4.13
- r_mpNo(r,Wﬂ —2v ( )

We can see that Py (W>) + £ has n —2v values satisfying the
above inequality. Thus, from Lemma 3.2 and n > (10v + 1),
we can get a contradiction.

Subcase 2 (f = —¢y): From (4.3), we have

B
PLWa)+ = = Wo) "D (Wa — b)) (Wa — bay),  (4.14)

A

where by # by,b; #0,1(i = 1,2). It follows that every zero
of W, in A has a multiplicity of at least 2v and every zero of

(4.8)

W, —b;(i = 1,2) in A has multiplicity of at least n. Then by

Lemma 3.2, we have
N : + N, _r
v, — ¥,
0 ) W2 0 ) W2 *bl
— 1
N _— S
+No (V, Wz—b2> +So(r)

VR U VA o
2v ,WQ n 0 ’Wz—bl

1 1
—N —_— 4.1
+ o(th_bz)ﬂLSo(r) (4.15)

IN

To(r,W2)

IA
|
&

I 2v
< —+ — | To(r, W- So(r).
< (543 nem s
Since W,(z) be an v-valued algebroid function which is de-
termined by (2.1) on the annulus A (RLO,R0> (1 <Ry < +o0)
and n > (10v+ 1), we can get a contradiction.

Subcase 3 (% # —c1,—c3) : By using the same argument as
in Subcases 1 or 2, we can get a contradiction.

Case 2 (A =0): If B# 1, from (4.11), we have F = %; that
is

P(W) = lP1 (Wa).

5 (4.16)
From (4.4) and (4.16), we get
1
P(Wy) — %2 = E(PI (W2) —c2)
1
= W W —b)(Wa—b2). (4.17)

Since % # ¢, from (4.2), it follows that Py (W;) — % has at
least n — 2v distinct zeros ey, es, ...,e,_>. Then, by applying
Lemma 3.2, we get

(n—4v)To(r,W1)

A\
S
1]
Z|
(=)
N
3

1 —€i> Solr)

1\ — 1
— 4N -
(r’W2> o (r’ Wz—bl)

— 1
+N() <r, ‘/Vz—bz> +So(r)

< v+ DTy(rW) +So(r).(4.18)

IA
=

By applying Lemma 3.7 to (4.16) and from (4.18), since n >
(10v+1) and Since W (z) be an v-valued algebroid function

0420

0,0
0.

S08%7

)
AW
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which is determined by (2.1) on the annulus A (RLO,RO) (1<
Ry < +o0), we can get a contradiction.
Thus, we have A =0 and B =1 ; that is, P, (W;) = P,(W»)
Noting the form of P (®); we can get that P, (W;) = P, (W,),
that is,
(n—l)(n—Zv) n__ _ n—1 n(n_l) n—2
— W' —n(n—=2v)W'™ " 4+ > W]
— (nfl)(nfzv) n_ . n—1 n(nfl) n—2
=, Wy —n(n—2v)W) " + oy Wy
(4.19)

Since Wi(z) and W>(z) be two v-valued algebroid func-
tion which is determined by (2.1) on the annulus A ( Ro)

(1 < Ry < +o0), then it follows by Lemma 3.4 that W; = W;.
Therefore, the proof of Theorem 4.1 is completed.

A set S is called a unique range set for algebroid function
R())
(I < Ry < +0). Let Wi(z) and W5(z) be two v-valued al-

gebroid function which is determined by (2.1) on the annulus
A If EA(S,Wy) = EA(S,W,) implies W = W,. We denote A

which is determined by (2.1) on the annulus A

the cardinality of a set S. O
5 vy (1
limsup | | 2v+1)No(r,F)+ ) N <r, )
r—soo,rdl ]; 0 F—c;j
4vN Tt
< limsup VNo(r,W)) + (n+6v)To(r, W) <av.
r—yoo,r¢l nTo(r,Wh)

1
limsup [ | (2v+1)No(r,G) + N} ( r, )
r—soo,rdl (( Z 0 G—c¢j

4vN T
< Jimsup VNo(r,W2) + (”+6V) 0o(nW2) <.
r—oo,rgl nTo(r,W2)
Then from Lemma 3.6, we have F = ‘clgis, a,b,c,d € C

and ad — bc # 0. Thus, by using the same argument as that
in Theorem 4.1, we can prove the conclusion of Theorem
4.3. O

Corollary 4.4. There exists one finite set S with A = (6v + 1),
such that any two v-valued algebroid functions W) (z) and

Wa(z) which is determined by (2.1) on the annulus A ( Ro)
(1 < Ry < +o0) must be identical if E{*(S,W;) = Ef%(S,Wz).

Theorem 4.5. Let Wi (z) and Wz(z) be two v-valued alge-
broid functions which is determined by (2.1) on the annulus

A (RLO,RO) (1< Ry < +e0). IFEA(S,W1) = EA(S,Ws) and n
is an integer > 14v + 1, then W) = W,.
Proof. Since E{(S,W;) = E(S,Wa), we have E{(F,0) =

1053

where d;(i = 1,2,...,

Thus from Theorem 4.1 we can get the following corollary.

Corollary 4.2. There exists one finite set S with A = (6v + 1),
such that any two v-valued algebroid functions Wi (z) and

Wa(z) which is determined by (2.1) on the annulus A ( Ro)
(1 < Ry < +o0) must be identical if E*(S,W;) = EA(S,Wz).

Theorem 4.3. Let Wi (z) and Wa(z) be two v-valued alge-
broid functions which is determined by (2.1) on the annu-

lus A (RLO,R ) (1 < Ry < +o0). If EA(S,W1) = EA(S,Wa),
O (e, W) > (ZVH) , Og (o0, W) > (z‘éwl) and n is an integer
> 6V +1, then W1 Ws.
Proof. Since @ (o0, W;) > EL @ (00, Wy) > EYHL ¢ fol.-
lows that
. No (r,W1) : No(nW) _ 1
limsup ———= < —, limsup ————~= < —.
rae To(n,Wi) —4v roe To(n,Wi) —4v
(4.20)

By applying (4.20), from (4.7) and (4.8), and since n >
6v+1, we get

421

E{(G,0) From (4.2) and (4.4), we get

1 n 1
N(()2 (r,F>i;No <r,Wl >N0( W,>,(4.22)

n) are distinct zeros of P (®). And from
(4.6) (4.22) , Lemma 3.5, we have

—d;

_ 1 _
=No r7Wl> o (r, W1—1)
+(2v+1)N, (r, 1)
1
+(2v+ 1)N0 (r,W1) (4.23)
< (4v+ 1)To(r,W1) + (2\/ + l)ﬁo(nWl) +S()(r).
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Then from (4.5) and (4.23), since To(r,F) = nTo(r,W)) +

So(r) and n > 14v + 1, we have
5 vy (1
2v+1)No(r,F)+ ) N r,—
.
6VN0(F,W1)+(n+8V)T()(r,W1)
nTo(r7W1)

limsup
r—soo I

< limsup
r—oo, rl

<2v.

Similarly, we get

2v
. — —(2) 1
limsup 2v+)No(r,G)+ ) N, <r,) +
HW((( Wo(rG)+ LN (5=,
N, T;
glimsup6v 0o(rWa) + (n+8v)To(r,W2) <av.
r—oo, rl nTO(r7 Wz)
Thus by Lemma 3.7, we have
aG+b
= 4.26
Grd’ (4.26)

where a,b,c,d € C and ad — bc # 0. By using arguments
similar to those in the proof of Theorem 4.1, we can get that
W1 = W2.

This completes the proof of Theorem 4.5. O

A set S is called a unique range set with weight 1 for alge-
broid function which is determined by (2.1) on the annulus

A (RLO,RO) (1 < Ry < +oo). Let W;(z) and Ws(z) be two v-
valued algebroid function which is determined by (2.1) on the
annulus A. If Ef*(S, W) = E*(S,W,) implies W; = W». Thus
from Theorem 4.5 we can get the following corollary.
Corollary 4.6. There exists one finite set S with A = (14v +
1), such that any two v-valued algebroid functions Wi (z) and
W (z) which is determined by (2.1) on the annulus A (Rio , Ro)

(1 < Ry < +o0) must be identical if E{*(S,W)) = Ef(S,Wa).

)+%

1
F—

limsup
r—oo,rél

< ((ZV +1)No(r,F) + % N(()z) (r,
j=1

6VNo(r,W1) + (n+8v)Ty(r,Wy)
nT()(n W])

¢j

< limsup

r—oo, rél

<2v.

Similarly, we get

2v
. — —=(2) 1 _
limsup | | (2v+)No(r,G) + N (r, ) + Ny (
r—soo rgl ( < j; 0 G- Cj
N T
< limsup 6VNo(r,Wa) + (n+48v)Ty(r,W2) <2v.
r—oo rgl nTO(r7 WZ)

105

+Np <r, ;,) JrZVN(()2 (r, I{“>> (TO(,,,F))A)

(4.24)
No <r, (;) +2vﬁ(()2 <r, é)) (To(r, G))‘1>

(4.25)

Theorem 4.7. Let Wy (z) and Wa(z) be two v-valued alge-
broid functions which is determined by (2.1) on the annu-

lus A(RLO,RO) (1<Ry<+4e)and S={wecA:P(0)=
0}, where Pi(®) and c are stateed as in Theorem 4.1. If

EA(S,Wi) = EA(S,Wa), ©p(e0,W)) > LD @ (00, W) >
(4‘5:1) and n is an integer > 8v + 1, then W) = W,.
P S = ) > 858, 0 52,
. N() (r, Wl) 1
limsup ——— ,
roseo gl T0(W1) 6V
No (r,W, 1
timsup Y06 W) L 4.27)
rosoorge T0(,W1) 6V

From (4.27), (4.24) and (4.25), since (n > 6nu+ 1), we can
get

+2VN,

1
Fl

(+ (;)) (TO(HF))l)

(4.28)

4
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Thus by Lemma 3.7, we have

F= aG+b

_ 430
cG+d’ (4.30)

where a,b,c,d € C and ad — bc # 0. By using arguments
similar to those in the proof of Theorem 4.1, we can get that
W1 = WQ.

This completes the proof of Theorem 4.7. O

From Theorem 4.7, we can get the following corollary as
follows:

Corollary 4.8. There exists one finite set S with A = (8v +1),
such that any two v-valued algebroid functions W\ (z) and

W (z) which is determined by (2.1) on the annulus A (Rio , Ro)
(1 < Ry < +o0) must be identical if E{*(S,W)) = Ef*(S,W,).
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