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Prime and odd prime graphs
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Abstract

An odd prime labeling of a graph G is a labeling of the vertices with distinct positive integers from the set
{1,3,5,...,2n— 1}, where n is the number of vertices such that the labels of vertices are relatively prime to
the labels of all adjacent vertices. Prime and an odd prime graphs for one point union of graphs, graphs with
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1. Introduction

Consider connected graphs are finite, simple and undirected.

For more details the reader is referred to [1]. The symbols
|[V(G)| and |E(G)| will denote the number of vertices and
edges of G respectively. In 1980, Entringer originated the
prime labeling, it was first studied by Tout, Dabboucy and
Howalla [8] in 1982. Defined this labeling as follows. A
graph has a prime labeling if its vertices of G can be labeled
distinctly with first n positive integers such that each pair of
adjacent vertices are relatively prime. Such a prime labeling is
said to be prime graph. An odd prime labeling is a variation of
prime labeling. In 2018, Prajapati et.al.[3] have introduced the
concept of odd prime graphs. They proved that certain class
of graphs such as path, complete graph, complete bipartite
graphs under certain conditions, wheel, helm, fan, friendship,
Petersen graph P(n,2) are odd prime graphs. They [4] also
showed that graphs obtained by duplicating each vertex by an
edge and each edge by a vertex in path, star, cycle and wheel
are odd prime graphs. Further, they [5] investigated various
snake graphs are odd prime. Youssef et. al., [9] studied some
families of odd prime graphs and some necessary conditions

for a graph to be odd prime.

A bijection g from vertex set V(G) to {1,3,5,...,2n—1}
of a graph G is called an odd prime labeling of G if for each
edge e = uv € E(G), such that gcd(g(u),g(v)) = 1. A graph
which admits that labeling is said to be an odd prime graph.
We will show that few families of one point union of graphs,
graphs with identification of some graphs and some graphs
are prime and an odd prime Here we are listing some prelim-
inary definitions. The following definitions are taken from
[2], [6], [7]. The flower graph FI, is the graph obtained
from a helm H, by joining each pendent vertex to the apex
of helm. The star graph is a complete bipartite graph Kj ,,,
where m represents the number of vertices and S, has m — 1
edges. A fan graph f,, is defined to be the join of the com-
plete graph K| and path P,. i.e, f,, = P, ©K]. A friendship
graph F, is a one point union of n cycles of C3. The sunlet
graph is a graph of 2n vertices is obtained by attaching n
pendent edges to the cycle C, and it is denoted by S,,. The
Lilly graph L(m,n),(m,n > 2) can be constructed by two star
graphs 2K ,,,, ( m > 2) joining two path graphs 2P,, (n >2)
with sharing a common vertex. i.e., L(m,n) = 2K ,, ©2F,. An
udukkai graph A(m,n), (m,n > 2) can be constructed by two
fan graphs 2 f,,, ( m > 2) joining two path graphs 2P, (n > 2)
with sharing a common vertex. i.e., A(m,n) = 2f,, ©2P,. The
butterfly graph BF (m,n) is a graph obtained from two cycles
C,, of the same order, sharing a common vertex with an arbi-
trary number m of pendent edges attached at the common ver-
tex. An Octopus graph O( m,n), (m,n > 2) can be constructed
by a fan graph f,,,, (m > 2 ) joining a star graph K| ,, with shar-



ing a common vertex. i.e., O( m,n) = f,,® Kj ,. The drums
graph D( m,n),(m > 3,n > 2) can be constructed by two cy-
cle graphs 2C,,, m > 3 joining two path graphs 2P,,n > 2
with sharing common vertex. i.e., D( m,n) = 2Cy, +2P,. The
planter graph R(m,n),(m > 2,n > 3) can be constructed by
joining a fan graph f,,, (m > 2) and a cycle graph C,, (n > 3)
with sharing a common vertex R(m,n) = f,, ©C,,.

A triangular snake is the graph obtained from a path
X1,X2,...,Xp by joining x, and x,,1 to a new vertex y, for
r=1,2,...,p—1.. The k— polygonal book, denoted By ,, is
formed by n copies of a k— polygonal sharing a single edge.
Each k - polygonal is referred to as a page of the book graph. A
circular ladder graph CL,, is a 3-regular simple graph consists
of two concentric n-cycle in which each of the n correspond-
ing vertices joining by an edge. Barycentric subdivision is the
graph obtained by insering a vertex of degree two into every
edge of original graph. Consider barycentric subdivision of
cycle and join each newly inserted vertices of incident edges
by an edge. Denote the new graph by C,, (C,,) as it look like C,,
inscribed in C,,. A graph G in which a vertex is distinguished
from other vertices is called a rooted graph and the vertex is
called the root of G. Let G be rooted graph. The graph G
obtained by identifying the roots of n copies of G is called a
one vertex union of the n copies of G. The bistar B,, ,, is the
graph obtained by joining the apex vertices of two copies of
star K1 ,, and K ,, by an eadge.

2. Prime Graphs
In this section, we investigate prime graphs of few graphs.

Theorem 2.1. [f G(I,m) has prime graph, then there exists
a graph from the class G ® (P, + 2K\) admits prime graph,
when | +n+1 is prime.

Proof. Let G = (I,m) be prime graph with [ vertices and m
edges. Define a one to one and onto function. g; : V| —
{1,2,...,1} with the property that given any two adjacent ver-
tices are prime labels. Consider the graph (P, + 2K ) with ver-
tex set {x,y,z,: 1 <s <n}andedgeset {xzs,yz;: 1 <s<n}U
{zsz5+1:1 <s <n—1} We superimpose one of the vertex
say x of (P, +2K;) on selected vertex vy in G with g; (vi) =
1 in G. Now we define a new graph G* = G © (P, +2K;)
with vertex set V* =V U {x,y,z;: 1 <s <n} and edge set
E* = E 1 U{xz5,yzs: 1 <s< npU{zzs41: 1 <s<n-—1}.
Also |V (G*)|=1+n+1.

Define a bijective function hy : V* — {1,2,3,... 1,1+
I,....,l+n+1} by hi(v) = gi1(v) for all v € V(G),hy(x) =
hi(vi)=1,h(z) =1+sforl <s<nh(y)=I1+n+1
which is prime. We have to prove that G* is prime graph.
Earlier, G is prime graph, it is enough to prove that for any
two adjacent vertices uv € E*, which is not in G, the numbers
hi(u) and hy(v) are relatively prime. Hence G ® (P, +2K;)
admits prime graph for / +n+ 1 is prime. O

Theorem 2.2. If G has prime graph, then there exists a graph
from the class G@Flﬁ (where F, 15 the one point union of t copies
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of flower pot graph) admits prime graph.

Proof. Let G(m,n) be prime graph with m vertices and n
edges. Define a bijective function g5 : V> — {1,2,3,...,m}
with the property that given any two adjacent vertices are rela-
tively prime labels. Let Flﬁ be the one point union of flower pot
graph with vertex set V5 (Flﬁ) = {dﬁ,e’s 1<r<k1<s< l}
and E, (F,ﬁ) ={die:1<s< Z}U{dﬁdﬁ+1 1<r<k- l}U
{d ld,’i} . We layover one of the vertex, say d; of F,ﬁ on selected
vertex vy in G with g (v;) = 1. Now we define a graph G* =
GUF; with vertex set V* =VoU{dL el 1 1 <r<k,1 <s<lI}
and E* =E,U{die}: 1 <s<yu{did  :1<r<k—1}U
{d\d}}. Also |V (G*)| = m+1t(k+1)— 1. Define a bijective
function hy : V* — {1,2.3,....mym+ 1,....m+1t(k+1) —
1} by hy(v) = ga(v) for all v € V(G),hy(vi) = g2(v1) =
hz(d1)=1hz(d£)=m+(t—1)(k+l—l)—|—r for 2<
r<k and h(é)=m+ t—1)(k+1—1)+k+s for
1 < <. We have to prove that G* is prime graph. Already,
G is prime graph, it is sufficient to prove that for any two
adjacent vertices uv € E*, which is not in G, the numbers
ha(u) and hy(v) are relatively prime. Hence G © F), admits
prime graph, where FI§ is the one point union of 7 copies of
flower pot graph. O

Theorem 2.3. If G(I,m) has prime graph, then there exists a
graph G ®© L(S,) admits prime graph, where L(S,) is the line
graph of sunlet graph for n > 3.

Proof. Let G(I,m) be a prime graph with 1 odd vertices and
m edges. Define an one-to-one and onto function g3 : V3 —
{1,2,...,1} with the property that given any two adjacent
vertices are prime labels. Consider the line graph of sunlet
graph L(S,) with vertex set {r;,s; : 1 <t <n} and edge set
{rrssmesey im0 1 <t < n—1}3U{rr, JU{risp }U{rusn}.
We layover one of the vertex say r of L(S,) on selected ver-
tex ¢ in G with g3(q1) = 1. Now we define a new graph
G* =GO L(S,) with vertex set V* =V3U{r;,s,: 1 <t <n}
and edge set E* = E3U{riri41,7:8¢, 8741 2 1 <t <n—1}U
{rirn} U{risp} U{rusn}. Also |V (G*)| = I + 2n. Define a
bijective function i3 : V* — {1,2,3,...,1,1+2n} by h3(v) =
g3(v) for all v € V(G),h3(q1) = h3(r;) = 1. Consider the
following cases

Case 1: [ is odd. h3(s;) =1+ 1 which is even. For each
2<t<nh3(rr)=14+2(t—1)and h3(s;) =1+2(t—1)
Case 2: [is even and either / + 1 or / +2n — 1 is prime.
hy(r) =1+ 1,h3(s1) =1+2n—1,h3(sp) =1 +2, for each
2<t<nh3(r)=1+2t—3, foreach 3 <t <nh3(s) =
[ 42t —2. We have to prove that G* is prime graph. Earlier,
G is a prime graph, it is sufficient to prove that for any two
adjacent vertices uv € E*, which is not in G, the numbers
h3(u) and h3(v) are relatively prime. Hence G ©® L (s,,) admits
prime graph when / is odd and either [ +1 or [ +2n—1 is
prime. O

Theorem 2.4. If G(I,m) has prime graph, then there exists a
graph from the class G © G,, admits a prime graph.



Proof. Let G(I,m) be prime graph wih [ odd vertices and m
edges. Define an one to one and onto function g4 : V4 —
{1,2,...,1} with the property that given any two adjacent ver-
tices are prime labels. Consider the gear graph G, with vertex
set{x,x;: 1 <s<2n} and edge set {xx;:sisodd}U
{xsx541: 1 <5 <2n— 1} U{x1x2,}. We superimpose one
of the vertex say x of G, on selected vertex v in G with
g(v1) = 1. Now we define a new graph G* = G © G,, with ver-
tex set V* = Vg4U {x,x,: 1 <s<n} and edge set E* = E4 U
{xxy 1 sisodd} U {x;xs11: 1< s <2n—1}U {x1x2,}. Also
[V (G")|=1+2n.

Define a bijective function h4 : V* — {1,2,3,...,1,] +
L...,042n } by ha(v)=ga(v)forallveV(G), hs(x)=
ga(v1)=1hs(xs)=14+s for 1<s<2n. Considerthe
following cases
Case 1: [ is even Suppose 4 (x1) = [+ 1 is odd Consider the
following subcases.

Subcase 1a. [+ 1 is prime. Suppose that hg (x;) =1+ 1 is
prime. Then Ay (x2,) = [+ 2n is even label, which is not a
multiple of / 4 1.

Case 2: [ is odd. Suppose h4(x;) =141 is even. Then
h4 (x2,) = [ + 2n must be prime number. We have to prove
that G* is prime graph. Already, G is prime graph, it is enough
to prove that for any two adjacent vertices uv € E*, which is
not in G, the numbers A4 (u) and hy(v) are relatively prime.
Here G ® Gy, is prime graph with / + 1 and [ 4 2n are prime
number.

A snake graph 7", is the fusion of mk— cycles, Cy such
that for 2 < j < m, a shared vertex is called the vertebrae,
denoted r;, results from the fusion where a minimal path of
length 1 joins r;_; and r;. O

Theorem 2.5. If G(I,m) has prime graph, then there exists a
graph from the class G ® C}'; admits prime.

Proof. Let G(I,m) be prime graph with / odd vertices and m
edges. Define a bijective function g5 : V5(G) — {1,2,3,...,1}
with the property that given any two adjacent vertices are rel-
atively prime labels. Let C}; be a fusion of identical cycles
with minimum distance 1 joins r, 1 and r in general ry, 7y |

and r with vertex set Vs (Clt’fl) ={ry:1<s<mk—(m—1)}
and edge set Es (C,’C"l) ={rirsp1:1<s<mk—1—(m—-1)}U

{rin}u {r(s_l)krsk_(s_l) :2 <s<m}.We fusion one of the
vertex say r of C,’:l on selected vertex g; of G. Now we
define a new graph G* = G © C}"; with vertex set V* = Vs U
{ry: 1 <s<mk—(m—1)} and edge set E* = Es U {rsry; :
1<s<mk—1—(m—-1)}U{rr}uU {r(s_l)krsk_(s_” 12<
s <m}. Also [V(G)| =+ mk— (m—1). Define a bijective
function hs : V* — {1,2,3...,[,I+1,....l+m(k—1)} by
hs(v) = gs(v) forallv € V(G) hs (q1) = hs (r1) =1 hs (rs) =
I+s—1for (m—1k+1<s<mk—(m—1) We have to
prove that G* is prime graph. Already, G is prime graph, it is
sufficient to prove that for any two adjacent vertices uv € E*,
which is not in G the numbers /s () and hs(v) are relatively
prime. Hence G © (Y, admits prime graph. O
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Theorem 2.6. The One vertex union of q copies of snake

q
graph (C,T]) is prime.

q

Proof. Let G = (CZ’I) be the one point union of g copies of
snake graph C}';. Then vertex set Vs(G) = {rl:1<d<q(mk
—(m—1))} and edge ser E¢(G) = {VZVZ+1;1 <d<qg(mk—1
—(m—-1))u{nritu {erferlkf(dfl) :2<d < mgq}. Also
|V(G)| = gq[mk — (m — 1)]. Define a bijective function hg :
Vo(G) = {1,2,3,...,q(mk— (m—1))}Yby he (h%) = 1,he (rd) =
eforg=1,e€{2,3,....m},q>2,he (rl) = (¢ —1)mk —
((g—1ym—1)+(e—1) for e € {2,3,...,k,k+ 1,2k, 2k +
1,...mk} or 2 < e < mk It is easily verified that for any two
adjacent vertices uv € E(G), the numbers hg(u) and he(v) are

q
relatively prime. Hence G = (C,ffl) admits prime graph. [
Theorem 2.7. If G has prime graph, then there exists a graph
from the class GU (B, UB,,...B,) admits prime graph.

Proof. Let G(I,m) be prime graph with bijective function
g7:V7(G) — {1,2,3,...,1} satisfying the property of prime
graph. Consider the graph H = (B,UB,...UB,) be the
union of k copies of Brush graph. Then vertex set V;(H) =
{rksk:1<t<n}andE(H)={rFs: 1<t <nju{rfrk -
1 <t<n—1}.LetG* =GUH withV (G*) = V4(G) UV (H)
and E (G*) = E7(G) UE7(H). Clearly, |V (G*)| = [ + 2kn.
Define a bijective function h; : V(G*) — {1,2,3,...,1,1+
1,...,142kn} by g7(v) = hy(v) for all v € V(G). Consider
the following cases.

Case 1: [iseven. hy (r¥) =14+2(k—1)n+2t—1for 1 <t <n
hy (sf) =1+2(k—1)n+2tfor1 <t <n.

Case 2: [is odd. hy (rf) =1+2(k—1)n+2t for 1 <t <n
h7 (sF) =1+2(k—1)n+2t—1 for 1 <t < nIn order to show
that G* is prime graph. Clearly, G is prime graph, it is enough
to show that for any two adjacent vertices uv € E*, which is
not in G, the numbers h7(u) and h7(v) are relatively prime.
Hence G* = GU (B, UB,,...UB,) admits prime graph for all
n. O

Theorem 2.8. The barycentric cycle attached by pendant
edge at each vertex of a graph is prime.

Proof. Let G be the brycentric cycle C, (C,) attached by pen-
dent edge at each vertex of graph is prime. Then V3(G) =
{th, thhyy i, Vi, 2 1 <w < n}and Eg(G) = {uyvyy, tylt],, ViV,
1 <w<n}U{upltyr1,vwityt+1: 1 <w<n— 1}U{uju,}U
{urvn}.

Here, |V(G)| = 3n and |E(G)| = 4n. Define a bijective
function hg : V(G) — {1,2,...,3n} by hg (u,,) = 2w —1 for
1 <w <n,hg(vy,) =2w for 1 <w < n The remaining even
labels {2n+2,2n+4,...,3n(n even )} are labeled by uyys. If
hg (u,,) and hg (u,) are not relatively prime, then interchange
hg () and hg (u,_,) . Similarlhy, the remaining odd labels
{2n+1,2n+3,...,3n(nodd )} are labeled by uys. If hg (vy,)
and hg (v],) are not relatively prime, then interchange hg (v/,,)
and hg (v),_,) . It is easily verified that for any two adjacent
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vertices uv € E(G), the numbers hg(u) and hg(v) are rela-
tively prime. Hence the barycentric cycle C, (C,) attached by
pendent edge at each vertex of graph is prime. O

Theorem 2.9. If G(I,m) has prime graph, then there exists
graph from the class GOB,, admits prime graph.

Proof. Let G(1,m) be prime graph with [ vertices and m edges.
Define a bijective function g9 : Vo — {1,2,...,I} with the
property that given any two adjacent vertices are relatively
prime labels. Consider the rectangular book graph B;, with
vertex set Vo (Ba,) = {u,vus,v, 1 1 <r<n} and edge set
Eqg (Ban) = {uv,uuy, v, upvy 2 1 <t < n}. We layover one of
the edge say uv of By, on selected edge xy in G with go(x) =1
and g9(y) = 2. Now we define a new graph G* = GOB;, with
vertex set V* = Vg(G) UVy (Bgn) and E* = Eg(G) UEy (an) .
Also, | V (G* |= [+ 2n. Define a bijective function hg : V* —
{1,2,3,...,1,1+ 1,...,14+2n} by ho(v) = go(v) for also v €
V(G),ho(u) =1,hg(v) =2, foreach 1 <t <n,hg (u;) =1+2¢
and hg (v;) = 142t — 1 We have to prove that G* is prime
graph, it is sufficient to prove that for any two adjacent vertices
pq € E*, which is not in G, the numbers hy(p) and hy(q) are
relatively prime. Hence GOB,, admits prime graph. Delete
the edge {u;v, : 1 <t <n} from the graph GOB,,. Thus we
have the following corollary O

Corollary 2.10. If G(I,m) has prime graph, then there exists
a graph from the class GOB,, , admits prime graph.

Theorem 2.11. If G has prime graph, then there exists a
graph from the class G@Cﬁe (where C,/je is the one point
union of k copies of cycleC,, ) admits prime.

Proof. Let G(I,m) be prime graph with [ vertices and m edges.
Define a bijective function g0 : Vio — {1,2,...,l} with the
property that given any two adjacent vertices are prime labels.
Consider the one point union of k copies of cycle C,,, that is
H=C},.

Then vertex set Vio(H) = {xo,xef 1<e<k1<f< ne}
il e<k1<f<
ne b U {xefxe(fﬂ) 1<e<k1<f< ne} . We layover one
of the vertex say xo of H = C,’fe on selected vertex vy in G with
g10(v1) = 1. Now we define a new graph G* = G Ck with
vertex Si;et V* = Vjo(G) UVio(H) and edge set E* = E1o(G)
UE1o (H). Also |V (G*)| = [+ YX_, n, — k. Define a bijective
function hyo : V* — {1,2,3,...,,I1+1,..., I+ X5 n,—k}
by g10(v) = hio(v) for all v € V(G),hio(v1) = hio (x0) =
Lhig (xef) =1+ X nc+f+1for1 <e<k1<f<ny.
We have to show that G* is prime graph. Earlier, G is prime
graph , it is enough to prove that for any two adjacent ver-
tices uv in G*, which is not in G, the numbers /jo(u) and
hyo(v) are relatively prime. Clearly, for any two adjacent ver-
tices uv € E*, the numbers hjo(u) and hjo(v) are relatively
prime. Thus G©® C’,;g admits prime graph. From G ® C],je, we
delete the edges {XoXen, ,X0Xe(s, ,): 1 < e <k}, thus we have
the following corollary. O

and edge set Ejo(H) = {xoxef7x0xe(l1
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Corollary 2.12. If G is prime graph, then there exists a graph
from the class G@P,’l‘g (where P,’fe is the one point union of k
copies of path P,, ) admits prime.

Theorem 2.13. If G has prime graph, then there exists a
graph from the class G © kP,, (where kP,, is disjoint union of
k copies of path P, ) admits prime.

Proof. Let G(I,m) be prime graph with / vertices and m edges.
Define a bijective function gy : Vi1 — {1,2,...,1} with the
property that given any two adjacent vertices are prime labels.
Consider disjoint union of k copies of path B, , that is H =
kP,,. Then vertex set Vi1 (H) = {xy: 1 <r<k,1 <s<n,}
and edge set E1;(H) = {x”.x,(sﬂ) 1<r<k1<s< nr}.
We layover one of the vertex x11 of H = kP,, on selected vertex
vy in G with g1 (v1) = 1. Now we define a new graph G* =
G ® kP, with vertex set V* =V} (G) UV (H) and edge set
E* = E;1(G)UEy(H). Also |Vy; (G*)| = 1+ Y*_, n,. Define
abijective function hyy : V* — {1,2,3,...,,I+1,....I+ Y5 n}
by gu(v) = hu(v) forallv e V11(G),h11 (vl) = h]l (x11) =
L () =1+ f;}nc—i—s for 1 <r<k1<s<n. We
have to show that G* is prime graph. Earlier, G is prime
graph, it is enough to prove that for any two adjacent vertices
uv in G*, which is not in G, the numbers %y (u) and hy1(v)
are relatively prime. Clearly, for any two adjacent vertices
uv € E*, the numbers /() and hy; (v) are relatively prime.
Thus G © kP,, admits prime graph. O

3. Odd Prime Graphs

In this section, we discuss about odd prime graphs.

Theorem 3.1. If G has odd prime graph, then there exists a
graph from the class G © K ;, admits odd prime.

Proof. Let G = (V2,E|2) be odd prime graph with [ ver-
tices and m edges Define a bijective function g5 : Vip —
{1,3,5,...,2] — 1} with the property that given any two adja-
cent vertices are relatively prime labels. Consider the star K j,
with vertex set {,7, : 1 < e < b} andedge set {1t, : 1 <e <b}.
We identify one of the vertex say ¢ of K on selected vertex
vy in G with g5 (vi) = 1. Now we define a new graph G* =
GOK; p with vertex setV* =V, U{t,t,: 1 <e < b} and edge
set E* = EjpU{tt, : 1 < e < b}. Define the bijective function
hip:V*—={1,3,5,...,21 = 1,21 4+1,...,214+2b} by g2 (v) =
hi2(v) for allv € V(G), hia(t) = 1,hiz (t.) = 21 +2e — 1. for
1 < e < b. We have to show that G* is odd prime graph.
Already, G is odd prime graph, it is sufficient to prove that
for any two adjacent vertices uv in G* which are not in G, the
numbers h12(u) and ko (v) are relatively prime. For any edge
tt, € E*(1 < e < b),ged (h1a(t),hi2 (f.)) = ged(1,2] +2e —
1) = 1. For any two adjacent vertices uv € E*, the numbers
hi2(u) and hi2(v) are relatively prime. Thus G ® K| 5, admits
odd prime graph. O

Corollary 3.2. Octopus graph O,, = f, © K1 , is odd prime.

Corollary 3.3. Coconut tree CT (m,n) = P, ©® K ,, is odd
prime.



Theorem 3.4. If G has odd prime graph, then there exists a
graph from the class G © P,, admits odd prime graph.

Proof. Let G = (Vi3,E13) be odd prime graph with [ ver-
tices and m edges. Define a bijective function g3 : Vi3 —
{1,3,5,...,21 — 1} with the property that adjacent vertices
have relatively prime labels. Consider the path P,, with vertex
set {t,: 1 < a <w} and edge set {tyt4+1:1<a<w-—1}.
We superimpose one of the vertex say ¢; of P, on selected
vertex u; in G.

Define a new graph G* = G ® P,, with vertex set V* =
Vi3 UV (P,) and edge set E* = E|3 UE (P,,). Now define the
bijective function i3 : V* — {1,3,5,...,21— 1,21 +1,..., 2]+
2w—=2} by gi3(v) = h3(v) forall v e V(G), hi3(v) =
3 (t1) =1and hy3 (t,) =214 2a—2 for 2 < a < w. We have
to show that G* is odd prime graph. Already, G is odd prime
graph, it is sufficient to prove that for any two adjacent vertices
uv in G*, which is not in G, the numbers h;3(u) and h13(v)
are relatively prime. For any edge 7,t,41 € E*2<a<w-—1)
ged (M3 (2a) , 13 (tas1)) = ged(214+-2a—2,214-2a) =1 Since
they are consecutive odd numbers, ged (713 (t1) /13 (f2)) =
gcd(1,2/+ 1) = 1. For any two adjacent vertices uv € E*, the
numbers A3 (u) and hy3(v) are relatively prime. Thus G©® P,
admits odd prime graph. O

Corollary 3.5. Dragon or balloon graph is odd prime.

Theorem 3.6. If G(I,m) has odd prime graph, then there
exists a graph from the class G © C,, that admits odd prime
graph.

Proof. Let G(I,m) has odd prime graph. Define a bijective
function g4 : Via — {1,3,5,...,2] — 1} with the property
that relatively prime labels. Consider the cycle C; with vertex
set {t7:1< f<d}andedgeset {tst;:1< f<d—1}U
{t1t,}. We superimpose one of the vertex 7; of C,; on selected
vertex v in G with hj4(v) = 1. Now we define a new graph
G* = GO Cy with vertex set V¥ =V, U {tf 2< < d} and
edge set E* = E4 U {t1t27l‘1td,l‘ftf+1 2<f<d— l}. De-
fine the bijective function hy4 : V* — {1,3,...,21 — 1,2] +
1,....,2[+ 2d—2} by g14(v) =hy4(v) forallve V(G),h14 (v1)
=his(t1) =1and hy4 (tf) =21 +2f —2for2 < f <d. We
have to show that G* is odd prime graph. Already G is odd
prime graph, it is enough to prove that for any two adjacent
vertices uv in G*, which is not in G, the numbers /4(u) and
hi4(v) are relatively prime. For any edge #7171 € E*,(2 <
f<d—1)gecd (/’l|4 (tf) yhia (tf+1)) =ged(2l+2f—2,21+
2f) = 1. Since they are consecutive odd numbers.

ng(/’l14 (tl) Jhig (tz)) = gcd(1,21+ 1) =1,

ged (Mg (11) ,hia (t4)) = ged(1,214-2d — 3) = 1. For any two
adjacent vertices uv € E*, the numbers /14 (u) and h4(v) are
relatively prime. Thus G ® C; admits odd prime graph. [

Corollary 3.7. (n,m)— kite graph is odd prime.
Corollary 3.8. The Planter R, graph is odd prime.

Theorem 3.9. If G(I,m) has odd prime, then there exists a
graph from the class G © f, that admits odd prime.
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Proof. Let G(I,m) be odd prime graph with / vertices and m
edges. Define a bijective function g5 : Vi5 — {1,3,5,...,2] —
1} with the property that given any two adjacent vertices
are relatively prime labels. Consider the fan graph f. with
vertex set {z,z,: 1 <e <c} and edge set {zz,: 1 <e<c}U
{zeze+1:1 < e < c— 1}. We superimpose one of the vertex
say, z of f, on selected vertex u; in G with g15 (1) = 1. Now
we define new graph G* = G © f, with vertex set V* = V|sU
{zze: 1 <e<c}andedgeset E* = Ej5U{zz,: 1 <e<c}U
{zezer1:1<e< c—1}

Define a bijective function A5 : V — {1,2,...,21— 1,2/ +
1,... ,2[+2C} by h15(v) = g15(v) forallv e V(G),h]s (ul) =
hs(z) = 1,hy5 (4e) = 21+ 2e for 1 < e < ¢. We have to show
that G* is odd prime graph. Already, G is odd prime graph,
it is sufficient to prove that for any two adjacent vertices uv
in G*, which is not in G, the numbers /;5(u) and h;s(v) are
relatively prime. For any two adjacent vertices uv € E*, the
numbers /5(u) and hy5(v) are relatively prime. Thus, G® f¢
admits odd prime graph. O

Corollary 3.10. Umbrella graph is odd prime.

Theorem 3.11. If G(I,m) has odd prime graph, then there
exists a graph from the class G © F, that admits odd prime.

Proof. Let G(I,m) be odd prime graph with [ vertices and m
edges. Define a bijective function g6 : V16 — {1,3,5,...,2]—
1} with the property that given any two adjacent vertices have
relatively prime laels. Consider the friendship graph F, with
vertex set {z,z, : 1 <b <a} and edge set {zz5: 1 <b <a}U
{zpzp+1 : b is odd, that is, b= 1,3,5,...}. We superimpose
one of the vertex say z of F, on selected vertex u; in G
with g6 (u;) = 1. Now, we define a new graph G* = G©
F, with vertex set V* = VigU{z,z5: | <b <2a} and edge
set E* = E\gU{zzp: 1 <b <2a}U{zop_ 1225 : b is 0dd, i.e.,
b=1,3,5,...}. Define a bijective function h6 : V* — {1,3,5,
ey 2l=1,2141,...,21+4a— 1} by hi(u) = g16(u) for all
v € V(G),hig (u1) = his(z) = 1,h16(zp) = 214+ 2b—1 for
1 < b < 2a. We have to show that G* is odd prime graph.
Already, G is odd prime graph, it is sufficient to prove that
for any two adjacent vertices uv in G*, which is not in G, the
numbers h6(u) and h16(v) are relatively prime. Clearly, for
any two adjacent vertices uv € E*, the numbers /¢ (u) and
hie(v) are relatively prime. Thus G ® F, admits odd prime
graph. 0

Theorem 3.12. If G(I,m) has odd prime graph, then there
exists a graph from the class G ® Ty, that admits odd prime.

Proof. Let G(I,m) be odd prime with bijective function g;7 :
V(G) — {1,3,5,...,21 — 1} with the property that given any
two adjacent vertices are relatively prime labels. Consider
the triangular graph T}, with vertex set {r,r,, s, : 1 <w < b}
and edge set {rry,rsy, rysyw: 1 <w < b}. We superimpose
one of the vertex say, r of 7 on selected vertex v in G
with g7 (v;) = 1. Now, we define new graph G* = GO T,
with vertex set V* = Vi7(G) U V;7(Tp) and edge set E* =



E7(G) UE7 (Ty). Define a bijective function hy7 : V* —
{1,3,5,...,21— 1,21 +1,...,21+4b—1} by g17(v) = hy7(v)
forallv e V(G),hn (vl) = ]’l17(}’) =1,hy7 (l’w) =2[+4w -3
for 1 <w <b,h7(sy) =21+4w—1for 1 <w < b. We have
to show that G* is an odd prime graph. Already, G is odd
prime graph, it is enough to prove that for any two adjacent
vertices uv in G*, which is not in G, the numbers /7 («) and
hy7(v) are relatively prime. Clearly for any two adjacent
vertices uv € E*, the numbers /7 (u) and hi7(v) are relatively
prime. Thus G ® T}, admits odd prime graph. O

Corollary 3.13. B, ©T, is odd prime graph.

Theorem 3.14. The one vertex union of Cy, K, j and P, is odd
prime graph.

Proof. Let G be the one vertex union of Cg, K| 5 and F.. Then
Vig(G)={u,: 1 <r<alU{vv: 1 <s<b}U{w,: 1 <t <
c¢}tand E1g(G) = {uyupi1 0 1 <r <a— 1} U{uju,}U{vivs:
1<s< byU{wiwr}U{wwiy1 :2<t<c—1} with u; =
vy = V(G)| =1+ b+ c— 1. We superimpose two
of the vertices say v of K; ;, and wy of P, on selected vertex u;
in C,. Define a bijective function g3 : Vis — {1,3,5,...,2a—
1,2a+1,...,2a+2b—1,2a+2b+1,...,2a+2b—2¢ -3}
by g138 (ul) = g1g(v) =g18 (Wl) =1foreach2 <r<l gs (u,)
=2r—1,foreach 1 <s<b,g3(vs) =2a+2s— 1, for each
2 <t<c,gig(w)=2a+2b+2t—3 Clearly, for any edge
uv € E(G), the numbers g13(u) and g;3(v) are relatively prime.
Hence the one vertex union of C;, K , and P admits odd prime
graphs. U

Corollary 3.15. The one vertex union of k copies of shell
graph is odd prime.

Corollary 3.16. The one vertex union of C, Ky m, Py, fu, Fn, Ty
is an odd prime.

Theorem 3.17 ([9]). If G is odd prime of order [, then GU P,
is odd prime.

Corollary 3.18. Corollary. [9] UP,, is an odd prime.

Corollary 3.19. Corollary. If G is odd prime of order I, then
GUP,, is odd prime.

Theorem 3.20. The one vertex union of k copies of fan grapn
fp: (P >2) is odd prime.

Proof. LetG = f;j (p > 2) be the one vertex union of k copies
{u,uz'1<q<p}
and edge set Ejg (f§) = {uul : 1 < g < p}U{u w1 :1<q
—1}. Note that |V (f5)| = kp+1and |E (f})| = k(2p—1).
Define a bijjective function g19 : Vig (f5) —{1,3,5,...,2kp+
1} by gio(u) =1, g19 (u];) =2(k—1)p+2g+1for1 <g<p.
It is easily verified that for any edge uv € E (f}), the numbers

g19(u) and gj9(v) are relatively prime. Hence f},‘ the one
vertex union of k copies of fan graph is odd prime. O

of fan graph. Then vertex set Vg ( f,’j) =
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Theorem 3.21. The one vertex union of t copies of octopus
graph O(m,n) = f,® K, ,( m,n > 2), that is,0' ( m,n) admits
odd prime.

Proof. Let H=0'(

m,n) be the one vertex union of 7 copies
of octopus graph O(m, n)

= fm® Ki,. Then vertex set
Voo (O'(m,n)) = {u,ul,vi: 1 <r<m,1 <s< n} and edge
set Exo (O'(myn)) ={ul : 1 <r <m}U{ubud  :1<r<m
—1} U{w’ : 1 <s <n}. Note that, |V (O'(m,n))| = k(m+
n) + 1. Define a bijective function gy : Voo (O'( m,n)) —
{1,3,5,...,2k(m+n) + 1} by gao(u) = 1,820 (u) = 2(k —
D(m+n)+2r+1for 1 <r<m,ga (V) =2(k—1)(m+n)+
2m—+2s+1 for 1 <s < n. Clearly, for any edge uv € E(H),
the numbers goo(u) and goo(v) are relatively prime. Hence the
one vertex union of ¢ copies of octopus graph H = O'( m,n)
is odd prime. O

Theorem 3.22. The one vertex union of f copies of drum
graph D(m,n) = 2C,,® 2P,,(m > 3,n > 2), that is D' (m,n)
admits odd prime.

Proof. Let H =D/ (m,n), (m>3,n>2) be the one vertex
union of f copies of drum graph D(m,n). Then vertex set

Var (D7 (m,m)) = {wufvl 11 <d <2m— 2,1 <e < 2n—
2} and edge set E; (D' (m,n)) = {uuf; : 1,m,2m—

2yufulul, 1 <d<m-2,m<d<om-3fufu]id=

d=1m—

Lapo (), 1<d<n—2n<d <m-3}.

Here, |V (D/(m,n))| =k(2(m—1)+2 (n—1))+ 1. De-
fine a bijective function g1 : V3 (Df(m,n)) —{1,3,5,...,2k
(2(m—1)+2(1—1))+ 1} by g1 (w) = g1 (] ) =2(k= 1)
2(m—1)+2(n—1))+2d+1for | <d <2m—2, g (v{
2k— 1) 2(m—=1)4+2(n—1))+4(m—1)+2e+1for 1 <
e <2n—2. The numbers 1 is relatively prime to every natural
number and any two consecutive odd integers are relatively

prime. Hence, g»; is odd prime labeling. Thus H = D/ (m,n)
is odd prime. O

Theorem 3.23. The one vertex union of w copies of udukkai
graph A(m,n) =2 fp, ©2P,( m,n > 2), that is,A" (m,n) ad-
mits odd prime.

Proof. H=A"(m,n),(m,n > 2) be the one vertex union of
w copies of Udukkai graph A(m, n) =2fn ©2P,. Then vertex
set Voo (A (m,n)) = {u,ul v : 1< s <2m,1 <t < 2n} and
edge set Ex (A" (m,n)) = {uuw (1 <s<2mpU {uyul, :1
<s<m—1 m+1<s<2m—1}U{w} :t=1, n}uU {v
v i1<t<n—-2n<1<2n-3}.

Note that, [V (A¥(m,n))| = k(2 m+ 2(n— 1)) + 1. Define
a bijective function g3 : Vo (A" (m,n)) — {1,3,5,...,2k(2m+
2n—1))+ 1} by gan () = 1, 822 () = 2(k— 1) (2m+2(n—
1))+2s+1forl <s<2m,gon (v})=2(k—1)2m+2(n—1)
+4m+2t+1 for 1 <t <2n—3. As any integer is relatively
prime to 1 and any two consecutive odd integers are relatively

009 nn,,
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prime. Hence, g2 is odd prime labeling. Thus H = A" (m,n)
is odd prime. U

Delete the edges ”1 U +1
the following corollary.

from the above theorem, we get

Corollary 3.24. The one vertex union of k copies of Lilly
graph L(m,n) = 2K} ;, ©2 P,( m,n > 2), that is,L*(m,n) ad-
mits odd prime.

Theorem 3.25. The one vertex union of f copies of Umbrella
graph U (x,y), (x,y > 2) is odd prime graph.

Proof. Let H= U/ (x,y)(x,y > 2) be the one vertex union of
Then Vo3(H) = {u uﬁ,vf :

1<d<x,1<e<y}andEy(H)= {uud 1<d<x} {uﬁ

)
f copies of Umbrella graph U (x, y).

ud+1 1<d<x-— I}U{w{}u{v{ve+1 1< e<y—1}
Note that |V (H)| = k(x+y) + 1. Define a bijective function
g :V(H) = {1,3,5....fx+y=1)+1} by gn(u)=

1,823 (ug) = (f—1)(2x+2y—1)+2d+1for 1 <d <x,go3
(vg) = (f—1)(2x+2y— 1) +2x+2e+ 1 for 1 <e < y.
Clearly, for any edge uv € E(H), the numbers g3(u) and

g23(v) are relatively prime. Hence the one vertex union of f
copies of Umbrella graph is odd prime. O

From the one vertex union of f copies of Umbrella graph
U(x,y), that is, U/ (x,y), we delete the edge “cfz“{url (1<d<
x), thus we have the following corollary

Corollary 3.26. The one vertex union of k copies of coconut
tree CT (m,n), that is, CT*(m,n) is odd prime.

Theorem 3.27. The one vertex union of f copies of Butterfly
graph B, ,, is odd prime.

Proof. Let B’ ,, be the one vertex union of f copies of Butter-
fly graph. Then vertex set Voy ( mn) = {u ud,ve 1<d<2m

—2,1<e<n}and Ey (B{n,n) = {uu£ d=1,m—1,m,2m—

yu{uul, 1 <d <m—2pu{uul, 1 <a<om-3}
U{uve:lgegn}.Also‘V(B‘,':m) — f@m+n—2) +1.

Define a bijective function g4 : V (B,’:, ,,) —{1,3,5...,2k(2m

+n—2)—1} by goa(u) =1, 824( ) =2(f-1D@2m+n—

2)+2d+1,for 1 <d <2m—2 g (ve) —2(f—1)2m+
n—2)+2(2m—2)+2e—1for 1 <e<n. Clearly, for any
two adjacent vertices uv € Eyq (B',Qn> , the numbers g4 (u)

and gy4(v) are relatively prime. Hence ng the one vertex
union of f copies of Butterfly graphs is odd prime. U

Theorem 3.28. The one vertex union of c copies of Butterfly
graph By, 1( m,n > 3) with shell orders m and n is odd prime.
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Proof. Let By, ,;° (myn > 3) be the one vertex union of ¢
copies of Butterfly graph with shell orders m and n. Then
vertex set Vos ( ol ) {u, upvewi i 1<r<m1<s<
n1<t<l}andE25(mnl 1<r<m,
1<s<n 1<t <BU{uus,  :1<r<m—1}u{v$r¢ 1
<s<n-—1}.

Also ‘V ( m”l)‘ =c(m+n+1)+ 1. Define a bijective

— C
={ul,us,u we

s+1

function g5 : V (an 1) —{1,3,5,....,4c(m+n+1)+1}
by gos(u) = 1,825 (uf) = (¢ —1)2m+2n+2¢+1)+2r+1,
for 1 <r<m,gys(v¢) =(c—1)2m+2n+2c+1)+2m+
2r—1,for 1 <r<n,gos(WS) =(c—1)2m+2n+2c+ 1)
+2m+2n+2r—1,for 1 <r <. For any edge uv € By, ,;°,
the numbers go5(«) and gp5(v) are relatively prime. Hence
By, 1€ the one vertex union of ¢ copies of Butterfly graphs
By i ((m,n > 3) with shell orders m and n is odd prime. [

Theorem 3.29. The one vertex union of s copies of triangular
snake T,(r > 2) is prime graph.

Proof. Let T, be the one vertex union of s copies of triangu-
lar snake 7;.. Then vertex set Vy (7,) = {u,uf,vi: 1 < e <r}
and edge set Exq (T;°) = {usv : 1 < e <r—13U0{ufv, 1 1 <
e<r—1yu{ubu, 1 <e<r—1}U{uj}U{uuj} Note
that |V (T,S)| =4s(r—1)+ 1. Define a bijective function
g :V(TF)—{1,3,5,...,4s(r— 1)+ 1} by go(u) = 1, when
s=1 g26(u;) =4de—1forl <e<r-—1 g26(v;) =4de+1
for 1 <e <r—1whens >2 (two or more copies) g (15) =
4s—1D(r—1)44det+1forl <e<r—1gpe()=4(s—
1)(r—1)+4e—1for 1 <e<r—1. Forany edge uv € E (T;5),
the numbers gy (1) and g6 (v) are relatively prime. The above
defined labeling gives odd prime for 7;°. Thus 7;® is odd prime
graph. 0

Theorem 3.30. The one vertex union of ¢ copies of planter
graph R(m,n) = f,® C,(m >2,n > 3), that is,R°(m,n) ad-
mits odd prime.

Proof. H = R‘(m,n)(m>2,n > 3) be the one vertex union
of ¢ copies of planter graph R(m,n) = f,, © Ki,. The
one vertex union of ¢ copies of planter graph R(m,n). The
vertex set Va7 (R°('m,n)) = {u,u$, v : 1 <a<m,1 <b<n}
and edge set Ey7 (R°(m,n)) = {uu : 1 <a <myU{ufus,, :

1<a<m —-1}U {uvﬁ'}U{vaZH 1<b<n-— 2}U{uvn_1}

V (R¢( m,n))| =k(m+ (n—1))+ 1. Define a bijec-
tive function go7 : Vo7 (R°( m,n)) — {1,3,5,...,2k(m+ (n—
1)) + 1} by go7(u) = 1,827 (ug) = 2(k = 1)(m+ (n— 1)) +
2a+1forl <a<m,gy (i) =2(k—1)(m+(n—1))+2m+
2b+1for 1 <b <n— L.Itis easily verified that for any two ad-
jacent vertices e = uv € R°( m,n), such that gcd(g(u),g(v)) =
1. Thus R¥( m,n) is odd prime graph. O

Theorem 3.31. The one vertex union of t copies of Vanessa
graph V(m,n) = 2f,, ©K| »,(m,n > 2), that is V' (m,n) ad-
mits odd prime.



Proof. Let H=V"(m,n),(m,n > 2) be the one vertex union
of t copies of Vanessa graph V(m n) =2f, ©Kj ,. Then ver-
tex set Vag (V! (m,n)) ={b,b.,c, 1<r<2ml<s<n}and
edge set Epg (V' ( n)={b b.:1<r<2mpu{blb., :1

< r§m—1,m—i—1 §r§2m—1}u{bc 1 <s<n}. Note
that |V (m,n)| =t (2 m+n) + 1 Define a bijective function
828:Vag ((V’(m, I’l) — {1,3,5, cee
1,828 ()
20—=1)2m+n)+4m+2s+1for 1 <s<nltiseasily ver-
ified that for any two adjacent vertices e = bc € V' (m,n) such
that ged(g(b),g(c)) = 1. Thus H = V'(m,n) is odd prime
graph. O

Theorem 3.32.
prime.

The one vertex union of H - graph is odd

Proof. Let H,, be the one vertex union of r copies of H -
graph H,. Then vertex set Voo (H)) = {u.:1<c<p}U
{vf. 1< < [%] fl}U{v[%]}U{vf.: [g} +1<c<p}and
edge set Exg (H) = {uul, :1<c<p—1}u{vivi, :1<

[7]_]}U{Vc Vet1 - [ ]+l <C<P_]}U{V ,5]71V[§]} U

{V[%]V[%]+l } U {urp;lV[g] for p is odd } or {uerl [ ] for
p is even }. Also, |V (Hl’,)| =r(2p—1)+ 1. Define a bi-
jective function gp9 : Vo9 — {1,3,5,...,r(4p— 2) +1} by
g2 (v[g]) — 1,g20 () = (r— 1)(4p—2) +2c+1 for 1 <
c<p,go()=>F-1)4p—-2)+2p+2c+1forl1 <c<
(2] = 1,820(v2) = (r— 1) (4p—2)+2p+2c+1 for [5] +
1 < ¢ < p. Clearly, for any edge uv € E (H;), the numbers
g29 (u) and gog(v) are relatively prime. O

Theorem 3.33. The triangular book T; is an odd prime graph.

Proof. Let T; be a triangular book. Then V3g (T;) = {r, 1y, 8y : 1
<w <t} and E30(T;) = {rry,rsw, rwsw : 1 <w <t}. Also,
|V (T;)| = 2t + 1. Define a bijective function gz : V (T;) —
{1,3,5,...,4t+ 1} by g30(r) = 1,830 (rw) =4w—1for 1 <
w<t,g30(sy) =4w+1 for 1 <w <r. As any number is
relatively prime to 1 and two consecutive odd integers are
relatively prime. Thus, 7; admits odd prime. O

Theorem 3.34. The rectangular book By, is odd prime graph

Proof. Let By, be a rectangular book. Then V3 (qu) =
{r,s,ry,sy: 1 <v<g}and E3 (qu) ={rs,rry,ssy,rp8,: 1 <
v <gq}. Also, (qu) | = 2g+ 2. Define a bijective function
831 : Va1 (Bag) — {1,3,5,...,4¢+3} by g31(r) = 1,831 (s) =
3,¢31(n) =4v+1 for 1<v<gqv#3q-g3(r) =
4v4+3 for v=3q, g (sy) =dv+3forl <v<gq,v+#
3q-g31(sy) =4v+ 1 for v =3¢ As any number is relatively
prime to 1, gcd(3,4v+1) =1 for v # 3¢,gcd(3,4v+1) =1
for v =3¢ and any two consecutive odd integers are relatively
prime. O

Theorem 3.35. The circular ladder graph CL,,,w > 3 is odd
prime graph.

1112
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Prime and odd prime graphs — 1112/1113

Proof. The circular ladder graph CL,,,w > 3 has 2n vertices
and 3n edges, whose vertex set Vi (CLy,) = {ac,b. : 1 <c <w}
and edge set E3; (CL,) = {a1ay,acac41: 1 <c<w-—1}U
{b1by,bcber1 i1 <c<w—1}U{ab. 1 <c < w}. Define
odd prime labeling g3, : Vi (CLy,) — {1,3,5,...,.4w — 1}
by for each 1 < ¢ < w,g3(ac) =4c—3,g32(be) =4c—1.
Clearly, for any edge uv € E (CL,,), the numbers g3 (a) and
g32(b) are relatively prime. Hence The circular ladder graph
CL,,,w > 3 is odd prime graph.

Delete the edges b1by,,b:b.+1 : 1 < ¢ < w, from the above
theorem, we get the following corollary, O

Corollary 3.36. The sunlet graph S;,t > 3 is odd prime.

Theorem 3.37. The line graph of a sunlet graph L(S;) per-
mits odd prime fort > 3.

Proof. Let L(S;) be the line graph of a sunlet graph with
2t vertices and 3t edges, whose vertex set Va3 ( L(S;)) =
{Ceyde: 1 <e<rt}andedgeset E33( L(S;)) ={cecer1:1<e
<t—1}U{cier tU{cede s 1 < e <t}U{cer1de: 1 <e<it—

1} U{c1d,} . Define odd prime labeling g33 : V33 ( L(S;)) —
{1,3,5,...,4t — 1} by for each 1 < e <1,g33(c,) = de —

3,833 (d.) = 4e — 1. An easy verification shows that gs3 is
the desired odd prime labeling of L(S;). Thus L(S;) is odd
prime graph for r > 3. O

Theorem 3.38. The pentagonal book Bs 4, d > 1 is odd prime
graph.

Proof. Let Bs 4 be a pentagonal book. Then vertex Va4 (Bs ,) =
{ur,uz,ve,we, xc : 1 <c <d} and edge set Es4 (Bs q) = {ujuz}
U{uave,vewe, wexe,uixe : 1 < ¢ <d}. Note that ‘V (35 d) ’ =
3d +2 and |E (B5 d) | =4d + 1. Define odd prime labeling
834: Va4 (35’(1) —{1,3,5,...,6d+3} by g34 (u1) = 1,834 (u2)
=3, mforeach1 <c¢< d,g34 (ve) =6¢— 1,834 (we) = 6¢c+
1,834 (xc) = 6¢+ 3. Clearly, for any edge uv € E (Bs 4), the
numbers g34(u) and g34(v) are relatively prime. Hence, Bs 4
is odd prime graph for all d > 1. 0

Theorem 3.39. The barycentric subdivision of cycle C, is
odd prime.

Proof. Let {v,v3,v3,...,v,} be the vertices of cycle C, and
{Vi, vj,v5,...,v,} be the newly inserted vertices to obtain
barycentric subdivision of cycle G,.

Then vertex set V35 (C,, (C )) = {v., v,
edge set E35 (Cy (Cp)) = {vivys1,Vivegr -
U{viv,Ju{vpv.: 1<r< V(C,(Cy))| =2n and
|E (C, (Cp))| = 3n. Define odd prime labeling g35 : V35 (C, (Cy))
—{1,3,5,...,4n—1} by foreach 1 <r <n,gss5 (v,) =4r—
3,835(v.) =4r—1. 1t is easily verify that for any edge
uv € E (C, (C,)) the numbers g3s (u) and g35 (v) are relatively
prime. Hence, C,, (C,) is odd prime graph. O

:1<r<n} and
1 S r<njU{viv,}

Theorem 3.40. The union of k-copies of triangular snake
T,UT.U...UT,,r>2is odd prime graph.



Proof. LetH =T,UT,U...UT,,r > 2 be the union of k copies
of triangular snake. It has k(2r — 1) vertices and k(3r — 3)
edges. Then vertex set

Vig(H) = {c’;,d’g: 1<a<nl gbgr—l}
and edge set

Exq(H) = {cla‘cﬁﬂ,cﬁd];,cﬁﬂdla“ 1<a<r— 1} .

Define odd prime labeling g36 : V3g(H) — {1,3,5,...,k(2(2r—
1)) =1} by g36 (ca) =2(k—1)(2r—1)+4a—3for1 <a <
rgse(dy) =2(k—1)2r—1)+4a—1for1<a<r—1.An
easy check proves that g3¢ is the required odd prime label-
ingof H. Thus H =T,UT,U...UT, is odd prime graph for
r>2. O

Theorem 3.41. The bistar B,y is odd prime graph.
Proof. Let B, , be the bistar with vertex set
{a,b,a,,bs: 1 <r<m,1 <s<n}
where a,,bg are pendent vertices and edge set
{ab,ab,,bb.i 1<r<m,1 <j<n}.

Also, |V (Byuu)| =m+n+2and |E (By,)| =m+n+ 1. De-
fine the odd prime labeling g37 : V37 (Bim,n) — {1,3,5,...,2(m+
n+2)—1} as follows gs37(a) = 1,g37(b) = p, where p is the
largest prime number (m+ 1)+ 1< p <2(m+n+2)—1.
Now label the vertices a,, (1 < r < m) consecutively from
the set {3,5,...,2(m+1) — 1} and label the remaining ver-
tices by, (1 < s < n) consecutively from the set {2(m+1) +
1,2m+1)+3,...,2(m+n+2)— 1} / {p}. The labeling
pattern defined above covers all the possibilities in each edge
ab € E (B, ), the numbers g37(a) and g37(b) are relatively
prime. Hence the bistar B,, , is odd prime graph. O
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