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Integral transforms concerning generalized
multiindex Bessel Maitland function
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Abstract

Recently several authors have done work on Bessel-Maitland function and generalized Bessel-Maitland function.
Many integral transforms and fractional calculus results involving these functions have been established [5],[6],[9]-
[11]. In this paper we have established the multiple integral transforms of the generalized multindex Bessel-
Maitland function, which we have defined in this article. The main results are established in terms of Fox-Wright
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function, then Fox-Wright function is transformed in terms of Fox-H function.
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1. Introduction

Consider the Bessel’s differential equation

d’y d
27y+x7y+(x27ﬁ2)y:0

SRR (1.1)

of order B, where B is arbitrary complex number. There
are two solutions to this differential equation, which were
first defined by the mathematician Daniel Bernouli and then
generalized by Friedrich Bessel.

_ o (CD)my2)fee
Jg(x) = ”;0 Tt B 1) (1.2)

JB (x) is one of the two solutions of (1.1), it is known as Bessel
function of first kind [2]. Further, Edward Maitland Wright

[12], introduced generalization of Bessel function known as
Bessel-Maitland function as

had )m
,nzom R(at) > 0,R(B)>—1,xeC.

(1.3)

After that Singh et.al [8] defined generalized Bessel Maitland
function as

a. o (Ngm(=x)"
5 = X Fam - D (4
where R(a) > max{0,q— 1}, R(y) >0, R(B) >—-1,x€C

and ¢ € (0,1)UN.
In (1.4), (Y)gm is the generalized Pochhammer symbol, which
can be written in terms of gamma function as

['(y+mq)
()
In a sequel of the work on multiindex Mittag-Leffler function

given by Saxena and Nishimoto [13],[14]. We have defined
generalized multiindex Bessel-Maitland function as

(Y)qm(_x)m
m=011j= F((ij+ﬁj + ])m'

where j=1,2,---,n; R(y) >0, R(B;) > —1,
Ry o] > max{0,q—1}, g€ (0,1)UNandn € N

(Y)gm = (1.5)

(1.6)
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Put j =1, (Xlil,ﬁl
achieve

() )

where Jg (x) is well known Bessel function defined in (1.2).
Equation (1.6), can also be written as

= B, ¢ = 0 and replace x by %, we

(1.7)
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(1.8)

where |'¥,, is the generalized Wright hypergeometric function
»¥ [4], also called as Fox-Wright function, which is defined

as
(d],Al), Tty (a[hAp);
r¥q X
(b]’Bl)a Ty (bpoq);
i (a1 +kAy) - T(ay, +kAp)xk (1.9)
(= T(b1 +kBy)---T'(by +kBy)k! '
where A1,A2,---,A, and By,B,,--- , B, are positive real num-

bers such that . ,
1+Y Bi—) Ai>0
j=1 i=1

The Fox-Wright function has a relation with Fox-H function
[4] defined as

(alaAl)a Ty (ap7Ap);
p¥q X
(blvBl)v Tty (bpoq)§
. (l—al,Al), ey (l—ap,Ap)
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(1.10)

Here in this paper, we are going to find the integral formulas
involving (1.6). For that we require the following integral
formulas

1
(1.11)

where R(u) >0, R(v) > 0 and g, b are non-zero constants
and the expression az+ b(1 —z), where 0 < z < 1 is non-zero.
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where R(v) >0, R(u) >0and b < a.

@' T2u)CA —p)
2T (1 +A )
(1.13)

/ FNztra+ V2 +az) rdz=2Aa
0

where 0 < R(u) < R(A).
The formula in (1.11), (1.12) and (1.13) are known as Mac-
Robert [7], Erdelyi [1] and Oberhettinger [3] respectively.

2. Main Results

In this section we are going to deduce theorems on gener-
alized multiindex Bessel-Maitland function

Theorem 2.1. The under-mentioned result holds true under
specified conditions

.1 ad
/Oxv—l(l_x)“’l[ax-Fh(l_ X)) MJ((ﬁ/){ (m)dx

_ T
abET(y)
(v.1), (1,9)s _y}
XoW i1 — | @1
(Bi+1,01), But L) (v+p,1); 4

R(V), R(w),R(y) >0,R(B;) > —
R o] > max{0,q—1}.

Proof. Using (1.6) in left hand side of (2.1) and interchanging

the order of summation and integration which is gauranteed
under the convergence conditions

1
V=171 _ u—1 B e o (L A
/O (1= ax+b(1—x)] TR g (ax-l—b(l—x))dx

i (V)gmy
= T T(ojm+ B+ 1)m!
1
x/ XV — )P ax +b(1 —x)] 7V R Mdx
0
Applying (1.11) and using (1.5), we achieve

L(v+m)T(y+gm)(—y)"
_ 1 D(ojm+ B+ 1)I(V+ w4 m)a™m!

_ T i
a'b*T'(y) =,
Using (1.9), we acquire our result. O

Theorem 2.2. The under-mentioned result holds true under
specified conditions

1 —x
/Oxvfl(lfx)uil[ax%»b(l* 07" “J((gjj))qy <7(1 Wy >dx

ax+b(1—x)
_ I'(v)
~aVbHT (y)
(w,1), (r,9): _y}
X2 Wht1 — | 22)
(ﬁ1+1,(11), B (ﬁn+1>an) (V+IJ'71); 4

R(v), R(u), RK(y) >0, R(B) > 1,
R )] > max{0,q—1}.
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Proof. The proof is on the same lines as of Theorem 2.1 [

Theorem 2.3. The result below is verifiable under specified
conditions

b _ _ ), — p)VTHT
[ (a5 ] = A
(v.1), (v,9);
X2 Wi —(a—Db)y
(ﬁ|+lva|)1 Tt (ﬁ"+1ﬂa") (V+“71);
2.3)

R(v), K1), RK(y) > 0, R(B) > 1,
R[L)_, o] > max{0,q— 1} and a > b.

Proof. Using (1.6) in left hand side of (2.3) and interchanging

the order of summation and integration which is gauranteed
under the convergence conditions, we get

b .
| a=0 =y (a— )

o

(Ngmy" / b(a — X))Vl (e — bRy
e | (0 C(ajm+Bj+1)m! Ja

Applying (1.12) and using (1.5), we achieve

_T)(a—b)"™ & T(v+m)I(y+gm)(=y)"(a—b)"
I'(y) m=o = T(atjm =+ B+ DI(V + p + m)m!

Using (1.9), we acquire our result.

O

Theorem 2.4. The result below is verifiable under specified
conditions

)Y (a—b)""HT(v)

b
-1 —1 (0 _
a0 e g e =
(1, 1), (v,9); }
xoWni1 —(a—Db)y
(ﬁ|+lva|)1 Tty (ﬁ"+1ﬂa") (V+“71);
(2.4)

R(v),R(w), R(7) >0, R(B) > —1,
R[L)_, o] > max{0,q— 1} and a > b.
Proof. The proof is on the same lines as of Theorem 2.3. [

Theorem 2.5. The underlying result is true under specified
conditions

o l—p u—2A
p—1 2 —2 @)y _ A2'7Ha
/0 M (x+a+Vx? 4 ax) J(ﬁjm(xy)dx )
(}/7Q)7 (2#’2)7 (2’7#771);
x3W¥nt1 a
(Bi+1,0) Botl,c) (A+u+1,1); 2

(2.5)

R(Bj) > —1, R[L}, aj] > max{0,q—1}
and 0 < R(u) < R(A).
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Proof. Using (1.6) in left hand side of (2.5) and interchanging
the order of summation and integration which is gauranteed
under the convergence conditions, we get
—a (%)

. u—1 2 Y
/0 M (x+a+ Va4 ax) B (xy)dx

=

(Y)qmym
=0 T Dloym+ B+ 1
Applying (1.13) and using (1.5), we achieve
221 Mgk A & Ty 4+ qm)D2u + 2m)T(A — i —m)(—ya)"
T ST D(eym+ B+ DT(1+A + p+m)2™m!

Using (1.9), we acquire our result.

) '/ A a4 /o2 +ax) P dx
m! Jo

O

Theorem 2.6. The underlying result is true under specified
conditions

. ey y 21Kt A T (2u)
x4 a+ V2 +ax)h ( = )dx:
/0 ( ) g x+a-+va2 tax I(y)
[ (r.q), (A+1,1), (A—p,—1); 7‘.]
x3¥,40 21 e
By +1,a1), (Bn+1,an), (A+p+1,1), (A,1): a

R(Bj) > -1, K| i1 o] > max{0,q—1}
and 0 < R(u) < R(A).

Proof. The proof is on the same lines as of Theorem 2.5. [

3. Transformation of Fox-Wright function
to Fox-H function in above theorems

In this section we are going to execute the transformation
of Fox-Wright function to Fox-H function in the theorems of
above section with the help of (1.10)

Corollary 3.1. Variation of Theorem 2.1

1
NP Cvepr( xy T
/Ox (1—=x)*Hax+b(1—x)] ij).q (ax+h(1—x))dX7aVb“F(y)
) (1—V,])7 (1_%(1)
s .

“ (01) (*ﬁ17a|),

(713"1&") (17‘/7“71)

(3.1)

sy

Corollary 3.2. Variation of Theorem 2.2

b -1 v (@), (I=x)y r(v)
/0 K1 =) Hax 4 b(1 —x)] HJ(ﬁj)':<ax+b(1 ix))dx: avb/"‘l/"(y)
1.2 y ‘ (1_”11)’ (1_Y7q)
xH, =
e (01) (_Blval)a ) (_ﬁn-,an) (1_\/—,“71)

(32

Corollary 3.3. Variation of Theorem 2.3
b ) —_ p)VTHT

vl et gl o (a—b)" (W)

[ a0 e ] =

xHyp i {(ﬂ —b)y|
(0, 1),
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Corollary 3.4. Variation of Theorem 2.4

b . a— b\t
/a (a—x)‘/*1 (x—b)“il.l((g;){’;’[(x—b)y] - M

I'(y)
2 (I—p,1), (1-7,9);
xHyn |(@=b)y|
<O:1)1 (7B13a1>: (*Bm‘%z) (17‘/7”:1);
3.4
Corollary 3.5. Variation of Theorem 2.5
o0 ; A21-Hgh—2
MM x+a+vVx2+ax AT (Vg = 2
/0 ( ) i) () T(7)
13 |ya (I=-7q). (-21.2), (1-2+u-1)
XH3 0 {T I ] (.5)
- 0.1, (=pr ), (=Pn.on) (=A—p.1)
Corollary 3.6. Variation of Theorem 2.6
T et gt /2 ) A y e 2! Hah AT (2u)
/0 tat Ve ) J(ﬁ/)"‘ <x+a+\/x2+ax>d B I(y)

(1-7.49), (=A.1),

(=Bn.om),  (=A—p.1)

(I=A+p,—1)
(3.6)
(1-2.1)

1,3 y
xH. =
3,n+3 {a 1), (—Bp.ay).

All the above corollaries in this section are true under the
same conditions as of their theorems.

4. Special Cases

In this section we will find the particular cases of general-
ized multiindex Mittag-Leffler function.

Corollary 4.1. By setting j = 1 and putting oy = o, 1 = 8
in Theorem 2.1

1
v—1l/1 _ \u—1 NV Y Xy
/0 XA =x)F ax+b(1 —x)] Jg, <7ax+b(lfx)>dx

(v, 1), (v,9); y
22 —
(ﬁ+1aa)a (v+u,1); a

where R(v),R(u),R(y) >0, R(B) > —1,
R[at] > max{0,q—1}.

()

= @bET(y) @D

Corollary 4.2. By setting j = 1 and putting oy = o, 1 = B
in Theorem 2.2

L - —v—p jO (1=
A'x N1 —x)*ax+b(1 —x)] ”%J(Eiﬁif?ﬁ)dr

T N 2
22 —
B+1,0a), (v+u,1); ¢

where R(v), R(u), R(y) > 0,R(B) > —1,
R(o] > max{0,q—1}.

I'(v)

- avbHI(y) *2

749

Corollary 4.3. By setting j = 1 and putting &y = o, 31 =
in Theorem 2.3

[ a0 e - LT
v.1),

B+1,0), (v+u,1);

where R(v), R(u), R(y) >0, R(B) > —1,
R(ot] > max{0,q— 1} and a > b.

(7,9);

x2W¥s —(a—=b)y| 43)

Corollary 4.4. By setting j = 1 and putting oy = o, 31 =
in Theorem 2.4

b a—b)Vt
[ o o) = =Y

([.171)7 ('}/7‘1)§

B+1,a),

where R(v), R(u), R(y) >0, R(B) > —1,
R(ot] > max{0,q— 1} and a > b.

x2W¥s —(a—=b)y| 44

(v+p,1);

Corollary 4.5. By setting j = 1 and putting &y = o, 31 =
in Theorem 2.5

= A2l Hgh—2
”71 2 714 (X,'y —
/0 M (x+a+ VX +ax) g, (xy)dx T
), @Quw2),  @A-p-1i _,
><3‘P2 T (45)
B+La), (A+u+11);

where R(B) > —1, R[ot] > max{0,q— 1}
and 0 < R(u) < R(A).

Corollary 4.6. By setting j = 1 and putting @y = o, 31 =
in Theorem 2.6

“ -l _ A g y 72]’*‘a“”lr(2‘u)
/Oxﬂ (x+a+vx2+ax) AJB“;/<x+a+\/x2+wc>dx_ e
(%Q)a ()L+131)a (17“771) -y
X33 -
(B+l@), (A+u+ll), (A1)
4.6)

where R(B) > —1, Rla] > max{0,q— 1}
and 0 < R(p) < R(A).

Corollary 4.7. By setting j = 1 and putting oy = o,
B1 =B, g =0 Theorem 2.1

/levfl(l_x)ﬂfl[ax-l—b(l—x)}7V7u‘Ig <wc+lf(yl—x)> “
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1);
- v
- a% ¥ = @
B+La), (v+ul)
where R(a), R(v),R(p) >0, R(B) > —1.
Corollary 4.8. By setting j = 1 and putting o = o,
B1 =B, q=0 Theorem 2.2
! 1 —1 —v—n o 1—x)y
/0 A1 =) a4 b(1—x)] I (ﬁ) dx
I'(v) (1, 1); —y “s)
_ | — .
Vi
G B, vy
where R(v), R(u), R(a) >0, R(B) > —1.
Corollary 4.9. By setting j = 1 and putting o) = Q.,
B1 =B, g =0 Theorem 2.3
[ a2 e (a2 = (a0 T R)
(v, 1);
><1‘P2 — (a—b)y (4.9)
(B+17a)7 (v+:u'ﬂ1);
where R(v), R(u),R(a) >0, R(B) > —1anda > b.
Corollary 4.10. By setting j = 1 and putting a; = Q.,
B1 =B, g =0 Theorem 2.4
[ a2 e b G bl = (a ) HT()
(u, 1)
%W, —(a—b)y| (4.10)
B+1la), (v+p,1);
where R(v), R(u),R(a) >0, R(B) > —1 and a > b.
Corollary 4.11. By setting j = 1 and putting o) = Q.
B1 =B, ¢ =0 Theorem 2.5
/wa“’l(x—ka-i- x2+ax)’ljg(xy)dx:121’“a“%
(2[.1,2), (A_.Lh_l); —ya
X, W, 4 4
B+1la), (A+u+11);

where R(B) > —1, R(a) > 0and 0 < R(u) < R(A).
Corollary 4.12. By setting j = 1 and putting o) = Q.
B1 =B, g =0 Theorem 2.6

/x“’](x+a+ x2+ax)’ljg< )dx:Zl’“a“’ZF(Zu)
Jo

Yy
x+a+vVx?+ax

(A+1,1),  (A—pu,—1) 5
X2¥3 —
B+1,a), A+u-+1,1), (2,1) a

(4.12)

where R(B) > —1, R(a) > 0and 0 < R(u) < R(A).
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