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Graph identification of different operations of vertex
edge neighborhood prime

M. Simaringa'* and K. Vijayalakshmi 2

Abstract

Let G(V(G),E(G)) be a graph. Vertex edge neighborhood prime labeling is a function z: V(G) UE(G) —
{1,2,...,|[V(G)UE(G)|} with one to one correspondence and if (i) for u € V(G) with deg(u) = 1, gcd(h(v),h(uv) : v €
Ny (u)) = 1. (ii) for u € V(G) with deg(u) > 2, gcd(h(v) : v € Ny (u)) = 1. gcd(h(e) : e € Ng(u)) = 1. A graph admits
such labeling is called vertex edge neighborhood prime graph. In the present work we investigate with some
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1. Introduction

Consider graphs are connected, undirected, finite and sim-
ple graphs. For standard terminology and notations, we refer
[1]. V(G) and E(G) denote the vertices and edges of G. Let
p and g be the cardinality of vertex and edge set is called the
order and size of a graph G. See the dynamic graph labeling
survey [2] by Gallian is regularly updated. The following
definitions are taken from [8] “A prime labeling is an assign-
ment of the integers 1 to p as labels of the vertices such that
each pair of labels from adjacent vertices is relatively prime.
A graph that has such a labeling is called prime graph. A
neighborhood prime labeling of a graph G with p vertices is
a labeling of the vertex set with the integers 1 to p in which
for each vertex v € V(G) of degree greater than 1, the gcd of
the labels of the vertices in N(v) is 1. A graph which admits
neighborhood prime labeling is called a neighborhood prime
graph. This concept was introduced by Patel and Shrimali [4].

A bijection f: V(G)UE(G) — {1,2,3,...,p+¢q} is said to be
total neighborhood prime labeling if it satisfies the following
two conditions: (i) for each vertex of degree at least two, the
gcd of labeling on its neighborhood vertices is one; (ii) for
each vertex of degree at least two, the gcd of labeling on the
induced edges is one. A graph which admits total neighbor-
hood prime labeling is called total neighborhood prime graph.
This concept was introduced by Rajeshkumar, et. al., [5]. Mo-
tivated by neighborhood prime graph and total neighborhood
prime graph, Pandya and Shrimali [3] defined the concept of
vertex edge neighborhood prime labeling.They observed that
(i) every vertex edge neighborhood prime graph is total neigh-
borhood prime graph, but converse is not true.

(ii) the graph which is not having degree one, if it is total
neighborhood prime graph, then it is vertex edge neighbor-
hood prime graph.

Let G = (V(G),E(G)) be a graph, u € V(G)

Ny (u) = {w € V(G)/uw is an edge}
Ng(u) ={e € E(G)/e = uv for some v € V(G)}

Vertex edge neighborhood prime labeling is a function
f:V(G)UE(G) — {1,2,3, ..., p+ g} with the property that
if degree of vertex is exactly one, then that neighborhood
vertex and its incident edge are relatively prime and if the de-
gree of vertex is at least two then their neighborhood vertices
are relatively prime and its incident edges are also relatively
prime. A graph which admits vertex edge neighborhood prime
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labeling is called vertex edge neighborhood prime graph.”
The following definitions are taken from [6], [7], [8],[9], [10].
“An armed crown is a graph in which path P, is attached at
each vertex of cycle C, by an edge. The butterfly graph
BF (m,n) is a graph obtained from two cycles C, of the same
order, sharing a common vertex with an arbitrary number
m of pendant edges attached at the common vertex. An oc-
topus graph Oy, (s > 2) can be constructed by a fan graph
fs,(s >2) joining a star graph K| ; with sharing a common
vertex. i.e, Os = fy @ K| s. A shell graph is defined as
a cycle C, with C(n,n — 3) chords sharing a common end
point called the apex. Shell graph are denoted as S,. A
shell S, is also called fan f,_;. The planter graph R,,(z >
3) is a graph obtained by joining a fan graph f;,(z > 2)
and cycle graph C;, (z > 3) with sharing a common vertex.
i.e, R, = f, ®C,. The Petersen graph P(n,2) is a graph
with vertex set (ug, Uy, ..., Uy—1,V0,V1,,---,Va—1) and edge set
(uittir1,uvi,viviyo - 0 <i<n—1) where subscripts are to be
taken modulo n and 2 < 5. The quadrilateral snake Q, is ob-
tained from the path P, by replacing each edge of the path by
a quadrilateral Cy4. The triangular snake T, is obtained from
the path P, by replacing each edge of the path by a triangle Cs.
An alternate triangular snake A(T,), where n =4,6,8,10, ...
from a path u,up,u3, ..., u, by joining u; and ;1| (alternately)
to a new vertex v;. That is every alternate edge of a path is re-
placed by C3. A double triangular snake D(T,), where n > 1
consists of two triangular snakes that have a common path.
The graph lotus inside a circle LC, is obtained from the cycle
C, : wiwoyws...wywy and a star K, with central vertex u and
the end vertices uy,up,us, ..., u, by joining each u; to w; and
witr1(mod n). A closed helm CH, is a graph obtained from
a helm by joining each pendant vertex to form a cycle. A
prism graph Yy, is cartesian product graph C,, x P», where C,,
is cycle graph of order m and P is path of order 2. A m- sided
anti-prism A, is polyhedron composed of two parallel copies
of some particular m- sided polygon connected by alternating
band of triangle.” The Mycielskian graph u(G) of G is defined
as follows: The vertex set V(i (G)) of u(G) is the disjoint
union VUV’ Uu, where V' = {x' : x € V} and the edge set
of u(G)is E(u(G)) =EU{Xy:xy e E}YU{Xu:x e V'}. If
G and G, are two connected graphs, then the graph obtained
by superimposing any selected vertex of G, on any selected
vertex of G is denoted by G1 ® G».
In section 2, 3,4, we prove that for operations of graphs, one
point union of graphs, m fold types of graphs are vertex edge
neighborhood prime graphs.

2. Graph identification of operations of
graphs

In this section, We investigate operations of graphs.

Theorem 2.1. If Gi(pi,q1) has vertex edge neighborhood
prime graph, then there exists a graph from the class G| ®
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[combination of graphs complete graph K, prism Y, and an-
tiprism A;] that admits vertex edge neighborhood prime.

graph with bijection g; : V(G1) UE(G;) —
Consider H; be the combination of graphs complete graph K,
E(H)) = {a}c’bf{’,bﬁ{’cg 1<k < z}U{b’l’b'z’}U{b'{c”}U{c’l'c"}U
k+1°

We overlay one of the vertex say ¢} of H on selected vertex
E(G))UE(H;).

hy V(G UE(GY) — {1,2,...,p1 g1 +8z+ 50— 1}
e1 €E(Gy).
For each | <k <z,hi(a) = p1+q1+2z+k— 1k (b)) =
Foreach 1 <k <z—1,hi(ccy, ) =p1+q1+3z+k—1,
hi(clypy) = p1+ 41+ 2K,
and 1 <[ <z—k.
x1 be any vertex of Hj.
ged{hi(e1) :e1 € Ng(x1)} = 1.

Proof. Let Gi(p1,q1) be vertex edge neighborhood prime
{1,2,...,|V(G1) UE(G))|} satisfying the condition of vertex
edge neighborhood prime graph.
prism Y, and antiprism A, with
V(H)) = {a;{’,bg,cz 1<k < z} and

Z 4
{bﬁib” bZ+1CZ7CZCZ+1 l<k<z-— 1} U
{aﬁ(’aé’i(lil) l<k<z—1,1<I< z—k}.
of 51 in G with gl(sl) =1.
Also, Gi =G 0OH, withV(G}) =V (G)UV(H;) and E(G}) =
V(G))| = p1+32— 1 and |[E(G})| = q1 + 52+ 251,
Define
as follows:
g1(z1) = hi(zy) forall z; € V(Gy) and g1 (e1) = hy(ey) for all
hi(c) =hi(s1) =1 (c{c]) = pr+q1 +4z— 1, (b)) =
p1+q1+6z—1,h (b)) = p1+q1 +7z—1.
p1+q1+2k—1,hi(blc)) = p1+q1 +4z+2k—2, i (a b))
p1+q1+7z+k—1.
hi(by, c}) = p1+qi+4z+2k— 1, (BB ) = p1+q1+
6z+k—1,
h (a;(’ag_(l_l)) =p1+q +8z+I1+
{e=D+E-2)+...+z—(k=1)]} —1for 1 <k <z—1
Clearly, G is vertex edge neighborhood prime graph. We
claim that H; is vertex edge neighborhood prime graph. Let
For x; = a}l, b, ¢} for 1 < k < z with deg(x;) > 2. Here,
ged{h;(wi) :w1 € Ny(x1)} =1and
Hence G} = G| © H; is vertex edge neighborhood prime
graph. O

Theorem 2.2. If Ga2(p2,q2) has vertex edge neighborhood
prime graph, then there exists a graph from the class G,©®
[combination of graphs barycentric cycle BCs, prism Yy and
antiprism Ag| that admits vertex edge neighborhood prime.

Proof. Let Ga(p2,q2) be vertex edge neighborhood prime
graph with bijection g : V(G2) UE(G2) —

{1,2,...,|V(G2) UE(G3)|} satisfying the property of vertex
edge neighborhood prime graph.
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Consider H, be the combination of graphs barycentric cycle
BC;, prism Y; and antiprism Ay with

V(Hz) = {u),vj,wj,x; :1 <t <s}and

E(Hy) = {upvy,viw, wix 0 1 <t < sPU{uju U

[} U W} U {w oy U g U

{ugu gy v wiw Wi X 1<t <s—1}.

We overlay one of the vertex say x’l of H, on selected vertex
of t in G, with g,(f;) = 1.

Note that G5 = G, © H, with V(G3) = V(G2) UV (H2) and
E(G3) = E(G2) UE(Hy).

V(G3)| = pa+45— 1 and |E(G3)]| = g2+ 8.

Define hy : V(G5)UE(G3) = {1,2,...,p2+q2+12s— 1} as
follows:

82(22) = ha(z2) for all zp € V(G2) and g2(e2) = ha(e2) for all
e € E(Gz).

hz(x/l) = hz(tl) = l,hz(x/lxé) =p2+q2+55— l,hz(w/lxé)
P2+ qr+7s— Lin(wWiw,) = pa+ g2+ 8s — 1, ha(u)v,) =
p2+qr+11s— L (W) = pr+q2+ 125 — 1.

Foreach 1 <1 <s,hy(wjx,) = pa+qa+55+2t =2,y (Viw;) =
p2+qr+8s+t—1,h(uv)) = pa+qo+9s+2t —2.
Foreach 1 <r<s—1,hy(xjx;, ) =p2+qa+ds+1—1,
ho(w; 1x1) = p24+q2+5s+2t — Lha(wiw, ) = p2+q2 +
Ts+t—1,h(u; vi) = p2+q2 +9s+2t — 1o (wuy ) =
p2+qgr+1ls+1—1.

Consider the following two cases.

Case 1. p> +¢> is odd

Foreach 1 <t <s,ip(v}) = po+qo+2t — 1,hp(u)) = pa +
q2+2t,h2(wf) =pr+qr+2s+2t—1.

hy(x, ) =p2+qa+2s+2for1 <t <s-—1.

Case 2. p> + g3 is even

Foreach 1 <t <s,hp(u)) = pa+qa+2t—1,h(V)) = pa +
qr+2t.

Foreach 1 <t <s—1,ho(w;) = pa+q2+25+2t,ha(x; ) =
p2+CI2+2S—|—2Z‘— 1.

hy(Wy) = pa+qo+4s—1.

Already, G, is vertex edge neighborhood prime graph. Now
we have to prove H, is vertex edge neighborhood prime graph.
Let a, be any vertex of H,.

For a, = u,v},wj,x) for 1 <t <s with deg(ay) > 2. Here,
ged{ha(b2) 1 by € Ny(az)} =1 and

gcd{hy(dr) :dr € Ng(az)} = 1.

Hence G5 = G> ® H, admits vertex edge neighborhood prime
graph. O

Theorem 2.3. If G3(p3,q3) has vertex edge neighborhood
prime graph, then there exists a graph from the class G3®
[combination of graphs closed helm CH,, prism Y, and an-
tiprism A, that admits vertex edge neighborhood prime.

Proof. Let G3(p3,q3) be vertex edge neighborhood prime
graph with bijection g3 : V(G3) UE(G3) —

{1,2,...,|V(G3) UE(G3)|} satisfying the property of vertex
edge neighborhood prime graph.

Consider Hz be the combination of graphs closed helm CH,,
prism Y, and antiprism A, with
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V(H) ={ro} U{r,r,s,s,:1 <t <a}and

E(Hz) = {rors,rery,rise,sesp 0 1 <t <a}yU{rirgy U{rir,} U
{s1sa} U {s15} U{s}s,

U {r,r,H,r,’r;H,s,s,H,s;S,H,s;s;H 1<t<a— 1}.

We overlay one of the vertex say ro of H3 on selected vertex
of u; in G3 with g3(u1) =1.

Also, G3 = G3 O H3 with V(G3) =V(G3)UV (H3) and E(G3) =
E(G3)UE(H3).

|V(G3)| = p3+4aand |[E(G})| = g3+ 9a.

Define i3 : V(G5) UE(G3) — {1,2,..., p3 + g3 + 13a} as fol-
lows:

g3(z3) = ha(z3) for all z3 € V(G3) and g3(e3) = h3(e3) for all
e3 € E(G3).

h3(ro) = h3(u1) = 1,h3(sys,) = p3+q3+5a,h3(s1s,) = p3+
g3 +7a,h3(s154) = p3 +q3+ 8a,h3(rrl,) = p3+q3 + 10a,
h3(rirg) = p3+q3+12a.

Foreach 1 <1 <a,h3(s;s}) = p3+q3+5a+2t —1,h3(r}s;) =
p3+aqz+8a+t,h3(rrf) = p3+q3+10a+1,h3(ror;) = p3 +
q3+12a+t.

Foreach 1 <t <a—1,h3(s;s; ) = p3+q3+4a+t,
ha(sisi41) = p3 +q3 + 5a+2t,hs(sisi41) = p3 +q3 +Ta+
t,h3(r{r] ) = p3+q3+9a+t,h3(riri1) = p3+gq3+1la+r.
We consider the following two cases.

Case 1. p3 +¢3 is odd

Foreach 1 <t <a,h3(r;) = p3+q3+2t,h3(r)) = p3+q3 +
2t —1,h3(s¢) = p3+q3+2a+2t—1,h3(s}) = p3+q3+2a+
2t.

Case 2. p3 + g3 is even

For each 1 <7 <a,h3(r;) = p3+q3+2t — 1,h3(r)) = p3 +
q3+2t,h3(s;) = p3+q3+2a+2t —1,h3(s;) = p3+q3+2a+
2t.

For proving G3 is vertex edge neighborhood prime graph. In
earlier, G3 is vertex edge neighborhood prime graph. Now we
have to prove Hj is vertex edge

neighborhood prime graph. Let a3 be any vertex of H3.

For az = ro, 1y, 1}, ¢,5) for 1 <t < a with deg(az) > 2. Here,
ged{h3(b3) : b3 € Ny(az)} =1 and

ng{/’l3(d3) 1ds € NE(a3)} =1.

Hence G35 = G3 ® H3 admits vertex edge neighborhood prime
graph. O

Theorem 2.4. If G4 has vertex edge neighborhood prime
graph, then there exists a graph from the class G4 ® [combination
of graphs lotus inside a circle LCy, prism Y, and antiprism
Ay that admits vertex edge neighborhood prime.

Proof. Let Ga(pa,qa) be vertex edge neighborhood prime
graph with labeling g4 : V(G4) UE(G4) —

{1,2,...,|V(G4) UE(G4)|} satisfying the condition of vertex
edge neighborhood prime graph.

Let Hy be the combination of graphs lotus inside a circle LCy,
prism Y; and antiprism Ay with

V(Hy) ={ro}U{r.,s.,tlu..: 1 <c <k} and

E(Hs) = {rorl,rlsh,sptl thd, : 1 < e < kYU {s}s; fu{tje U

c
/ ! !4 !0 !0 . !
{F sttt titl sttt 01 < e <k—1}0{ufu}
Sy,

(N
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U {rsiuudeg).

We overlay one of the vertex say rg of Hs on selected vertex
of by in G4 with g4(b;) = 1.

Note that G = G4 © Hy with V(G}) = V(G4) UV (Hs) and
E(G}) = E(Gs) UE(Hs).

[V(G})| = pa + 4k and |E(G})| = g4 +9%k.

Define hy : V(G,)UE(G}) — {1,2,..., pa +q4+ 13k} as
follows:

g4(z4) = ha(za) for all z4 € V(Gy4) and ga(es) = ha(es) for all
e4 € E(G4).

h4(r0) = h4(b1) = 1,]14(%&142) = P4 +6]4+5k,h4(u/1l;€) =ps+
qa+5k+ 1,h4(l‘{l‘,i) =p4+q4—|—8k,h4(s’ls;() = pa+q4+ 10k,
ha(rs}) = pa+qs+ 12k.

For each 1 < ¢ < k,hy(r.) = psa+qa+3k+c,ha(s.) = ps+
ga+2k~+c,ha(t)) = pa+qa+k+c ha(u) = ps+qs+-c,
ha(rlsl.) = pa+qa+10k+2¢ — 1, ha(ror.) = pa+qa+ 12k +
¢ ha(shtl) = pa+qa+8k+c,ha(tlu.) = pa+ qa+ S5k +2c.
Foreach 1 <c¢ <k—1,h4(uu ) = ps+qs+4k+c,
ha(tll, ) = pa+qa—+5k+2c+1,ha(tlt., ) = pa+qs+Tk+
c,ha(sisly 1) = pa+qa+9k+c,hy(rl., s.) = pa+qs+10k+
2c.

Clearly, G4 is vertex edge neighborhood prime graph. In order
to show that Hy is vertex edge neighborhood prime graph. Let
a4 be any vertex of Hy.

For ay = ro, 7., sl 1. ul for 1 < c < k with deg(as) > 2. Here,
ng{/’l4(W4) twy € Ny (614)} = 1and

ng{/’l4(d4) 1dy € NE(Cl4)} =1.

Hence G, = G4 ©® Hy is vertex edge neighborhood prime
graph. U

Theorem 2.5. If G5 has vertex edge neighborhood prime
graph, then there exists a graph from the class Gs ® | com-
posed of graphs lotus inside a circle LCy,,prism Y, and an-
tiprism A, connected by an alternating band of triangle| that
admits vertex edge neighborhood prime.

Proof. Let Gs(ps,qs) is vertex edge neighborhood prime
graph with bijection g5 : V(Gs) UE(Gs) —
{1,2,...,][V(Gs)UE(Gs)|} satisfying the condition of vertex
edge neighborhood prime graph.

Consider Hs be the composed of graphs lotus inside a circle
LC,,prism Y, and antiprism A, connected by an alternating
band of triangle with

V(Hs) ={co}U{ci,d;,c}.d},c},d!' : 1 <i<n}and

E(Hs) ={coci,cidi, cidi, cid, cldl,cl'd! - 1 <i<n}U{did,}
U{dicy}U{c)ch} U {elid) YU {djdi} U {efel} U{cld} U
{cividi,didiyr,disr ¢}, cicly g cldl,dldl 1 <i<n—1}U
{cg’cﬁrl,cg’d{;l,dlf’dl{jrl 1<i<n— 1} u{d{d)}y U{cidy}.
We overlay one of the vertex say ¢y of Hs on selected vertex
of ri in G5 with g5(r1) =1.

Note that G = Gs ©® Hs with V(G%) = V(Gs) UV (Hs) and
E(Gs) =E(Gs)UE(Hs).

|V(G%)| = ps+6nand |[E(G3)| = g5+ 15n.

Define hs : V(G%) UE(G%) — {1,2,...,ps +¢5+21n} as
follows:
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g5(u5) = h5(u5) for all us € V(Gs) and gs(es) = hs (65) for
all es € E(Gs).

hs(co) = hs(r1) = 1,hs(d{d)) = ps + g5+ Tn, hs(d{c;)) =
ps+qs+Tn+1,hs(cc;)) = ps +qs +10n,hs(c,d}) = ps +
gs+12n,hs(d\d),) = ps+qs+13n,hs(cc},) = ps+qs+15n,
hs(dlc;) =ps+qs+ 17n,h5(d1dn) =ps+qs+18n,hs (Cldn) =
ps+qs+ 20n.

Foreach 1 <i < n,h5(c,-) = ps5+4s +5n+i,h5(d,~) =ps+
g5 +4n+i,hs(c;) = ps+qs+3n+i,hs(d)) = ps+qs +2n+
i,hs(c!) = ps+qs+n+ihs(d) = ps+qs+i,hs(c/d') =
Ps+qs+Tn+2i,hs(c!d)) = ps+qs+10n+2i—1,hs(cld!) =
ps+qs+ 13n+i,h5(c§d,') =ps+qs+15n+2i—1,hs(cid;) =
ps+qs+18n+2i—1,hs(coci) = ps+q5+20n+i.
Foreach 1 <i<n—1,hs(d/d}. ) = ps+qs+6n+i,
hs(cid! ) = ps+qs+Tn+2i+1,hs(c/c!, ) = ps+4q5+
n+i,hs(cd, )= ps+qs+10n+2i,hs(did], ) = ps+qs+
12n+i,hs(cic}, ) = ps+qs+14n+i,hs(diy 1) = ps+q5+
157 + 2i,h5(didi+1) =ps+qs5+17n+ i,hs(C,‘+1d,‘) = ps5+
qs+ 18n+2i.

Clearly, Gs is vertex edge neighborhood prime graph. We
need to prove Hjs is vertex edge neighborhood prime graph.
Let us be any vertex of Hs.

For us = co, ci,d;, ¢}, dl,c! .d! for 1 <i<n withdeg(us) > 2.
Here, gcd {hs(ws) : ws € Ny (us5)} =1 and

ged{hs(ds) : ds € Ng(us)} = 1.

Hence G5 = G5 © Hs admits vertex edge neighborhood prime
graph. O

Theorem 2.6. If G has vertex edge neighborhood prime
graph, then there exists a graph from the class Gg ® [ com-
posed of graphs closed helm CH,, prism Y, and antiprism
A, connected by an alternating band of triangle| that admits
vertex edge neighborhood prime .

Proof. Let Gg(ps,qe) be vertex edge neighborhood prime
graph with bijection g¢ : V(Gg) UE(Gg) —

{1,2,...,|V(Ge) UE(Gg¢)|} satisfying the condition of vertex
edge neighborhood prime graph.

Consider Hg be the composed of graphs closed helm CH,,
prism Y, and antiprism A,, connected by an alternating band
of triangle with

V(Hg) = {ay} U{d,b},c},dl,e}, f : 1 <i<n}and

E(He) = {apal,abl,blc),cid! dle},ef! : 1 <i<n}U{d|a,}U
{byb, }U{B) e Y U{c) e} U{didy } U{d e, }U{e) e} U{ fre, U
{fifyUldar,  biblyy by chciciyy didi 1 1<i<n—1}U
{eieieifipn fifidigei: 1 <i<n—1}

We overlay one of the vertex say aj, of He on selected vertex
of 7 in Gg with gg(z1) = 1.

Also, G = Ge ©He With V(G§) =V (Ge) UV (He) and E(G}) =
E(Ge) UE(Hs)

|V(G{)| = pe+6n and |E(G})| = g6+ 15n.

Define hg : V(G{)UE(GE) — {1,2, ..., ps +qe +21n} as
follows:

86(z6) = he(z6) for all z6 € V(Gs) and ge(ds) = he(ds) for
all dg € E(G6).
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he(ay) =he(z1) = 1,hs(f{ f) = Ps +4qs+Tn, he(fle),) = pe+

g6+ Tn+1,he(€e),) = pe + g6 + 10n,hs(de,) = ps + g6 +

12n,he(d{d}) = ps +qe + 13n,he(c' ) = pe + g6 + 15n,

he(b'c,) = pe + g6 + 17n,he(b1b,) = pe + g6 + 18n,

he(aya,) = pe +qe +20n.

For each 1 <i < n,h¢(e,f!) = pe + q¢ + Tn+ 2i,he(d.e})

P6+q6+10n+2i—1,he(cid]) = ps+qe + 13n+i, he(bic))

P6+qe+15n+2i—1,he(aib}) = ps+qe+ 18n+i, he(aya;)

D6 +q6+20n+1i.

Foreach 1 <i<n—1,hs(f{f )

hé( H—l)

i hg(lee )=

l’hﬁ( Ci l+1)

2i,he(bib; ) =

i

Consider the following cases.

Case 1. ps + g is odd

For each 1 <i<n,h¢(a}) = pe+qe +4n+2i,he (b))

g +4n+2i—1,he(c}) = pe+qe+2n+2i,he(d])

2n+2i— 17}16(6;) = Pp6+4s6 +2iah6(fi/) =

Case 2. pg + g is even

For each 1 <i<n,hg(a}) = pe+qe+4n+2i—1,he(b}) =

P6+q6-+4n+2i,he(c;) = pe+qe+2n+2i—1,hs(d}) = ps+

g6 +2n+2i,he(€)) = pe+qe6+2i — 1,he(f!) = ps +qe + 2i.

Already, Gg is vertex edge neighborhood prime graph. It’s

enough to prove Hg is vertex edge neighborhood prime graph.

Let ag be any vertex of Hg.

For ag = aj),a;,b;,c},d,e., ! for 1 <i < n with deg(as) > 2.

Here,

ged{he(ws) : we € Ny(ag)} =1 and

ged{he(ds) : do € Ng(ag)} = 1.

Hence G © Hg admits vertex edge neighborhood prime graph.
O

=pe+qe+6n+1i,

Pe+qe6+Tn+2i+1,hs(eif]) = pe+qe +9n+
Pe+q6+10n+2i,he(did;, |) = pe+qe+12n+
Pe+qe+14n+ihe(b), c;) = ps+qe+ 15n+
Po+qe+1Tn+i,he(aja;, ) = pe+qe+19n+

=Ppe+
=p6+q6+
D6 +qe+2i—1.

Theorem 2.7. If G7(p7,q7) has vertex edge neighborhood
prime graph, then there exists a graph from the class G7©
armed crown graph AC; that admits vertex edge neighborhood
prime for all t.

Proof. Let G7(p7,q7) be vertex edge neighborhood prime
graph with bijection g7 : V(G7) UE(G7) —

{1,2,...,|[V(G7) UE(G7)|} satisfying the property of vertex
edge neighborhood prime graph.

Consider H7 be armed crown graph AC; with

V(H7) = {u,,v,w,:1<x<t}and

E(H7) = {ual 1 <x<r—1}U{uju)}U

{d V. Vw1 <x<t}

We overlay one of the vertex say u) of Hy on selected vertex
of a; in G7 with g7(a1) =1.

Note that G5 = G7 ® H; with V(G3) = V(G7) UV (H7) and

E(G7) = E(G7) UE(Hy).
[V(G%)| = p7+3t—1and |[E(G})| = g7+ 3t.
Define h; : V(G3) UE(G5) — {1,2,...,p7+q7+6t — 1} as
follows:

g7(z7) = h7(Z7) for all z7 € V(G7) and g7(d7) = h7(d7) for
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alldy € E(G7).

h(uy) = ha(ar) = 1, hy (uju;) = p7 +q7 +5t.

Foreach 1 <x <t,h7(V,) = p74+q7+2t+3x—3,h7 (1) =
p1+qr+2t+3x—1,hy(Viw,) = p7+q7 +2t +3x—2.

hy (W, ) = p71+q7+5t+xfor1 <x<r—1.

We consider the following two cases.

Case 1. p7 +¢7 is odd

h7(We, ) =pr+q7+2xforl <x<r—1.

(W) =pr+qr+2x—1for1 <x<r.

Case 2. p7 + g7 is even

hy(w)) = p1+q7+1.

h(W)=p7+q7+2x—1for2 <x<t.

hy(Wi ) =p7+q7+2xfor1 <x<r—1.

We claim that G7 is vertex edge neighborhood prime graph.
Clearly, G7 is vertex edge neighborhood prime graph. We
have to prove H; is vertex edge neighborhood prime graph.
Let a7 be any vertex of H.

For a7 = u,,v,.,w/ for 1 <x <t with deg(a7) > 2. Here,
ged{h7(y7) :y7 € Nv(a7)} =1 and

ng{h7(d7) 1dy € NE(CZ7)} =1.

Hence G7 © H7 is vertex edge neighborhood prime graph. [

Theorem 2.8. If Gg(ps,qs) has vertex edge neighborhood
prime graph, then there exists a graph from the class Gg ® [x
copies of prism C, x K, connected by an alternating band of
triangle | that admits vertex edge neighborhood prime when'y
is even.

Proof. Let Gg(ps,qs) be vertex edge neighborhood prime
graph with bijection gg : V(Gs) UE(Gg) —

{1,2,...,|[V(G3) UE(Gs)|} satisfying the property of vertex
edge neighborhood prime graph.

Consider Hg be x copies of prism C, x K3 connected by alter-
nating band of triangle, where y is even with

V(Hg {kbc’lbc 1<bhb<x,1<c<y}and

E(Hg) = {k 1, :1<b<x1<c<y}

UKy 1 b <x—1}
U{kKp 1y el 1SS0 Se <y—1}U
AL
UKoy
Ol ke 1<b<x—11<e<y—1},

We overlay one of the vertex say /,; of Hg on selected vertex
of f1 in Gg with gg(fl) =1.
Also, Ggg = Gg ® Hg with V(Gg)
E(Gg)UE(Hg)
|V(G})| = ps+2xy—1and |[E(G})| = gs +3xy+2(x— 1)y.
Define

V(G3)UE(Gg) —{1,2,...
as follows:
gs(z8) = hg(zg) for all zg € V(Gg) and gs(dg) = hg(ds) for
alldg € E(Gg).
hg(La) = hg(f1) = 1,hg(kyy) =

1gb§x}

1§ng—1,1§c§y}

=V(Gs)UV(Hg) and E(Gg) =

ps+as+(2x— 2)y+2y—1

P8 g +5xy+2(x—1)y—1}
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Foreach 1 <b<x—1and 1 <c¢ <yhg(k,.) = ps+qs+
(2b—2)y+2¢,hs(l),) = ps+qs + (2b—2)y+2c — 1.

For each 1 S c Sy* 17h8(kxc) = P38 +QS+(2X*2)y+ZC,
hg(lx(c+1))=pg +g3+(2x—2)y+2c—1.
Foreachl1 <b<xand1<c<y— 1,hg(ll’,cl,’7(
qg+2xy+5(x—b)y+cfl,hg(kzck;7<c+l)):
5(x—b)+2ly+c—1.

For each 1 < b <x,hg(ly1,,) = ps +gs +2xy + [S(x — b) +
l]y—lvh?i(ki/alk;ay)zps +gs+2xy+[5(x—b)+3]y—
hg(lgckEbH)c) =ps+qgs+2xy+[5(x—b—1)+3]y+2c—2
forl1<b<x—land1<c<y.

hg (e 1)k (pi1)e) = P8+ a8 +2xy+[S(x—b—1)+3]y+2c—
lforl<bhb<x—landl1 <c<y—1.

hg(ll',lksz)y) =pg+qs+2xy+5(x—b)y—1for1 <b<

c+l)) =pst+
ps+qs+2xy+

x—1.

In earlier, Gg is vertex edge neighborhood prime graph. It’s
enough to prove Hg is vertex edge neighborhood prime graph.
Let ag be any vertex of Hg.

Forag =k}, I, for 1 <b <xand 1 <c <y with deg(ag) > 2.
Here, gcd{hg(zg) : z3 € Ny(ag)} =1 and

ged{hs(es) : es € Np(as)} = 1.

Hence Gy = Gg © Hg is vertex edge neighborhood prime
graph. O

Theorem 2.9. If Go(po,q9) has vertex edge neighborhood
prime graph, then there exists a graph from the class Go ® [s
copies of antiprism A, connected by an alternating band of
triangle] that admits vertex edge neighborhood prime.

Proof. Let Go(pg,q9) be vertex edge neighborhood prime
graph with bijection gg : V(G9) UE(Gg) —
{1,2,...,][V(G9) UE(Gy)|} satisfying the condition of vertex
edge neighborhood prime graph.
Consider Hg be s copies of antiprism A, connected by an al-
ternating band of triangle with

V (H ) {d), e, 1<u<s,1<v<t}and

E(Hy)={d e, : 1 <u<s1<v<i}U

{du+1v ;(V+1)-1SM§S*1,1§v§t—1}U

{d;ﬂv e 1Su<s—1,1<v<i}U
{ t7 ule lvdule 1<M<S}U

{d{,vd;(vH), iy A€y 1 Su<s, 1 <v<i—1)

U {d£u+l)te:t1 I<u<s— 1}.

We overlay one of the vertex say e/, of Hy on selected vertex
of v in Gg with go(v;) = 1.

Note that, G5 = Go © Hy with V(Gj)
E(G;) = E(Gy) UE(Hy)

|V(G5)| = po+2st — 1 and |E(G3)| = qo +4st +2(s— 1)t

= V(Gg) @] V(Hg) and

Define ho : V(G5) UE(Gg) —

{1,2,...,p9 + qo +6st +2(s — 1)t — 1} as follows:

89(z9) = hy(z9) for all zg € V(Go) and go(c9) = ho(c9) for all
Cc9 € E(G9).

ho(ey) = ho(vi) = 1.
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Foreach | <u<sand 1 <v <t hy(d,,) =
2u)t+2v—1,ho(e],)

Po+qo+ (25—
=po+qo+ (2s —2u)t +2v—2,

ho(dl, €)= po+qo+2st+[6(s—u)+1]r+2v—1.
Foreachl1 <u<sand 1 <v<t-— 1,h9(e;ve;(v+l)) = pg+
qo+2st+6(s—u)t+v—1 h9(d1,4vd,/4(v+1)) = p9 +qo + 2st +

[6(s—u)+3]t+v—1,ho(d], Veu(v+1)) = po+qo—+2st+[6(s—
u)+ 1) +2v.

For each 1 <u < s,hy(el,€l,)
1t =1, ho(dydyy) =
ho(dyue,)

= po+qo + 2st + [6(s —u) +
P9+ qo+2st +[6(s —u) +4)t — 1,

= po + qo +2st + [6(s —u) + 1]¢.
h9(déu+1)vefw) =po+qo+2st+[6(s—1—u)+4]t—2+2v
forl<u<s—1land1<v<rt.
h9(d£u+l)ve;(v+l)) =po+qo+2st+[6(s—1—u)+4Jt+2v—
lforl<u<s—landl1 <v<t-—1.
h9(d£u+1)te;1) = pg+qo + 2st + [6(s — 1 —u) + 6]t — 1 for
1<u<s—1.
Already, Gy is vertex edge neighborhood prime graph. It’s
enough to prove Hy is vertex edge neighborhood prime graph.
Let ag be any vertex of Ho.
Forag=d, e, for1 <u<sand 1 <v<rwithdeg(ag) > 2.
Here, ged{h9(z9) : 29 € Ny(ag)} =1 and
ng{hg(Cg) iCcg € NE(ag)} =1.
Hence G = G9 ® Hy admits vertex edge neighborhood prime
graph. O

Theorem 2.10. If Gio(pi0,q10) has vertex edge neighbor-
hood prime graph, then there exists a graph from the class
G10 ® [Py +zK1] that admits vertex edge neighborhood prime.

Proof. Let Gio(pio,q10) be vertex edge neighborhood prime
graph with bijection g9 : V(G10) UE(G1o) —
{1,2,...,|V(G10) UE(G10)|} satisfying the condition of
vertex edge neighborhood prime graph.
Consider Hig be the graph of P, 4-zK; with

V(Hio)={c,:1<a<yju{d,:1<b<z}and
E(Hy) = {caca+1 1<a<y—1}
U{dd,:1<a<yl<b<z}.
We overlay one of the vertex say d| of Hjo on selected vertex
of 51 in G with gjo(s;) = 1.
Also, G}y = G1p ©® Hip with V(GTO) =
E(GTO) = E(Glo) UE(H]()).
[V(Gio)| = pro+y+z—1and |[E(G}y)| = qro+yz+y—1.
Define hyo : V(G},) UE(G]) —
{1,2,....,p10+¢qi0+yz+2y+z—2} as follows:
g10(z10) =hio(zi10) forall zio € V(Gio) and g1o(eio)
forall ejg € E(Glo)
hlo(d ) hlo(sl)—l h]()(cld )
=plo+qo+2y+z
hio(ch,_1) = pro+qio+afor1 <a<[%].
hlo(cm) plo+qio+[3|+aforl1<a<|%].

hio(dy,) = pro+qio+y+b—1for2<b<z.

o(C Cor1) =P10+qro+y+ztaforl <a<y-—1.
hio(c,d ) pro+qo+2y+z+a—1for2<a<y-—1.
hio(cdy) = pro+qio+(b+1)y+z—2+afor2<b<zand

V(Glo) @] V(Hl()) and

=hy(eno)

pro+qio+y+z, th(C dy)

Q\

Q ~Q ™~ \b-
S ~—=
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1<a<y.

Clearly, Gy is vertex edge neighborhood prime graph. We
claim that Hj is vertex edge neighborhood prime graph. Let
X190 be any vertex of Hjy.

For x19 = ¢}, dj for 1 <a<yand 1 <b <z withdeg(xig) > 2.
Here,

ng{hlo(Wm) IWio € Nv()qo)} =1 and

ng{hlo(Elo) 1 e ENE()C]())} =1.

Hence Gj, = G0 © Hjy is vertex edge neighborhood prime
graph. O

Theorem 2.11. If G11(p11,q11) has vertex edge neighbor-
hood prime graph, then there exists a graph from the class
G11 @ [Cy + K] that admits vertex edge neighborhood prime.

Proof. Let G11(p11,911) be vertex edge neighborhood prime

graph with bijection g1 : V(G11)UE(Gy1) —

{1,2,...,|[V(G11) UE(Gy1)|} satisfying the condition of

vertex edge neighborhood prime graph.

Consider Hj; be the graph of C,, +1K; with

V(H”) {ci:1<a<utu{d):1<b<t}and
E(Hu)={cjcl, :1<a<u—1}u{dc)}u

{chd) -1 <a<u1<b<t}.

We overlay one of the vertex say d| of Hy; on selected vertex

of s1 in G with gll(sl) =1.

Note that G}, = G11 © Hyy with V(G7,)

and E(GTI) ZE(GH)UE(H“).

V(Gi))| = pii+u+t—1and |[E(G},)| = qu1 +u+ut.

Define A1 : V(G},) UE(G},) =

{1,2,...,p11 +q11 +2u~+ut +1t— 1} as follows:

g11(z11) =h11(z11) forall z;; € V(Gyy) and g1 (e11)

forall e;; € E(GH).

= V(Gll) UV(HU)

=hyi(enn)

h”(dl) hll(sl):lvhll(clll "Y=pi+qgn+2u+i—1.
hii(c)) = pri+qi+aforl <a<u.
hi(d))=pi+qu+ut+b—1for2<b<r.
hll(ZZJrl) pitqutut+t+a—1forl<a<u-—1.
hi(chdy)) =pu+gu+ G+ Du+t+a—1forl1 <a<u
and 1 <b <rt.

Clearly, Gy is vertex edge neighborhood prime graph. We
claim that Hy is vertex edge neighborhood prime graph. Let
x11 be any Vertex of Hyj.

Forxjj =cj,d) for1 <a<wuand 1 <b <rwithdeg(x1;)>2.
Here, ng{hH(WH) w1 ENv(xll)} =1and

gcd{hii(en) e € Ng(x11)} = 1.

Hence G}, = G11 © Hy; is vertex edge neighborhood prime
graph. O

Theorem 2.12. If Gi2(p12,q12) has vertex edge neighbor-
hood prime graph, then there exists a graph from the class
G120 [Mycielskian graph |1(Cy), of cycle Cy| that admits ver-
tex edge neighborhood prime for all x is odd.

Proof. Let G12(p12,412) be vertex edge neighborhood prime
graph with bijection g15 : V(G12) UE(Gyp) —
{1,2,...,]V(G12) UE(G12)|} satisfying the condition of
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vertex edge neighborhood prime graph.

Consider H be Mycielskian graph p(Cy) of cycle Cy(x is

odd) with

V(Hyp) ={ro}U{r;s;: 1 <z<x}and

E(Hpp) ={ror; : 1 <z <x}U{r18,,r841: 1 <z<x—1}
U{risxtU{resi}.

We overlay one of the vertex say r; of Hj, on selected vertex
of 51 in G with glz(sl) =1.

Also, G}, = G2 ©Hy» with V(G7,) =
E(GE) = E(Glz) UE(HQ).

[V(G1,)| = p12 +2x and |E(G},)| = q12+ 3x.

Define hy; : V(GTZ) UE(GTZ) —{1,2,...,p12+q12+5x} as
follows:

g12(z12) =hi2(z12) forall zj» € V(G12) and g12(e12)
forall ejp € E(Glz).

hia(r1) = hia(s1) = 1,h2(r0) = p12 + qi2 + x,hia(s17x) =
pra+qu+2x+2[5| =L hna(sirn) = po+qn+2x+2[5],

V(G12) UV (H)2) and

=hiz(e12)

hi2(r1sx) = p12 +qi2 +4x.
ha(rz—1) =prat+qi+z—1for2<z<[3].
hi2(s2:-1) = pr2+qua+x+zfor1 <z < ’ﬂ

Foreach 1 <z < |5, hia(r;)
hia(s22) = pra+quat+x+ 5] +2,hi2(re—152) = pro+qi2+
2x+2z— L hip(rezsoze1) = po+qua+2x+2[5] +2: -1,
hi2(r2182:) = pr2 +qia +2x+2z.

hiz(ror;) = pr2+qia+4x+zfor 1 <z <x.

hio(razs2.—1) = pr2+quz+2x+2[5| +2z—2for2 <z <

x

=pn+qo+[3|+z-1,

C%early, Gy is vertex edge neighborhood prime graph. We
claim that H, is vertex edge neighborhood prime graph. Let
x12 be any vertex of H».

For x12 = ro, rz,s; for 1 <z <x with deg(x12) > 2. Here,
ng{hIZ(WIZ) Wi € Ny (xlz)} =1 and

ng{hlz(elz) e e NE(xlz)} =1.

Hence G}, = G12 © Hj is vertex edge neighborhood prime
graph. O

3. Graph identification of one point union
of graphs

G™ is one point union of k copies of G is obtained by tak-
ing k copies of G and fusing a fixed vertex of each copy
with same fixed vertex of other copies to create a single
vertex common to all copies. If G is a (p,q) graph then

‘ =k(p—1)+1and ‘E( Gl ))‘ = kq. In this section,

We discuss about one point union of graphs.

Theorem 3.1. If Gi(p1,q1) has vertex edge neighborhood
prime graph, then there exists a graph from the class G1®
[one point union of different copies of triangular snake graphs
Ti, (1 <y <t)] that admits vertex edge neighborhood prime.

Proof. Let Gi(p1,q1) be vertex edge neighborhood prime
graph with bijection g; : V(G1)UE(G;) —
{1,2,...,|[V(G1) UE(G)|} satisfying the condition of vertex

009 nn,,
5:

; ‘a’uv
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edge neighborhood prime graph.

Consider H; be the one point union of different copies of
triangular snake graphs T;, (1 <y <) with

V(H) = {u’lo} U {M;Z,V;z 1<y<r,1<z<sy— 1} and
E(Hy) = {”/10”;11"‘/10";1 1<y< t} U

{u;zv'yz:lgygt,l Szgsy—l}u

{u;zu;zﬂ,u;zv;zﬂ 1<y<11<z<s —2}.

We superimposing one of the vertex say u;o of H; on selected
vertex of s; in G with g;(s1) = 1.

Also, G} = G ©H; withV(G}) =V(G)UV (H;) and E(G}) =
E(Gl)UE(Hl).

V(GY)|=p1+2(si+s2+...+s5)—2t and |[E(G})| = q1 +
3(si+s2+...+5)—3t.

Define h; : V(G})UE(G7) —

{1,2,...,p1+q1 +5(s1 +s2+... +5:) — 5t} as follows:
g1(z1) =hi(z1) forall z; € V(Gy) and g1 (e1) = hy(e;) for all
e EE(G]).

h](ulo) = h](S]) =1.

For each 1 <y <1, (uygu}y) = pr+q1+ 2 _ sc — 2t +
3E01se =30 = D)+ Lhn(uiovly) = p1+q1 +2X0 5 —
2+3Y) 1 se—3(y—1)+

2, (Ul vy, 1) = Prtaqr 2 e se — 20+ 3K s —
3(y—1) =4 m(uy oy 1) =P1+q1+2 ;s =2+
3y se—3(y—1)-3.

Foreachl1 <y<tand1<z< sy—2,h1(u§,zu;z+l) =pi1+q+
¥ Se—20+30  se—3(y—1)+1+32,h (V) = pi1+
G A2Y s =243 s —3(y—1)+3z.

hi(uy, V1) = pr+qu+2 e sc =2t + 3 1se—3(y—
1)+2+3zforl1 <y<tand 1 <z<s,—3.

Consider the followig cases.

Case 1. p; +¢; is odd

Foreachl <y<rand1<z<s,— 17h1(u/y,z) =p1t+q1+
27 se—2(y— 1) +22 (V) = pr+qi +2 50 se—2(y—
1)+2z—1.

Case 1. p| +q is even

Foreach2 <y<tand 1 <z<s,— 1,h1(u’yﬁz) =p1+q+
2507 se =200 = 1) +22— Lin(vV)) = pr+ a1 + 2507 se -
2(y—1)+2z-2.

) =pr+qr 280 se—2(y— 1) +2(s, — 1).

hy(uy,) =p14+q1+2z—1for1 <z<s;—1.

Clearly, G is vertex edge neighborhood prime graph. We
claim that H; is vertex edge neighborhood prime graph. Let
x1 be any vertex of Hj.

For x; = “/107“§vz7";z for1<y<rand1<z<s,—1 with
deg(x1) > 2. Here, gcd{h;(w;1) : w; € Ny(x1)} =1 and
ged{hi(e)):e1 € Ng(x1)} =1.

Hence G} = G1 ® H; is vertex edge neighborhood prime
graph. O

Theorem 3.2. If G2(p2,q2) has vertex edge neighborhood
prime graph, then there exists a graph from the class Go®
[one point union of different copies of quadrilateral snake
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graphs O, (1 < a < r)] that admits vertex edge neighborhood
prime.

Proof. Let Ga(p2,q2) be vertex edge neighborhood prime

graph with bijection g, : V(G2) UE(Gy) —

{1,2,...,|[V(G2) UE(G3)|} satisfying the property of vertex

edge neighborhood prime graph.

Consider H, be the one point union of different copies of

quadrilateral snake graphs Q, (1 < a <r) with

V(Hy) = {xo}U{xp. ¥ 2y i 1 <a<r1<b<t,—1}and

E(Hp) = {x}oXy1, Xio¥g 1 1 Sa<r}U

%y;bzizb’x;bz;b 1<a<sn1<b<t,— 1} U
YapYaps1¥a¥aps1 1 S a <1 <b<t,—2}.

We superimposing one of the vertex say x/, of H, on selected

vertex of ¢; in G, with gZ(tl) =1.

Note that G5 = G, ©® H, with V(G3) = V(G,) UV (H,) and

E(G;) =E(Gy)UE(Hy).

[V(G3)| =p2+3(t1i+12+...4+1.) —3rand |[E(G})| = q24(t1 +

Hh+... +tr) —4r.

Define hy : V(G3) UE(G;) —

{1,2,..,p2+q2+7(t1 + 12+ ... +t,) — 7r} as follows:

22(22) = ha(z2) for all zp € V(G,) and g2(e2) = ha(e2) for all

er € E(Gy).

ha(x)g) = ha(11) = 1.

Foreach 1 <a<rand1<b<t,—1,h(x,) =p2+q>+

3Yimi ts—3(a—1)+3b,ha(yy) = pa+aa+3 L) t,—3(a—

1) +3b—1,(2,) = p2+ g2+ 3L t,—2—3(a— 1)+

3b,ha (¥ y2ly) = P2+ @2+ 380ty —3r+4Y 1, —4(a—

1)+4b—1.

For each 1 < a < rhy(X)px,)) = p2+ g2 +3Y4_ 1, —3r+

AV o+ 1—4(a—1), (X)) = p2+ a2+

3Nt = 3r+A4Y s+ 2 —4(a— 1), (X, 5y, ) =

P2tqu+3Yi_ts—3r+4Y¢ t,—4—4(a— 1),h2(x;trlz;ta71)

=pat+q+3Yi_t,—3r+4Y¢ t,—6—4(a—1).

Foreach 1 <a <rand 1 <b<t,—2,m(x,z,) =pr+

GA3Y = 3r+4Y Tt —4(a— 1) +4b, hy (XX ) =

P2t 3t —3r+4Y "t +1—4(a—1)+4b.

(X Yop 1) = P2+ @2+ 3 0 1s—=3r+4X  1,+2—4(a—

1)+4bforl <a<rand1 <b<t,-3.

Already, G, is vertex edge neighborhood prime graph. Now

we have to prove H> is vertex edge neighborhood prime graph.

Let a, be any vertex of H,.

For ay = x|, X, Yy, 2 for 1 <a <rand 1 <b <t,—1 with

deg(ap) > 2. Here, gcd{hy(b2) : b2 € Ny(az)} =1 and

ng{hz(dz) 1dy € NE(az)} =1.

Hence G5 = G> ® H> admits vertex edge neighborhood prime

graph. O

Theorem 3.3. If G3(p3,q3) has vertex edge neighborhood
prime graph, then there exists a graph from the class G3©
[one point union of different copies of butterfly graphs BF, 4,
(1 <r < z)] that admits vertex edge neighborhood prime.

Proof. Let G3(p3,q3) be vertex edge neighborhood prime

0gl0
S0,
S5027:

(N
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graph with bijection g3 : V(G3) UE(G3) —

{1,2,...,]V(G3) UE(G3)|} satisfying the property of vertex
edge neighborhood prime graph.

Consider H; be the one point union of different copies of
butterfly graphs BF,, 4 (1 < r <z) with

V(H3) = {ug} U{uf,vi:1<r<z1<s<d,—1}U
{Wh:1<r<z,1<s<c}and

_ /i /i "1 "1
E(H3) = {”o”rp”o”rd,fl YUV UoVig, 1

{ugw’rls:lgrgz,l §s§cr}
U {u’,’A‘,u’r’SH,v’rgv;'SH 1<r<z,1<s<d, 72}.

We superimposing one of the vertex say u() of H3 on selected
vertex of u; in G3 with g3 (u;) = 1.

Also, G} = G3 @ Hy with V(G%) =V (G3) UV (H3) and E(G?) =
E(G3) UE(H;3).

|V(G§)| =p3 +Z§=1 cy+2):§,=1 dy—2z and |E(G’§)| =q3+
Yooy +2Y5 dy.

Define h3 : V(G3) UE(G3) —

{172, D33 —&—22;':1 Cy +4Z;:l dy— 22} as follows:
g3(z3) = h3(z3) for all z; € V(G3) and g3(e3) = h3(e3) for all
e3 EE(G3).

h3(u6’) = h3(u1) =1.

Foreach1 <r<zand1<s<c,h3(Wl)=p3+q3 +):§;} cy+
s:h3(ugw)s) = p3+a3 + X5y ¢y 255 dy =22+ LT jop
s.

Foreach | <r <z hs(uguy;) = p3+q3 +2%;_(cy +dy) +
Yyidy =22+ 1, ha(uguyy, )

=p3+q3 +2Z§=1 (cy+dy) JFZ;:] dy—2z,h3 (MB'V'A) =p3t
q3+ 22;}:1 cy+ 325:1 dy +Z;;} dy —2z+ lﬂh3(”8vlr/dﬁl) =
P3 +613 +ZZ§,:1 Cy + 32;:1 dy +Z;:] dy - 2Z~

For each | <r<zand 1 <s<d,—2,h3(uju), )= ps+
g3+ 215 (ey +dy) + Xymydy =2+ 145, (vivr ) =
P3+qs3 +22§:1 cy+ 32;:1 dy +Z;;11 dy—2z+1+s.

Foreachl <r<zand1<s< {%J (W ) =pitqz+
Yo+ Xiid+ (2 =) +s— L0 ) =pi+q+
Z;zl(cy—kdy)+Z;;}dy—z+(2—r)+s—1.

Foreach 1 <r<zand 1 <s< [%—‘ = 1L,h3(ul,) = p3 +
G+Y o+ d+ {%J +Q2=r)+s—1,h00) =

P3+az+ i (ey+dy)+ X dy+ {%J —z+(2-r)+s—1.
For proving G3 is vertex edge neighborhood prime graph. In
earlier, G3 is vertex edge neighborhood prime graph. Now we
have to prove Hj3 is vertex edge neighborhood prime graph.
Let a3 be any vertex of Hj.

For az = ufj,ull v/ for 1 <r<zand 1 <s<d, withdeg(as) >
2. Here, gcd{h3(b3) : b3 € Ny(a3)} =1 and

ng{h3(d3) 1ds € NE(a3)} =1.

Hence G5 = G3 ©® H3 admits vertex edge neighborhood prime
graph. O

:1§r§z}u

Theorem 3.4. If G4 has vertex edge neighborhood prime
graph, then there exists a graph from the class G4 ® [one point
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union of different copies of shell graphs S,,(1 < ¢ < b)] that
admits vertex edge neighborhood prime.

Proof. Let G4(p4,qs) be vertex edge neighborhood prime
graph with labeling g4 : V(G4) UE(G4) —

{1,2,...,|V(G4) UE(G4)|} satisfying the condition of vertex
edge neighborhood prime graph.

Consider Hy be the one point union of different copies of shell
graphs S, (1 < ¢ < b) when a, > 5 with

V(Hy) ={z0} U{zea:1<c<b,1<d<a.—1}and

E(H4) = {ZOZClaZOZCa(-fl 1<ce< b} U
{zeazear1:1<c<b1<d<a,—2}U

{z0zcar1: 1 <c<b,1 <d<a.—3}.

We superimposing one of the vertex say zg of Hs on selected
vertex of by in G4 with g4(b;) = 1.

Note that G; = G4 ©® Hy with V(G}) = V(G4) UV (Hs) and
E(G}) =E(G4) UE(Hs).

|V(GZ)| = ps+ (a1 +az—+... +ab) — b and |E(GZ)| =q4+
2(a;+ax+...+ap) —3b.

Define hy : V(G}) UE(G}) —

{1,2,...,pa+qga+3(a1 +a+... +ap) — 4b} as follows:
84(z4) = ha(za) for all z4 € V(Ga4) and ga(es) = ha(ea) for all
e4 € E(G4).

h4(Zo) = h4(b1) =1.

ha(zea) = pa+qa+YZla,+(2—c)+d—1for 1 <c<b
and1 <d<a.—1.

Foreach 1 <c¢ <b,ha(z0zc1) = pa+qa+¥l a,—b+YZ a,+
1,h4(202ca,-1) = pa+qa+ Y2 1a, —b+ Y a,.
ha(Zedzeas1) = pa+qa + X0 a, —b+ X {a,+1+d for
1<c<bandl<d<a.—2.

ha(202car1) = pa+qa+2Y0 1 a,—b+ Y {a,—3(c—1)+d
for1 <c¢<band

1<d<a.—3.

Clearly, Gy is vertex edge neighborhood prime graph. In order
to show that Hy is vertex edge neighborhood prime graph. Let
ay be any vertex of Hjy.

Foras =z9,zcqforl <c<band1<d <a.—1 withdeg(as) >
2. Here, gcd{hs(wa) : w4 € Ny(as)} =1 and

ng{/’l4(d4) 1dy € NE(a4)} =1.

Hence G, = G4 © Hy is vertex edge neighborhood prime
graph. O

Theorem 3.5. If G5 has vertex edge neighborhood prime
graph, then there exists a graph from the class Gs © [ one
point union of different copies of fan graphs F, (1 <i < k)]
that admits vertex edge neighborhood prime.

Proof. Let Gs(ps,qs) is vertex edge neighborhood prime
graph with bijection g5 : V(Gs) UE(Gs) —

{1,2,...,|V(Gs) UE(Gs)|} satisfying the condition of vertex
edge neighborhood prime graph.

Consider Hs be the one point union of different copies of fan
graphs F, (1 <i <k) with

V(H5) = {So}U{S,'j 1 <i<k, 1 S]Sm,} and

E(Hs) = {sosij: 1 <i<k,1<j<m}U
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{sijsij1 11 <i<k1<j<mi—1}.

We superimposing one of the vertex say so of Hs on selected
vertex of r; in Gs with gs(r;) = 1.

Also, G5 = Gs ©Hs with V(G3) =
E(Gs) UE(Hs).

‘V(G;)‘ = ps5 + (m1 +my+ ...+ mk) and ‘E(G;)‘ = g5+
2(m1 +mp+ ... —|—mk) —k.

Define hs : V(G3) UE(G%) —
{1327“',p5 'H]S +3(m1 +m2++mk)
gs(us) = hs(us) for all us € V(Gs) and gs(es)
all e5 € E(G5).

—k} as follows:
= h5 (65) for

hs(so) = hs(r1) =1.
hs(sij) = ps+qs+ X" me+ jfor 1 <i<kand 1< j<m,.
hs(sijsij+1) = ps+qs + Loy me+ 2L me+j+(3—1) 1

forl <i<kand1<j<m;—1.

h5(Sosij) =ps+qs “rzlézl mc+222_:11 me+mi+(3—i)+j—
2for1 <i<kand

2 S ] S nm; — 1.

Foreach 1 <i <k, hs(sos;1)
(3 — i) — 1,/’15 (SOSim,-)
(3—-i)—1.

Clearly, Gs is vertex edge neighborhood prime graph. We
need to prove Hs is vertex edge neighborhood prime graph.
Let us be any vertex of Hs.

For us = s¢,s;j for 1 <i<kand 1 < j <m; with deg(us) > 2.
Here, ged {hs(ws) : ws € Ny (us)} =1 and

ng{/’ls (d5) ds € Ng (MS)} 1.

Hence G = G5 ©® Hs admits vertex edge neighborhood prime
graph. U

:p5+q5+>:c lmc+2>:ﬂmc
:p5+q5+2 1mc+22 1mc+ml+

Theorem 3.6. If Gg has vertex edge neighborhood prime
graph, then there exists a graph from the class G © [ one point
union of different copies of octopus graphs Oy (1 <y < v)]
that admits vertex edge neighborhood prime.

Proof. Let Gg(pe,qs) be vertex edge neighborhood prime
graph with bijection g¢ : V(Gg) UE(Gg) —

{1,2,...,|V(Gs) UE(Gg)|} satisfying the condition of vertex
edge neighborhood prime graph.

Consider Hg be the one point union of different copies of
octopus graphs Oy, (1 <y <v) with

V(Hg) = {uf)} U {u;,z,v;z 1<y<y1<z< sy} and

E(Hg) = {ugu},ugv,, : 1 <y <v,1<z<s}U

{ Uy thy, g 1<y <, 1<z<sy—1}

We superimposing one of the vertex say u, of He on selected
vertex of z; in Gg with ge(z1) = 1.

Note that G = G¢ © Hg with V(Gg) = V(Gg) UV (Hs) and

E(Gz) = E(Gé) UE(H6)

[V(Gg)| = pe+2(s1+52+...+s,) and |[E(GF)| = g6 +3(s1 +
$24 .o 8y) — W

Defrine hg : V(G§) UE(Gg) —

{1,2,...,p6 +q6 +5(s1 + 52+ ... +5,) — v} as follows:

86(26) = he(z6) for all z6 € V(Ge) and ge(ds) = he(de) for
all dg € E(GG).
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V(Gs)UV (Hs) and E(G5) =

he(ug) = he(z1) = 1.

Foreach1 <y<vand 1 SZSSy,hG(M;Z) =p6+q6+2i;isc+
1

2,he(Vy,) = ps+ g6+ Yoo S+ Yo Se +2,he(ugvy,) = ps +

G+ 2 L0y e+ L2 e+ 2 ho (uus) =

2% 15+ 22+ (1—y)— 1.

he (1 1) = pe+qe+3Ei_y se+ 2L | se+22+(2—y) —

Iforl <y<vand1<z<s,—1.

Already, Gg is vertex edge neighborhood prime graph. It’s

enough to prove Hg is vertex edge neighborhood prime graph.

Let ag be any vertex of Hg.

For ag = u,u),. for 1 <y <vand I <z <s, with deg(ag) > 2.

Here, ged{he(we) : we € Ny (ag)} =1 and

ged{he(de) : d6 € N (ae)} = 1.

Hence G¢ ® Hg admits vertex edge neighborhood prime graph.
O

p6+CI6+3Z —15c+

Theorem 3.7. If G7(p7,q7) has vertex edge neighborhood
prime graph, then there exists a graph from the class G7 © [one
point union of different copies of planter graphs R, (1 < a <
v)] that admits vertex edge neighborhood prime for all t.

Proof. Let G7(p7,q7) be vertex edge neighborhood prime

graph with bijection g7 : V(G7) UE(G7) —

{1,2,...,|[V(G7) UE(G7)|} satisfying the property of vertex

edge neighborhood prime graph.

Consider H;7 be the one point union of different copies of

planter graphs R., (1 < a <y) with
={ugtuf{uj,:1<a<y1<b<z,—1}U
1<a<y,l <b<z,}and

={ugvl,:1<a<y1<b<z, U

{vgbv’a’b+1 1 <a<y,1 <b<z,—1}U

{ullull, 1 1<a<y1<b<z,—2}U

{ugul) ugull, -1 <a<y}.

We superlmposing one of the vertex say u, of H7 on selected

vertex of a; in G7 with g7(a;) = 1.

Also, G5 = G;0OH7 withV(G3) =V (G7) UV (Hy) and E(G3) =

E(G7) UE(H7).

Here, |V(G3)| =p1+ (a1 +22+...+2y)

g1 +3z1+z2+...+z) —y.

Define h7 : V(G3) UE(G3) —

{1,27 a1+ S5+t +zy) — Zy} as follows:

27(z7) = hy(z7) for all z; € V(G7) and g7(d7) = hy(d;) for

all d; € E(G7).

h7(u’0’) :h7(a1) =1.

Foreach1 <a<yand1<b <z, h7(Vl,) =

+b,hy(ugVl,) =

2b—1.

—yand [E(G7)| =

P7+617+Z’Z;1lzc
p1+qr+2Y_ ze— y+3Z“ 1zet+(1—a)+

For each 1 <a<yhy(ugul,) = p7+4q7 +22§=11¢ —y+
3 c—l ZC+2Z“ (2—61) 17h7<u(,)lula/za—1):p7 +q7+
ZZczlzé y-i-SZf:lZC-i-(l—a)—l

h (W) = P1+q7+ X0 2e+ (2—a)+b—1for
I<a<yand1<b<|%|.

hy(uly) =p1+qr1+ Yoz

Yo 1Zc

+LC e+ 3]+ Ca) b
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Iforl<a<yand1<b< (%‘ﬂ —1.

hy (Vi ) =p1+ar+p1+ar+2Y 02—y +3Y4 2o+
2—a)+2b—1forl<a<yand 1 <b<z,— .

ha (W, 1) =pr+qr+2Y._, zc—y+3):g;% Ze+2z,+(2—
a)+b—1forl<a<yand1 <b<z,—2.

We claim that G7 is vertex edge neighborhood prime graph.
Clearly, G7 is vertex edge neighborhood prime graph. We
have to prove H; is vertex edge neighborhood prime graph.
Let a7 be any vertex of H;.

For a7 = ug,V)), for 1 <a <yand 1 <b <z, and ), for
I1<a<yand1<b<z,—1withdeg(ay) > 2. Here,
gcd{h7(y7) : y7 € Ny(a7)} =1 and

ged{hy(d7) : d7 € Ng(a7)} = 1.

Hence G7 © H7 is vertex edge neighborhood prime graph. [

4. Graph identification of m fold types of
graphs

In this section, we deal with m fold types of graphs.

Theorem 4.1. If G|(p1,q1) has vertex edge neighborhood
prime graph, then there exists a graph from the class G1© m
fold Petersen graph P(n,2) that admits vertex edge neighbor-
hood prime for alln >5 .

Proof. Let Gi(p1,q1) be vertex edge neighborhood prime

graph with bijection g; : V(G1)UE(G;) —

{1,2,...,]V(G1)UE(G))|} satisfying the condition of vertex

edge neighborhood prime graph.

Consider H; be m fold Petersen graph P(n,2), where n > 5

with

V(H)) = {uj,vjzl Sjgn}u{w[jzlgigm,l Sjgn}

and

EH) = {ujuj+2:1§j§n—2}u{ujvj:1§j§n}u

%vjvjﬂzlgjgn1}U{vjw,'j:lgigm,lgjgn}u
ijw,-j:lgigm,lgjgn—l}U

{viwin 1 1 <i <m}U{ujup—1 }U{ugu, } U{viv, }.

We overlay one of the vertex say v; of H; on selected vertex

of 51 in Gy Withgl(sl) =1.

Note that G = G| ©® H; with V(G}) =V(G1) UV (H;) and

E(G}) = E(G1) UE(H)).

V(G| = p1+n(m+2) 1 and [E(G})| = q1 +n(2m+3).

Define h; : V(G})UE(G}) —

{1,2,....p1+q1 +n(3m+5) — 1} as follows:

g1(z1) =hi(z1) forall z; € V(Gy) and g (e1) = hy(e;) for all

e1 € E(G)).

hm(vi)=m(s1)=1Lh(vivy) =p1+q1 +n(m+2)+3n—1.

hi(viwip) =p1+q1+n(m+2)+n(2i+3)—1for1 <i<m.

hi(ujvj) =pi+qi+nm+2)+n+j—1for1 <j<n.

Foreach 1 <i<mand 1 < j<n, hi(w;;)=pi+q+({i+

Dn+j— 1,k (vjwij) = pr+q1+n(m+2)+ (2i+1)n+2j—

2,k (viiwij) = p1+q1 +n(m+2)+ 2+ 1)n+2j—1.

hi(vivis1) =p1+q +nm+2)+2n+j—1for 1 < j<

n—1.
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Consider the following four cases.

Case 1. p; + ¢ is odd

hl(uj) =p1+tq +2j*1f01‘ 1 S]Sn
hi(vis1))=p1+q+2jfor1<j<n—1.

Case 2. p; + ¢ is even

hy(un) = p1+q1+2n—1.

Foreach 1 < j <n—1,hi(uj) = p1+q1 +2j,hi(vis1) =
p1+qi+2j—1

Case 3. n is odd,

hi(ujuji2) =pr+qi+nm+2)+j—1forl1 <j<n-—2.
hi(uiup—1) = p1 +q1 +n(m+2) +n—2,h(uau,) = p1 +
g1 +n(m+2)+n—1.

Case 4. n is even,

hi(ujujp) =p1+q+nim+2)+j—2for2<j<n-2.
hi(uyup—1) = p1 +q1 +n(m+2) +n—3,h(upu,) = p1 +
g1 +nm+2)+n—2,h(uuz) = p1+q1+n(m+2)+n—1.
Clearly, G is vertex edge neighborhood prime graph. We
claim that H; is vertex edge neighborhood prime graph. Let
x1 be any vertex of Hj.

Forx; =uj,vj,wjjfor1 <i<mand1 < j<nwithdeg(x()>
2. Here, gcd{h;(w;):w; € Ny(x1)} =1 and

gcd{hl(el) te| e NE(xl)} =1.

Hence G| = G| © H; is vertex edge neighborhood prime
graph. O

Theorem 4.2. If G2(p2,q2) has vertex edge neighborhood
prime graph, then there exists a graph from the class G,®
m fold prism C, X K, that admits vertex edge neighborhood
prime for all n.

Proof. Let Ga(p2,q2) be vertex edge neighborhood prime
graph with bijection g : V(G2) UE(G2) —

{1,2,...,|[V(G2) UE(G3)|} satisfying the property of vertex
edge neighborhood prime graph.

Consider H, be m fold prism graph C, X K, with

V(Hy) = {ujvi: 1< j<n}U{wij:1<i<m,1<j<n}
and

E(H;) = {ujuj+1,vjvj+1 1<j<n— I}U{vlvn}u
{ujriwij:1<i<m1<j<n—1}

U{u]un}U{ujvj 1<y gn}

U{ujw,'j:lgigm,l §j§n}U{v1wm:1§i§m}.

We overlay one of the vertex say v of H» on selected vertex
of #; in G, with gz(ll) =1.

Also, G5 = Gy O H,y withV(G3) =V (G2) UV(H,) and E(G) =
E(GQ)UE(HZ).

[V(G3)| = pa+n(m+2)—1and |E(G3)| = g2 + (2m+3)n.
Define hy : V(G5)UE(G}) —

{1,2,...,p2+q2+ (3m+5)n—1} as follows:

g2<Z2) = ]’lz(zz) for all zp € V(Gz) and gz(ez) = hz(e‘z) for all
e € E(Gg).

ha(vi) = ha(t1) = L, ha(uyun) = p2 +qo +n(m+2)+n—
Lhy(vivy) = pa+qa+n(m+2)+3n—1.

Foreach 1 <j<nh(ujvj) =pr+qr+nm+2)+n+j—
Lo(viviy1) =p2+q+n(m+2)+2n+j—1.

Foreach 1 <i<mand 1 < j<nh(wij)=pr+q+(i+

o
ot o 20

8027,
S60%7

3
,;: (v‘

AW



Graph identification of different operations of vertex edge neighborhood prime — 1068/1070

Dn+j—1,ho(viwij) =pa+qr+n(m—+2)+ (2i+1)n+2j—
2.

hy(ujujr1) =pr+qr+nim+2)+j—1forl <j<n—1.
hy(ujriwij) = pa+qr+n(m+2)+ (2i+1)n+2j—1 for
1<i<mand1<j<n-—1.

ho(uywin) = pa+ga+n(m—+2)+ (2i+3)n—1for 1 <i<m.
We consider the following cases.

Case 1. py + ¢ is odd

ho(uj) =pr+qo+2j—1forl1 <j<n.

ha(vis1) =p2+q+2jfor1 <j<n—1.

Case 2. pr 4+ ¢ is even

ho(un) = p2+q2+2n—1.

Foreach 1 < j<n—1,h(uj) = pr+q2+2j,ha(viy1) =
p2t+qr+2j—1.

Already, G, is vertex edge neighborhood prime graph. Now
we have to prove H> is vertex edge neighborhood prime graph.
Let a, be any vertex of H,.

Fora =uj,vj,wjjfor1 <i<mand 1< j<nwithdeg(as) >
2. Here, gcd{ha(b2) : b € Ny(a2)} =1 and

ng{hz(dz) 1dy € NE(az)} =1.

Hence G5 = G» ® H, admits vertex edge neighborhood prime
graph. O

Theorem 4.3. If G3(p3,q3) has vertex edge neighborhood
prime graph, then there exists a graph from the class Gz ©m
fold triangular snake T, that admits vertex edge neighborhood
prime for all n.

Proof. Let G3(p3,q3) be vertex edge neighborhood prime
graph with bijection g3 : V(G3) UE(G3) —

{1,2,...,|V(G3) UE(G3)|} satisfying the property of vertex
edge neighborhood prime graph.

Consider H3 be the m fold triangular snake graph 7,, with
V(H3) ={uj:1<j<njU{v;:1<i<m1<j<n—1}
and

E(H3) = {ujuj1:1<j<n—1}U

{ujvij,ujJrlvij 1<i<m1<j<n— l}

We overlay one of the vertex say u; of H3 on selected vertex
of ¢; in G3 with g3(c1) =1.

Note that G = G3 ©® H3 with V(G3) = V(G3) UV (H3) and
E(G3) = E(G3) UE(H3).

|V(G3)| =p3+n+m(n—1)—1and |[E(G})| =gq3+ (n—
(2m+1).

Define h3 : V(G3) UE(G3) —
{1,2,....p3+q3+n(3m+2)— (3m+ 1) — 1} as follows:
g3(z3) = h3(z3) for all zz € V(G3) and g3(e3) = h3(e3) for all
e3 € E(G3).

h3(ur) = h3(cr) = L,z (up—1vin—1) = p3+q3 +4n+m(n—
1) —4,h3(upvin—1) = p3+q3 +4n+m(n—1) 5.
hy(ujujr1) =p3+q@+n+mmn—1)+3j—-3for1 < j<
n—1.

Foreach 1 < j<n—2,h3(ujvij) =p3+qg3+n+mn—1)+
3j—=2,h3(ujr1vij) =p3+qz+n+mn—1)+3j—1.
Foreach2 <i<mand 1 < j<n—1,h3(vij) = p3+q3+
i(n—1)4j,h3(uvij) = p3+q3+n+m(n—1)+ (2i—1)(n—
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2)+2(i—1)+2j—1,h3(ujr1vij) = p3+qz+n+m(n—1) +
Qi-)(n-2)+2i-1)+2j—-1.

We consider the following two cases.

Case 1. p3 +¢3 is odd

Foreach1 <j<n— 1,h3(v1j) =p3+q3+2j— 1,h3(uj+1) =
p3ta3+2j.

Case 1. p3 + g3 is even

Foreach 1 < j<n—1,h3(vi;) =p3+q3+2(n—j),h3(ujr1) =
p3+qz+2(n—j)—1.

For proving G3 is vertex edge neighborhood prime graph. In
earlier, G3 is vertex edge neighborhood prime graph. Now we
have to prove Hj3 is vertex edge neighborhood prime graph.
Let a3 be any vertex of Hz.

Foraz =ujfor1 < j<mandv;jforl<i<mand1<j<
n—1 with deg(as) > 2. Here, gcd{h3(b3) : b3 € Ny(a3)} =1
and ged{h3(d3) : d3 € Ng(a3)} = 1.

Hence G35 = G3 © H3 admits vertex edge neighborhood prime
graph. 0

Theorem 4.4. If G4 has vertex edge neighborhood prime
graph, then there exists a graph from the class G4 ® m fold al-
ternate triangular snake A(T,) that admits vertex edge neigh-
borhood prime for alln = 4,6,8, 10, ...

Proof. Let G4(p4,qs) be vertex edge neighborhood prime
graph with labeling g4 : V(G4) UE(G4) —
{1,2,...,|V(G4) UE(Gy4)|} satisfying the condition of vertex
edge neighborhood prime graph.
Consider Hy be m fold alternate triangular snake A(7,,), where
n=4.6,8,10,... with
V(H) ={uj: 1 <j<n}U{vj:1<i<m1<j<(5)—1}
and
E(Hs) ={ujuj1:1<j<n—1}U

upvij et vij i1 <i<m, 1< j<2—1}.
We overlay one of the vertex say u, of Hs on selected vertex
of b; in G4 with g4(b1) =1.
Note that G; = G4 ©® Hy with V(G}) = V(G4) UV (Hs) and
E(G}) = E(G4) UE(Hy).
V(G| = patn+m(2—1)—1 and [E(G})| = ga+ (n—
1)+2m(5 —1).
Define hy : V(G}) UE(G}) —
{1,2,...,p4+Q4—|—2n—2—|—3n(§ — 1)} as follows:
84(z4) = ha(za) for all z4 € V(Ga4) and ga(es) = ha(ea) for all
eqs € E(Gy).
ha(uz) = ha(b1) = 1,ha(ur) = pa+qs+ 3 — Lhg(viy) =
pa+qa+1,ha(up_1uy) = pa+qs+ 37" -3.
Foreach 1 < j <5 —1,h4(uzji2) = pa+qa+3j+1,ha(uzji1)
=pa+qs+3j— 1, ha(upj 1u2j) = pa+qa+n+m(5—1)+
4j—3,h4(urjuzj1) = pa+qa+nt+m(5—1)+4j-2,
ha(uzjvij) = patqa+n+m(5—1)+4j,ha(uzji1vij) = pa+
ga+n+m(5—1)+4j—1.
ha(vijr1) = pa+qa+3jfor1 < j< 5 -2
Foreach2 <i<mand 1 <j <5 —1,h4(vij) = psa+qa+

GO 4 (1= 2) 4 j— 1, ha(1ajviy) = pa+qa+n+m(E—1)+

i(n—=2)42j— 1,h4(uzj1vij) = pa+qs+n+m(5 —1)+
i(n—2)+2j.
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Clearly, G4 is vertex edge neighborhood prime graph. In order
to show that Hy is vertex edge neighborhood prime graph. Let
a4 be any vertex of Hy.

If a4 = uy,u, with deg(as) = 1, then

ng{/’l4(W4) h4(a4W4) wq € Ny (614)} 1.

For aq = vij,up, for 1 <i<m, 1 <j<7—land2<k<n-1
with deg(as) > 2. Here, gcd{ha(w4) : wag € Ny(as)} =1 and
ng{h4(d4) 1dy € NE(a4)} =1.

Hence G) = G4 © Hy is vertex edge neighborhood prime
graph. O

Theorem 4.5. If G5 has vertex edge neighborhood prime
graph, then there exists a graph from the class Gs ® m fold an-
tiprism graph Ay, that admits vertex edge neighborhood prime.

Proof. Let Gs(ps,qs) is vertex edge neighborhood prime

graph with bijection g5 : V(Gs) UE(Gs) —

{1,2,...,|V(G5) UE(Gs)|} satisfying the condition of vertex

edge neighborhood prime graph.

Consider Hs be m fold antiprism graph A; with

V(Hs)={x,,y,: 1<s<b}U{z,:1<r<m,1<s<b}and

E(Hs) = {x;x2+1,x§y§+1,ygy§+l 1<s<b-1}u{xx,}U
Vi b Uiz, 1<r<m,1<s<b}U

gygﬂz'm 1<r<m, 1<s<b—l}U

{2, : 1<r<m}U{xby1}U{x 1 <s<b}.

We overlay one of the vertex say y; of Hs on selected vertex

of ri in G5 with g5(r1) =1.

Also, G = Gs®Hs with V (G?)

E(GS)UE(H5).

|V(G%)| = ps+2b+mb— 1 and |E(G?)| = g5 +4b+2mb.

Define hs : V(GZ)UE(G%) — {1,2,...,p5s + g5 +6b+3mb — 1}

as follows:

gs(us) = hs(us) for all us € V(Gs) and gs(es)

all es € E(Gs).

hs(y1) = hs(r1) = 1,hs(x1x;,) = ps +q5+3b—1,hs(y}y},) =

ps+qs+6b—1,hs(x,y)) = ps+qs +3b.

hs(x,ys) = ps+qs+3b+2s—1for 1 <s<b.

Foreach 1 <5 <b—1,hs(x{y;, ) = ps+qs5+3b+2s,

hs(xix,, ) = ps+qs+2b+s—1,hs (Y1, ) = ps+qs+5b+

s—1.

Foreach 1 <r<mand | <s <b,hs(

5)b+s—1,hs(ysz,) =

=V(Gs)UV(Hs)and E(G%) =

= hs(es) for

Zy) = Ps+qs+ (r+
ps+qs+ (2r+4)b+mb+2s—2.

hs (Vi 12ns) = Ps+aqs+(2r+4)b+mb+2s—1for1 <r<m
and 1 <s<bh—1.
hs(¥,2.y) = ps+qs+ (2r+6)b+mb—1for 1 < r < m.

Consider the following cases.

Case 1. p3 +¢3 is odd

hs(x,)=ps+qs+2s—1for1 <s<b.

hs(vi, ) =ps+qs+2sfor1 <s<b—1.

Case 1. p3 +¢3 is even

hs(x,) = ps+qs+2s—1.

For each 1 < s < b—1,hs(x}) = ps + g5+ 25,hs5(y,, ;) =
ps+qs+2s—1.

Clearly, G5 is vertex edge neighborhood prime graph. We
need to prove Hs is
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vertex edge neighborhood prime graph. Let us be any vertex
of H5.

For us = x},y,,7,, for 1 <r<mand 1 <s < b with deg(us) >
2. Here, ged {hs(ws) : ws € Ny (us)} =1 and

ged{hs(ds) : ds € Ng(us)} = 1.

Hence G = G5 ® Hs admits vertex edge neighborhood prime
graph. 0

Theorem 4.6. If Gg has vertex edge neighborhood prime
graph, then there exists a graph from the class Gg ® m fold
cycle graph C, that admits vertex edge neighborhood prime.

Proof. Let Gg(pe,qs) be vertex edge neighborhood prime
graph with bijection g¢ : V(Gg) UE(Gg) —

{1,2,...,|V(Gg) UE(Gg¢)|} satisfying the condition of vertex
edge neighborhood prime graph.

Consider Hg be m fold cycle graph C, with
V(He)={u: 1<t <yu{vi:1<s<m,1<r<y}and
E(Hg) = {ull Vi 1<s<m1<z<y—1}
U{u// //}U{u// /!

u{u/viy 1<s<m 1 <t<y}U{u” W :1<t<y—1}.
We overlay one of the vertex say | of He on selected vertex
of z1 in Gg with g¢(z1) = 1.

Note that G = G © Hg with V(Gy)
E(Gg) = E(Ge) UE(H)

\V(Gy)| = pe+y+my—1and |E(Gy)| = g6 +y+2my.
Define hg : V(G{)UE(GE) — {1,2,...,ps + g6 + 2y +3my— 1}
as follows:

86(26) = he(z6) for all zg € V(Ge) and ge(ds) = he(ds) for
all d6 S E(G6)

=V(Ge) UV (Hs) and

he(uy) = he(z1) = 1,he(ujuy) = pe +qe + 2y +my — 1.
he(u) = pe+qe+1t—1for2 <t <y.

/I // )

he(ui'uy', ) = ps+qe+y+my+t—1for1 <r<y—1.
ForeaCh1<S<mand1<f<y,h6( ) = P6+q6+sy+t—

1, he (Vi) = pe+qe +2sy+my +2t —2.

he(u t—Hvst) P6+qe+2sy+my+2t —1for 1 <s <mand
1<t<y-—1.

he(u(vsy) = pe+qe + (25 +2)y +my—1for 1 <s <m.

Already, G is vertex edge neighborhood prime graph. It’s

enough to prove Hg is vertex edge neighborhood prime graph.

Let ag be any vertex of Hg.

For ag =u)' v}, for 1 <s<mand 1<t <yfor1<i<nwith

deg(ag) > 2. Here, gcd{he(ws) : we € Ny (ag)} = 1 and

ged{he(ds) : ds € Ng(ae)t = 1.

Hence G © Hg admits vertex edge neighborhood prime graph.
O

Theorem 4.7. If G7(p7,q7) has vertex edge neighborhood
prime graph, then there exists a graph from the class G; ©m
fold double triangular snake graph D(T,) that admits vertex
edge neighborhood prime.

Proof. Let G7(p7,q7) be vertex edge neighborhood prime
graph with bijection g7 : V(G7) UE(G7) —
{1,2,...,|[V(G7) UE(G?7)|} satisfying the property of vertex

009 nn,,
5:
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edge neighborhood prime graph.

Consider H7 be the m fold double triangular snake graph D(Ty)
with

V(H7)={cp:1<b<y}U
{dapreap:1<a<m1<b<y—1}and

E<H7) = {Cbcb+1 1<b<y— l}U

{cpdab, cheab, o 1dapsChyieap : 1 <a<m,1 <b<y—1}.
We overlay one of the vertex say ¢ of H7 on selected vertex
of a; in G7 with g7(a;) = 1.

Also, G5 = G70H7 withV(G3) =V (G7)UV(H7) and E(G3) =
E(G7)UE(H7).

Here, [V(G3)| = p7+y+2m(y—1) -1 and |[E(G3)| = g7 +
(dm+1)(y—1).

Define by : V(G5)UE(G3) —

{1,2,...,p7+ g7+ 6m(y—1)+2y—2} as follows:

27(z7) = hy(z7) for all z; € V(G7) and g7(d7) = h7(d7) for
alld; € E(G7).

h7(c|) = h7([l1) =1.

For each 1 <b <y—1,h7(cpcpr1) = p7+q7+2m(y—1)+
y+5b—1,h1(cpd1p) = p7+q7+2m(y—1)+y+5b -5,
hi(cpery) = p7+q7+2m(y—1)+y+5b—2,

hy(cp1dip) = p1+q7+2m(y—1)+y+5b—4,h7(cpr1e1p) =
p1+qr+2m(y—1)+y+5b—3.

Foreach2 <a<mand 1 <b<y—1,h7(dw)=p7+q7+(a+
y—a+b—1,hi(ew) =pr+q7+m(y—1)+ay—(a—1)+
b—1,h(cpdap) = p1+q7+2m(y—1)+ (2a+2)y — (2a+
1)+2b—2,h7(cpy1day) = p74+q7+2m(y—1) + (2a+2)y —
(2a+1)+2b—1,h7(cpeas) = p7+q7 +4m(y— 1) +2a(y —
1)+2b—1,h7(cpy1€a) = p7+q7+4m(y —1) +2ay — (2a -
1)+2b—-1.

We consider the following two cases.

Case 1. p7 + g7 is odd.

Foreach 1 <b <y— 1,h7(C/,+1) =pr+q7 +2b,h7(d1b) =
p1+q1+2b—1,hi(ewp) =pr+qr+2y+b-2

Case 2. p7 + g7 is even.

hi(e11) = p7+q7+1.

Foreach | <b<y—1,h7(cpt1) =p7+q7+2b+1,h7(d1p) =
p71+4q7+2b.

hy(eipr1)) =p7+q7+2y+b—1for 1 <b<y-2.

We claim that G7 is vertex edge neighborhood prime graph.
Clearly, G7 is vertex edge neighborhood prime graph. We
have to prove H7 is vertex edge neighborhood prime graph.
Let a7 be any vertex of H;.

Fora; =cp, for 1 <b <yanddy,eq forl <a<m,1 <b<
y— 1 with deg(a7) > 2. Here, gcd{h7(y7) : y7 € Ny(a7)} =1
and ged{h7(d7) : d7 € Ng(a7)} = 1.

Hence G7 © H7 is vertex edge neighborhood prime graph. [
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