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Existence and uniqueness of solutions for nonlinear
fractional integrodifferential equations with
non-local boundary conditions
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Abstract

In this paper we study on existence of solutions for a nonlinear fractional integrodifferential equations with
nonlocal boundary conditions by using Krasnaoselskii’s fixed point theorem and Schaefer’s fixed point theorem
and also we obtain uniqueness of solutions for the same problem by using Banach contraction principle. Example
is provided for illustrating our main results.
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765  volving both Riemann-Liouville and Caputo (1967) fractional
derivatives which has been appreciable progress in ordinary

. and partial differential equations. In 2010, an absorbing frame
1. Introduction of reference to the subject, merge all declared notions of frac-

Let (R",]|-||) be a Banach space. Consider the continuous ~ tional derivatives and integrals, was introduced in Agrawal
function.Z : [0, T] x R” x R” x R” — R”. Denote C([0,T],R"”)  (2010) [3] and later studied in Bourdin et al.(2014), Klimek
be the Banach space of all continuous functions from [0,7]  and Lupa (2013), Odzijewicz et al.(2012,2013). In general,
into R” with the norm ||z|| = max{|z(¢)| : t € [0,T]}, both differential and integral equations are combined to get
In this paper, we study the existence and uniqueness of  integro-differential equations. The recent results of fractional
solutions for the following class of nonlinear fractional inte- ~ boundary value problems with integro-differential equations
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grodifferential equation of the form can be found in (see [12], [13]). Nonlocal conditions come
up when values of the function on the boundary is connected

Do+z( )= F(t,z(t), (Uz)(1), (vz)(2)) (1.1)  to values inside the domain. The differential equation with
nonlocal conditions has been fundamentally examined by

subject to the two point boundary conditions, Byszewski [6]. Moreover, nonlocal BVPs for fractional dif-

ferential equations have gained significant observation (see
Pz(0)+Qz(T) =R (1.2) [5]1, [30]) which consists of two ,three and multi point and
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nonlocal boundary value problems as special cases. see ([4],
(101, [13], [17]).

2. Preliminaries
In this section, let us recall some basic definitions and
preliminaries facts that will be used in the remainder of this
paper.
Definition 2.1. Ifw € C([a,b]) and y > 0, then the Riemann-
Liowville fractional integral is defined by

1t w(s)
13+w(t) = F(}’)/a (=507 ds

where I'(+) is the Gamma function defined for any complex
number T as

I(7) = fy"t"Velar
Definition 2.2. The Caputo fractional derivative is defined
Sor a continuous function w : (a,b) — R is defined by

w( (s)

1 t
T(n—7) ) (s ®

CDZ+W(I) =
where n = [y] + 1, (the notation [y] denotes the integer part of

the real number y)

Lemma 2.3. [15] Let v > 0,w(t) € C(0,1)NL(0, 1), then the
homogenous fractional differential equation

‘Dl w(t) =0,
has a solution
w(t) =co+cit+ e’ 4 A cp "
where ¢c; €R,i=0,1,...,n—1,andn=[y]+1
Lemma 2.4. [15] Let ¥ > 0,then
Ig+CDg+w(t) =w(t)+co+cit+ e’ 4 A cp "
wherec; €R,i=0,1,..n—1,andn=1[y]+ 1.
Lemma 2.5. [15] Leti,j >0, k € L1[0,T], Then
L1 k() = 10 k(r) = I, T k(1)

is satisfied almost everywhere on[0,T]. Moreover, if k € C[0,T],
then (5) is true for all t € |0,T).

Lemma 2.6. [15]If j >0, k € C[0,T], then D} . I] k(t) =
k(t) forallt € [0,T].

Lemma 2.7. Let 0 < y<1and k,w € C([0,T],R"). Then the

unique solution of the boundary value problem for fractional

differential equation
‘D, z(1) = y(t),

t€0,T) (2.1)
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Pz(0)+Qz(T) =R (2.2)
is given by
T
1) = / G(t,5)y(s)ds+J, 2.3)
0
where,
=P~y (P+0) '
G(t,s) = x(T—s)f~1  0<s<ry,
mpP+0) (T —s)P1 1<s<T
J=(P+0) 'R

Proof. Assume that z is a solution of the boundary value
problem (2.1),(2.2) then using Lemma 2.4, we have

2(t) =15, y(t)—co, co€ER" (2.4)
() = g5 | =7 s~

using boundary conditions and we obtain
2(0) = —cp and z(T) = ﬁ fOT(T — )% 1y(s)ds — co
substitute these values into (2.2), we get

T
cO=<P+Q>*Qﬁ | =97 x(s)as

—(P+0Q)" 'R

substitute ¢p in (2.4), we get

z(t) Zﬁ/ot(t —5)" y(s)ds— (P+0Q)'Q
1 T
x W/o (T —5)"'y(s)ds + (P+0)"'R

2(t) =15, 3()) = (P+0) "' QI ¥(T) + (P+ Q) 'R
which can be written as (2.3). Lemma is proved. O

Lemma 2.8. Suppose that % € C([0,T] x R" x R" x R" R")
then the function z(t) is solution of fractional boundary value
problem (1.1),(1.2) if and only if z(t) is solution of the frac-
tional integral equation.

T
2(1) = /O G(1,5) 7 (s,2(s), (12) (x), (vz) (x))ds
+(P+0) 'R
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Proof. Let z(t) be a solution of the boundary value problem
(1.1),(1.2) then by same method as used in Lemma 2.7, we
can prove that it is a solution of the fractional integral equation
(2.5).

Conversely, let z(¢) satisfy (2.5) and denote the right hand
side of equation (2.5) by m(t). Then by Lemma 2.5 and 2.6,
we obtain

m(t) =./0‘T G(t,5)F (s,2(s), (Hz)(x), (vz)(x))ds
+(P+0) 'R

=13, 7 (1,2(1), (42) (1), (v2) (1)) + (P+ Q)"

this implies that

Dy, m(t) =Dy 1y, F (s,2(1), (1) (1), (v2) (1))

+°D} (P+0Q)"!
= (1,2(1), (u2) (1), (v2)(1))

Hence, z(r) is a solution of fractional differential equation
(1.1). Also, it is satisfy the condition (1.2). O

Remark 2.9. Under natural conditions on w(t), the Caputo
fractional derivative becomes the conventional integer order
derivative of the function w(t) as Y — n.

Remark 2.10. [15]The Caputo derivative of order y > 0
with n— 1 < y < n of the power function w(t) = t® for § > 0
satisfies

(5+1)
(0—r+1)

r
D1d={T
0

3. Main Results

In this section, we deal with the existence and unique-
ness of solution for the system (1.1) — (1.2) using fixed point
techniques.

Now, we list the following hypotheses for our comfort:

1Y if(§>n—1)

f8<n—1)

(H) There exists positive functions V.z, (t),V.#, (),V.z;) such
that

17 (2,2(1), (u2) (1), (v2) (1)) = Z (1,
<V () [lz =yl + Vi, (1) [|(12) =
+Vz () [[(vz) = (v

foreachr € [0,T] and all z,y € R”

y(0), (uy) (@), (vy
()l

)())

(H,) Further,

Po = sup /pts , X0 = sup /xts
t€[0,7] 1€(0,7]
1&9: sup {yﬂvj NIV ()], [V (1)}

telo,r
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(Hz) The function .#
uous.

1[0, T) x R" x R" x R" — R”" is contin-

(Hy) There exists a constant ¢ > 0 such that
% (1,2, (1z), (v2)|| < o (¢)

for eacht € [0,T], o € L'([0,T],R*) and all z € R".
Then the boundary value problem (1.1),(1.2) has at
least one solution on [0, T].

Our first result is based on Banach fixed point theorem.

Definition 3.1. [/1] (Banach Fixed Point Theorem) If X is a
nonempty closed subset of a Banach space C([0,T],R") and
0 :C([0,T],R") — C([0,T],R") is a contraction mapping,
then ® has a fixed point.

Theorem 3.2. If

€= (+H P+0)” QH){ +P0+Xo] }<1
3.1

then the boundary value problem (1.1),(1.2) has unique solu-
tion on [0,T].

Proof. Modify the problem (1.1),(1.2) into a fixed point
problem. Consider the operator

0:C([0,T],R") — C([0,T],R")

defined by

T
0(z)(1) :/0 G(t,5)-F (5,2(s), (M2)(s), (vz) (s))ds

+(P+0)"!
32)

Clearly, the fixed point of the operator ® are solution of the
problem (1.1),(1.2). We shall use the Banach contraction
principle to prove that ® defined by (3.2) has a fixed point.
We shall prove that ® is a contraction.

Let z,y € C([0,T],R"). Then, for each ¢ € [0,T] we have

1©(z)(1) —6M) @)

T
S/O 1G]l Hf%’(s,Z(S),(uZ)(S),(VZ)(S))

—F(5,5(5), (y)(s), (vy)(s))||ds
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Substitute G(¢,s) and Separate the integral, We get

1 t
gw/o(t—s)

F (5,¥(5), (1) (5), (

F(5,2(5), (2) (5), (V2) (s)) —

ds + (P+0)!

vy)(s))

1
I'(y)

N7 (s,2(5), (2)(s5), (va)(s))

Al

V(s), (1Y) (s), (vy)(s))

1 ! _
Sw/o(t_s)y !

() I+ V7, (s)[[(vz) —

—F(s ds

Vi, (s) [z =yl + Vg, (s)

1
ds+ —

)l ds+ s

x[|(uz) =

<)ol [ -9 Va6 I

+ V7, (9)[[(2) = ()| + V7, (5) [|(v2) = (Vy)llds

1 4 _
S@/O(f_s)y !

le—yllds+ [P+ [ (s
T 0

V() +poVz, (s) + X0V, (S)]

x [V,% (s)+poV@2(s)+10V¢3(s)] |z—yllds
<[z, (t) + pol"Vz, (1) + 20l "V, (1)] 2 — ¥l

+ [ (P+Q) Q|| [V, (T) + polViz, (T)

JF?COIYV%(T)] llz—yll
<[1+po+xol ), lz—yll+ [ (P+0) "0
X [1+P0+X0] S llz=yl 1€[0,T]
<(1+||P+0)~ QH){ 1+po+10]13y}||z—y||
Thus

10(2)(1) =0 O < Sllz—yl-

Accordingly by (3.2) O is a contraction. As a outcome of
Banach fixed point theorem, we conclude that ® has a fixed
point which is a solution of the problem (1.1),(1.2).

The theorem is proved.

Our second result is based on Krasnoselskii’s fixed point
theorem
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Definition 3.3. [12](Krasnoselskii’s Fixed Point Theorem)
Let X be a bounded closed convex subset of a Banach space
C([0,T],R") and let M,N be operators such that

(i) Mz+ Ny € X whenever z,y € X,
(ii) M is compact and continuous,
(iii) N is a contraction mapping.
Then there exists u € X suchthat u = Mu—+ Nu
Theorem 3.4. Assume that f:[0,T] x R" x R" x R" — R"
is jointly continuous and satisfies (HI) and (H2). If

s =[P+ )70l {11+ po+ 2l } <1

then the fractional integrodifferential equation (1.1) has atleast
one solution.

Proof. We shall use Krasnoselskii’s fixed point theorem to
prove that ® defined by (3.2) has a fixed point. The proof will
be given in various steps.

Consider By = {z € C([0,T],R") : |]z]| < k}.

K> 1%T"[1+H P+0)7'0|]+||P+0) 'R
from equation (3.2),We define the operator M and N as fol-
lows:

(Mz)(1) = %fé(tﬂ) L7 (s,2(5), (1) (s), (va) (s))ds
(N2)(t) = — iy (A+ B) B[ (T — 57!
xZ (5,2(5), (u2)(s), (v2)(s))ds + (P+ Q) !
For z,y € By,
Step 1 : Mz+ Ny € By whenever z,y € By
[(M2) (1) + (Ny) (1)

sﬁ/ga )7 Z (s.2(s). (12) (s), (v2) (5)) [ ds

1 _ T -
trgg e+ el [ s

x| (s, 3(s), (uy) (s), (Vy)(s)) IdS+|| P+0)”'R|
1

d 1
S@HGHU/OU 57 ds+—¢| P+0)7'0|

T 1 1
« \|0'||L1/0 (T—s)'ds+ || (P+0) 'R

ol oy " -1
—F(y+1) [T7+||[(P+0) Q|| "] +||(P+0Q) 'R
of
sriyfl)ﬂ[ +[|P+0) o] +]|(P+0)'R||

<K

Therefore, Mz + Ny € By.
Step 2.M is compact and continuous.
Letty,1, €10,T], 11 < 1, and By be a bounded set of C([0, T],R"),



Existence and uniqueness of solutions for nonlinear fractional integrodifferential equations with non-local boundary

7 € By, Then
[(Mz)(22) — (Mz) (11|

‘ .

<

—
=

( [/otz(tz—s)y1||f(s,z(S)a(ﬂz)(s)v("z)(s))|d5

t

[ =) 1 (5,9), () (s), (VZ)(S))IIdS]

5]

x| (s,2(s), (1) (s), (va)(s) | ds + [ (e —s5)"""

17 (s,2(s), (u2) (s), (Vo) () | dS1

o]z

) l [ syt sy s
oI H(rzsv-lllf’s]

lloll. Y Y
< _
_F(y+1)| 2 4l

As t; — tp, the right hand side of above inequality tends to
zero. So M is relatively compact on Bi. Accordingly by
Arzela-Ascoli theorem, M is compact on By.

Step 3.N is a contraction mapping

(N2)(2) = (Ny) (1)

1 _

“rp ool V T-9"
155,205, () s), (V2D s — [ (77"
<7 (5,5(6). (1) 5). () )] ds]

1 _ T _
<ty e+ el [ (st
x lHﬂ'(&Z(S),(MZ)(S),(VZ)(S))

1ds
1

T
<t v 0] [ (s [w (5) 12>

—F(5,5(5), () (s), (vy)(s))

I'(y)

+ V7, (5) | (12) = ()l +Viz (5) [ (vz) — (Vy)llds

1 -1 T 1
<ty e+ el [T -9
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X [V, (s)+ poViz, () + x0V7, (5)] llz—yll ds

<[[(P+0Q)7'Q|| |1V (T)+ pol "V, (T)

+ 01"V, (T)] lz=ll

<[[P+0) "ol {11+po+ 1017, } 1=

[(N2)(#) — (Ny) ()| < Gellz— ]

Thus, all the assumption of this theorem are satisfied. As a
result of Krasnoselskii’s fixed point theorem , we have that the
boundary value problem (1.1), (1.2) has atleast one solution
on [0,7]. This Completes the proof. O

Our third result is based on Schaefer’s fixed point theorem.

Definition 3.5. [23](Schaefer’s Fixed Point Theorem) Let
C([0,T], R") be a Banach space and ©: C([0,T], R") —
C(]0,T],R") completely continuous operator. If the set

X(®)={xeC([0,T],R") : x=BOx forsome B €[0,T]}

Theorem 3.6. Assume that (H2) and (H3) are satisfied. Then
the boundary value problem (1.1)-(1.2) has atleast one solu-
tion on [0, T].

Proof. Schaefer’s fixed point theorem is used to prove that ®
defined by (3.2) has a fixed point.The proof will be given in
various steps.

Step 1. Operator ® is continuous.

Let {z, } be a sequence such that z, — z in C([0,T],R").Then
foreachr € [0,T]

0Gn)(0) - ©() 1)
< [ 66,91 H (5:20(): (120) (), (V2 (5)

—F(s ds

2(8), (12)(5), (v2)(s))

1 4 .
Srm[/o =97

2(s), (12)(s), (v2)(s))

F (5,2n(5), (Mzn)(5), (Van)(5))

— Z(s ds+||(P+Q)"'R||

T
/0 (T =) 1| (5,2a(5), (1420) (), (VZn) (5))

|

[rra+r+0)el]

—F (8,2(s), (2)(s), (v2)(s))

1
C(y+1)

F(8,2n(8), (120)(5), (VZn) (5))

X




Existence and uniqueness of solutions for nonlinear fractional integrodifferential equations with non-local boundary

—Z(s

2(8); (12)(s), (v2)(s))

Since .% is continuous function, we have

18 (1) ~O) ()]
SF(Y1+1) 7701+ ||(P+0) 0|
% (|2 (5.20(5). (120) (), (V) (5))

—F(s,2(s), (uz)(s), (vz)(s))

‘ -0
asn — oo
Step 2.0 maps bounded sets into bounded sets in C([0, 7], R").

Indeed it is enough to show that for any 17 > 0, there exists a
positive constant g such that for each,

2€ By = {Z € C([0,T],R") : [|z]| < n}
we have ||O(z)|| < ¢ and (H3) we have forz € [0,T]

10) @)l S/OT 1G(&,8)[[1|:7 (s,2(s), (12) (s), (V2) ()

ds+||(P+Q)"'R|

Hence
lo@ @) <1y pr o)t
“I(y+1)
+|(P+ Q) 'R||
Thus
o0 < IS 1+ [P+ o) QII]

+[|(P+0)'R|| =4
Step 3. ® maps bounded sets into equicontinuous sets of
C([0,T],R™).
Lett;,r, € [0,T], t; < 2, By be a bounded set of C([0,T],R")
as in step 2, and let z € By,. Then

18(2)(t2) — O(z) (11|
< [7 162 9117(5205), (42)(5). (v2)(5)

— [ 16019117 6.206), (02 6). (v2) 5) | s

Sﬁ l/otl (=)' = (1 —5)""]

F(s,2(5), (uz)(s), (vz)(s))ds + /tltz (ty—s5)"!
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X F (5,2(s), (12)(s), (v2)(s))ds

o]l

SNCAnY [ —tl +2(t—11)7]

As t; — 1p, the right hand side of the above inequality tends
to Zero. As consequence of step 1 to 3 together with the
Arzela-Ascoli Theorem, we can conclude that the operator
0:C([0,T],R") = C([0,T],R") is completly continuous.
Step 4. A priori bounds.

Now it remains to show that that the set

A={z€C([0,T],R") : z= 00B(z), forsome 0 < <1}
is bounded.

Letz € Athenz=
t € ]0,T] we have

/Gts

+(P+0)!

®(0Oz) for some 0 < @ < 1. Thus for each

2(s), (uz)(s), (vz)(s))ds

This implies by (H3) and step 2 that for each 7 € [0,T] we
have

s 1+ le+o) el

+[(P+0)'R|

0(z)(1)] <

Thus for every ¢ € [0,T], we have

ol T7
2] < T+ )[

=1

1+[|(P+o) 0l + [[(P+0)'R|

This shows that the set A is bounded. As a outcome of Schae-
fer’s fixed point theorem, we conclude that ® has a fixed point
which is a solution of the problem (1.1) — (1.2). O

4. Example

In this section we give the example of our main results. We
examine the following nonlinear fractional integrodifferential
equations with two point boundary condition

enboon (0] L1
Dzz(t)—(4+e,)(l+|z( +9/0 thl)3sm p ds
+7 ), G tds 12l
4.1
x(0)+0.25x(1) = 4.2)

764
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Problem (4.1) — (4.2) is of the form (1.1) — (1.2) with y= %,

e "[z(1)]
(4+e)(1+[z(0)])

45 (B0 + 5 (v)0)

F(t,2(1), (u2)(1), (v2) (1)) =

(2)(1) = Jo ggprsin P ds

(va)(t) = [; ﬁcos#ds and also ¢ € [0,1]
we have

17 (2,2(2), (u2) (1), (v2) (1)) = F (2, ¥(1), (y(2), (vy) (1))

—t

where and

< 20—+ 5 1))~ (@) )]
21w - w0

<glle= I+ 5 82) — ()l + 3 1(v2) — ()]

from (16),P=1,0=025R=7,T = 1.

Thus assumptions (H1) — (H2) holds with,
1+|(P+0)'Q|| =12

Po=0.125, 70 =0.111 and 1 + po+ xo = 1.24

I, =0.226

We get ¢ =0.336 < 1

utilize theorem (3.1) we get (4.1) has a unique solution.

5. Conclusion

On the whole we have investigated the existence and
uniqueness of solution to the Caputo type fractional differ-
ential equation with two point boundary conditions. The
first sufficient condition proves the existence and uniqueness
of the solution of (1.1) is derived by utilizing Banach fixed
point theorem. The second sufficient condition gives the exis-
tence of solution of (1.1) is obtained via Krasnoselskii’s fixed
point theorem and the third sufficient condition is obtained by
Schaefer’s fixed point theorem. At last, example is provided
to illustrate the applications of the abstract results.
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