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A simple graph G admits an H-covering if every edge in E(G) belongs to a subgraph of G isomorphic to H.
The graph G is said to be H-magic if there exists a total labeling f: V(G) UE(G) — {1,2,...,p+ ¢} such that
for every subgraph H' of G isomorphic to H, Y f(v)+ Y f(e) =M for some positive integer M. An

H-E-super magic graceful labeling (H-E-SMGL) is a bijection f: V(G) UE(G) — {1,2,..., p+ ¢} with the property
Y f(e) = M for some positive integer M. In this paper, we

introduce H-E-SMGL and study C,,-E-super magic graceful labeling of generalized book graph.

H-covering, H-magic labeling, H-E-super magic labeling, H-E- super magic graceful labeling.
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1. Introduction

Throughout this paper, we consider only finite, simple
and undirected graphs. The set of vertices and edges of a
graph G(p, q) will be denoted by V(G) and E(G) respectively,
p=V(G)| and g = [E(G)|.

A labeling of a graph G is a mapping that carries a set
of graph elements, usually vertices and or edges into a set of
numbers, usually integers. Many kinds of labelings have been
defined and studied by many authors and an excellent survey
of graph labelings can be found in [1].

In 1963, Sedlacek [7] introduced the concept of magic
labeling in graphs. A graph G is magic if the edges of G can
be labeled by the set of numbers {1,2,...,q} so that the sum
of labels of all the edges incident with any vertex is the same
[5].

A covering of G is a family of subgraphs H{,H>,...,Hy
such that each edge of E(G) belongs to at least one of the

subgraphs H;,1 <i < h. Then, it is said that G admits an
(H\,H,,...,Hy,) covering. If every H; is isomorphic to a
given graph H, then G admits an H-covering. Suppose G
admits an H-covering. A total labeling f : V(G) UE(G) —
{1,2,3,...,|V(G)|+ |E(G)|} is called an H-magic labeling
of G if there exists a positive integer M (called the magic
constant) such that for every subgraph H "of G isomorphic to
H, Y f(v)+ Y f(e)=M. A graph that admits such
veV(H) ecE(H')

a labeling is called H-magic. The function f is said to be
H-E-super magic labeling if f(E(G)) ={1,2,...,q}.

The notion of H-magic labeling was introduced by Gutier-
rez and Llad [2] in 2005.

In 2007, Llado and Moragas [4] studied some C,,-supermagic
graphs.

In 1967, Rosa [6] introduced a labeling called 3-valuation.
Golomb [3] called such labeling as graceful. An injection
f from the vertices of Gto { 0, 1, 2, ..., q } is called a
graceful labeling of G if when we assign each edge uv the
label | f(u) — f(v)|, the resulting edge labels are distinct.

For further information about H-E-super magic graphs,
see [8].

By using definitions of H-E-super magic labeling and
graceful labeling, we define a new labeling called H-E-super
magic graceful. An H-E-super magic graceful labeling (H-



E-SMGL) is a bijection f : V(G)UE
with the property f(E(G)) ={1,2,..

L fle)
ecE(H')
we introduce H-E-SMGL and study C,,-E-super magic grace-
ful labeling of generalized book graph.

(G) = {1,2,....,p+q}
ngqtand ¥ f(v) -

veV(H')
= M for some positive integer M. In this paper,

2. C,,~E-Super magic graceful graphs
A book graph B,, = K , X K3, is defined as follows:

The vertex set V(B,,) = {u1,uz } U{vi,w; : 1 <i<n} and the
edge set
E(By) = {ui,un } U{uywi,upvi,viw; : 1 <i <n}.

The generalized book graph B,, ,, with vertex and edge sets by

V(Bum) ={ui : 1 <i<m—2}U{v;,w;: 1 <i<n}and
E(Bym) = {ujujp1 :forl <i<m—3}U{uyv;: 1< j<n,i=
m—2}

W{uw;: 1 <i<npU{vw;: 1 <i<n}.

Number of vertices and edges of By, , is |V (Bym)| = 2n+m—
2 and |[E(By )| = 3n+m— 3. The following theorems shows
that the generalized book graph B, ,, is C,, — E-super magic
graceful (SMQG).

Theorem 2.1. For an odd integer n > 3 and m > 4 the gener-
alized book graph By, , is C,, — E-SMG.

Proof. We define a total labeling f : V(Byn) UE(Bym) —
{1,2,3,...,2m+5(n—1)} as follows:
3n+m+i—3 ifu=u; for1<i<m-—2;
{3n4+m—23n+m—1,..., 3n+2m—5}
3n+2m—5+i ifu=v; forl1<i<n
S = (3n+2m—4,30+2m—3,... 4n+2m—5)
Sn2m—d—i  ifu=w; forl<i<n
{(5n+2m=5,50+2m—6.....4n+2m—4},
i if e =ujuzyy for 1 <i<m—3{1,2,....m~3}
m-3+i if e =tyy_pvi for | Si<m{m—2m—1,... m+n—3}
?(n+2m 7420)  ife=vpw; for B53 <i<nmi{mn-2... }Gnram-7)}

Tentam-7+2) ife=vw; for1<i< ol

{3 Gntam=5),....n+m-3)}

3n+m—1-2i if e=uywj for1 <i< L}';
{2n+m—2.2n+m,... 3n+m—3}
4n4+m—1-2i ife= qu,/nrif;i</<n

{2n+m—12n+m+1...., 3n+m—4}
Now we prove f is a C,, — E-super magic graceful labeling.
For1 <i<n,let C,(,i) be the sub cycle of the graph B, ,,, with

V(Cr(vi)) ={u;j: 1 <j<m—2}U{v;,w;} and

E(CY)= {ujujer : 1< j<m—=3YU{urw;,viw; }U{um—ovi}.

Case 1: Suppose 1 <i < % Then Y f(v)— Y fle)
V€V<Cm) EGE(CM)

= Vsz(uj)Jrf(w)Jrf(Wi)} - ["fz3f<uju,»+1>+ Fltm avi)+
Jj=1 j=1

J(urwi) +f(ViWi)}

= [f(w) +f(u2) +- -+ f(um—2) + f(vi) + f(wi)] = [f (wru2) +
fuzuz)+- -+ f(m—3tm—2) + f (um—2vi) + f(viwi) + f (urw;)]
=[Bn+m—=3+1)+Bn+m—3+2)+---+Bn+m—3+
m—2)+B3n+2m—5+i)+(Sn+2m—4—0)|—[(14+2+---+
m—3)+(m+i—3)+1(3n+2m—7+2i)+ (3n+m—1-2i)]
= L[6mn+2m? —6m—12n—4m+12+m> —3m+2+ 16n+
8m — 18] — 1[m* — 5m+6+9n+6m — 15]
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= 1[2m? + 6mn — 6m — 5n+ 5], which is an integer since n is
odd.
Case 2: Suppose 42 <i<n. Then

L

veV(Cp)

= KZIZJ‘(M/)Jrf(W)Jrf(Wi)} - {?ij(ujuﬁlﬂf(um—zviﬂ

f)- ¥

e€E(Cp)

f(e)

f(ulwi>+f<viw,~>]

= () + () )+ £ 02) £ 0] = [f )
fuauz) 4+ f(um—3um—2) + f (m—2vi) + f (viwi) + f (urw;)]
=[Bn+m-3+1)+Bn+m—-3+2)+---+Bn+m—-3+
m—2)+3n+2m—5+i)+(5n+2m—4—i)]—[(14+2+---+
m—3)+(m—3+i)+%(n+2m—7+2i)+(4n+m—1—2i)]
[6mn+2m —6m—12n—4m~+12+m? —3m-+2+16n+
8m718] $[m* +m+9n—9]
12m? —|—6mn—6m—5n—|—5].
Thus the generalized book graph B,, , is C,, — E-SMG with
magic constant 1[2m? + 6mn — 6m — 5n + 5] when n is odd.

O
Example 2.2. Consider the following graph G = By 5.
Here, V(G) = {u; 1 1 <i<3}U{v;: 1 <i<T}U{w;: 1<
i<7}and
E(G) = {uujyy : forl <i<2}U{uzv;: 1 <i<7} U{uyw;:

1§i§7}U{V,‘W,‘Zl§i§7}.
As discussed in Theorem 2.1, we define a total labeling f :
V(G)UE(G) — {1,2,3,...,40} as follows:

B+i ifu=u forl<i<3;{24,2526}
flu)y=< 264i if u=v; for1 <i<7;{27,28,...,33}
41 —i if u=w; for1<i<7;{40,39,..., 34},
i if e=uwuisy for1 <i<2;{1,2}
2+ if e=uzv; for 1 <i<7;{3,4,...,9}
-~ 5+i if e=viw; for5<i<7,{10,11,12}
FO=9 1247  ife=vuw for1<i<4{I3.14.....16}
25—-2i if e=wuw; for1<i<4;{23,21,19,17}
322 ife=umw for5<i<7,{22,20,18}

Now we prove f is a Cy,-E-super magic graceful labeling.

For 1 <i <7 be the sub cycle of the graph By 5 with V(C,<,£>) =
{uj:1<j<3yU{vi,w;}and

E(Cwn ci ) {ujujpr 1< j <23 U{ugwi,viwi} U{uzv;}.
Case1: Suppose ] <i<4.Then Y f(v)— Y fle)
vev(c) ecE(CY)

_ [ % F)+ ) +f<wl->} - [ ¥ Flwgujen) + flusv) +
j=1 j=1

f<u1wi>+f<viWi>]

= [f(ur) + fu2) + f(uz) + f(vi) + f(wi)] = [f (wru2) + f (u2u3)
+ f(uzvi) + f(viwi) + f(wi)] = [(3(7) +5— 3+1)+(3( )+
5-342)+3(7)+5-34+3)+3(7)+2(5)=5+i)+(5(7)+
2(5)—4—-0)]—-[(14+2)+(5+i—=3)+(3(7 )+5—1721)+
$(3(7)+2(5) —7+2i)]

= 142 — 42 = 100.



Figure 1: G

Case2: Suppose 5<i<7.Then Y f(v)— Y

vev(ci) ecE(C)

_ { ¥ fluy) + ) +f<w,->} - [ % Fluupan) + fluswi) +
J=1 j=1

fle)

Jurwi) +f(ViWi)}

= [f(ur) + fu2) + f(uz) + f(vi) + f(wi)] = [f (ru2) +
fuaus) + f(uzvi) + f(viwi) + f(urwi)]
=[B(7N)+5-3+1)+@B(7N+5-3+2)+3(7)+5-3+
3)+B(7)+2(5)=5+1)+(5(T)+2(5)—4—0)]—[(1+2)+
(24i)+ (7 +2(5) = 7+2i) + (4(7) +5— 1 — 2i)]

=142 —-42 = 100.

The graph B5 5 is C,, — E-super magic graceful.

Theorem 2.3. For an even integer n > 3 and m > 4 the gen-
eralized book graph B, ,, is Cp-E-SMG.

Proof. We define a total labeling f : V(Byu) UE(Bym) —
{1,2,3,...,2m+5(n—1)} as follows:

3n+m+i—3 ifu=u; forl1<i<m-—2;
{3n+m—23n+m—1,....3n+2m—5}
_ 3n+2m—5+i ifu=v; forl <i<n
Sw) = {(3n+2m—4,3n+2m—3,....4n+2m—5}
Sn+2m—4—i ifu=w; forl<i<n

{5n+2m—5,5n+2m—6,...,4n+2m—4},
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i ife:um,zv,-forlgigg:{l.z ,,,,, ’2l}

ni2 if e=upupi{ "2}
it+1 if e =tyy_ovi for B2 <i<m{BE n+1}
i if e=ujuy) for2<i<m—3i{n+2...n+m-3}
FO=3 Lisom_6r2i if e=viw; for B2 <i<mintm—2,.... L Gn+2m—6
Wi 2 2

TGn+am—6+2)  ife=vpw; for 1 <i< Zi{$Gn+ram—a),.. 2m+m-3}

dntm—2-2i if e=upwi for "52 <i<m{3n+m—4,.. 2n+m—2}

3n+m—1-2i if e=upw; for1<i< g;{3n+m—3,....2n+m—l).

Now we prove f is a Cy,-E-super magic graceful labeling.

Case 1: Suppose | <i<5.Then Y} f(v)— YL f(e)
veV(Cn) €€E(Cp)

m—2 m—3
=T w0 o] = | )"l +
= j=

ftm—2vi) + f(urw;) +f(ViWi)]

= [f(ur)+f(u2) ++ f(um—2) + f(vi) + f (wi)] = [ f (wr1u2) +
fuauz) + -+ f (m—3tm—2) + f (um—2vi) + f (viwi) + f (w1 wi)]
=[Bn4+m—-3+1)+0CBn+m—-34+2)+---+Bn+m—-3+
m—2)+(3n+2m—5+i)+ (Sn+2m—4—i)] - [52 + (n+
DA (n+2)+-+n+m=3)+(—n—1)+ (i) +33n+
2m—6+2i)+ (3n+m—1—2i)]

= 1[6mn+2m> —6m—12n—4m+12+m* —3m+2+ 16n+
8m — 18] — 1[m* 4+ 2mn+2n—m—2]
=m?+2mn—2m~+n—1.

Case2: Suppose 212 <i<n.Then Y f(v)— ¥ f(e)
veV (Cy) ecE(Cn)
m—2 m—3
=" ) 000700 | - | Fae) " sl +
j= j=

fum—2vi) + f(urw;) +f(ViWi)]

=)+ f(u2)+-- 4 fum—2)+ f(vi) + f(wi)] = [f (uru2) +
fuouz)+ -+ f(um—3um—2) + f (um—2vi) + f (viwi) + f (urwi)]
=[Bn+m—3+1)+Bn+m—3+2)+---+Bn+m—3+
m—2)+(3n+2m—5+i)+(Sn+2m—4—i)] — [ + (n+
D+ (n+2) 4+ (ntm=3)+ (—n—1)+({+ 1)+ (4n+
m—2—2i+L(n+2m—6+2i))]

= 1[6mn+2m> —6m—12n—4m+124+m*> —3m+2+16n+
8m — 18] — L[m? +2mn+2n—m— 2]
=m?+2mn—2m+n—1.

The generalized book graph B, ,, is Cy,-E-SMG when 7 is
even. O

Example 2.4. Consider the following graph G = Bg s.

Here, V(G) = {u; : 1 <i<3}U{v;: 1 <i<8}U{w;: 1<
i<8}and

E(G) = {ujuiyq : forl <i<2}U{uzv;:1<i<8} U{ujw;:
ISiSS}U{V,‘WiilgiSS}.

As discussed in Theorem 2.3, we define a total labeling f :
V(G)UE(G) — {1,2,3,...,45} as follows:

2%+i  ifu=u forl<i<3;{27,28,29}

fuy={ 294i ifu=v forl1<i<8{30,31,...,37}
46 —i if u=w; for1<i<8;{45,44,..., 38},
i if e=uzv; for 1 <i<4;{1,2,3,4}
5 if e=ujur;{5}
i+1 if e=uzv; for5<i<8;{6,7,8,9}

o 8+i if e =uuiry for2 <i<2;{10}

fle)= 6+i if e=viw; for5<i<8{11,12,13,14}
4+i  ife=vw; for 1 <i<4:{15,16,17,18}
35-2i if e=uw; for5<i<38;{25,23,21,19}
28 —2i if e=uw; for1<i<4;{26,24,22,20}
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Figure 2: G

Now we prove f is a C,,-E-super magic graceful labeling.
For 1 <i < 8 be the sub cycle of the graph Bg 5 with V(C,S?) =
{Mj 1< < 3}U{V,’,Wi} and
E(C,(no) = {ujuj+1 1< < 2} @] {ulwi,v,-wi} U {M3V,'}.
Case1: Suppose 1 <i<4.Then Y f(v)— Y fl(e)

vev(cd) ecE(CD)

= }%lf(uj)Jrf(Vi)ﬂLf(Wi)} - {f(uluﬂ- i fujujer) +

j=2
fuzvi) + f(urwi) +f(ViWi)]

= [f(ur) + f(u2) + fuz) + f(vi) + f(wi)] =[5+ f(uou3) +
fuzvi) + f(urwi) + f (viwi)]

= [(3(8) +54+1-3)+(3(8) +5+2—3)+ (3(8) +5+3—
3)+(3(8)+2(5) = 5+i)+(5(8)+2(5) —4—i)] - [(5) + (n+
2)+i+(3(8)+5—1-2i)+ 1 (3(8) +2(5) — 6.+2i)]
=159-57=102.

Case 2: Suppose 5<i<8. Then Y f(v)—

vev (el

= | & )+ 70047000 = [tre) + £ sl +
Jj=1 j=2

L fle)

ecE(C)

719
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ﬂwqwo+ﬂmw»+ﬂwmﬂ

=[f(u1) + f(u2) + fuz) + f(vi) + f(wi)] —
+f(uauz) + f(um—2vi) + f(wrwi) + f(viwi)]
=[38)+5+1-3)+(38)+5+2-3)+(
3)+ (3(8)+2(5) —5+i)+(5(8)+2(5) —4
(n+2)+ (i+ 1)+ (4(8) +5—2—2i) + (
=159-57=102.

The graph Bg 5 is G, — E-super magic graceful.

[f (uru2)

Corollary 2.5. For any integer n > 2, the book graph B, is
Cy-supermagic.
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