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On various weakly prime fuzzy ideals of semirings
G. Mohanraj1* and S. Azhaguvelavan 2

Abstract
The notions of the weakly prime fuzzy ideals and three weakly fuzzy m0(m1,m2)-systems of semirings are
introduced. Six different prime fuzzy ideals are characterized by fuzzy points, their respective (weakly)fuzzy
m-systems, respective m-systems and respective prime ideals in semirings. To validate our results, the examples
are provided.
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1. Introduction
P.Dheena and G.Mohanraj generalized prime fuzzy ideals

[2, 3] of semirings and near-subtraction semigroup. G.Mohanraj
et al. discussed prime fuzzy ideals of ordered semigroup and
hemirings[6, 8].

2. Preliminaries
For basic ideas of semirings,ideals and fuzzy ideals of

semirings can be found in [12].

Lemma 2.1. [13] If P is an ideal of R, P is a 2-prime ideal
(1− (0))-prime ideal of R if and only if Pc is an m2-system
(m1− system,m0− system) of R.

Theorem 2.2. [2] Let f be a fuzzy set of R.Then f is a fuzzy
ideal(fuzzy k-ideal) of R if and only if ft is a ideal(k-ideal) of
R for t ∈ (0,1] whenever non-empty.

Lemma 2.3. [11] For any a ∈ R,(at) is the fuzzy ideal
generated by a fuzzy point at , then

(1)(at) = tχ(a)
(2)(at)r = tχ(a)r
(3)(at)l = tχ(a)l
where (a)r and (a)l are the right ideal,left ideal generated by
a.

Theorem 2.4. [10] The following statements are equivalent
for fuzzy ideals f .
(1) f is a weakly prime fuzzy ideal.
(2) at · 1 · bt ⊆ f implies at ∈ f or bt ∈ f for t ∈ [0,1] and
a,b ∈ R.
(3) For any at ,bt∈ 1, (at) · (bt)⊆ f implies at ∈ f or bt ∈ f .
(4) For the right ideals A and B in R,tχA · tχB ⊆ f implies
tχA ⊆ f or tχB ⊆ f .
(5) For the left ideals A and B in R,tχA · tχB⊆ f implies tχA ⊆
f or tχB ⊆ f .
(6) For the right ideals A and left ideals L in R, tχA · tχL ⊆ f
implies tχA ⊆ f or tχL ⊆ f .

Lemma 2.5. [10] For any fuzzy sets A and B of R and
t ∈ [0,1], tχA · tχB = tχAB

Lemma 2.6. [2] If f is any fuzzy ideal of R, then f is a fuzzy
k-ideal of R.

3. Various 0-prime fuzzy ideals
Form here onwards R denotes semirings.

Definition 3.1. The fuzzy set f is called weakly fuzzy
m0-system if there is x∈ R such that f (axb)> t when f (a)> t
and f (b)> t.
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Theorem 3.2. The following statements are equivalent for a
fuzzy ideals f .
(1) f is a weakly 0-prime fuzzy ideal.
(2) For a,b ∈ R and for t ∈ [0,1] at ·1 ·bt⊆ f implies at∈ f or
bt∈ f , for t ∈ [0,1].
(3) 1− f is weakly fuzzy m0-system.
(4) (1− f )t is m0-system, for t ∈ [0,1] for t ∈ [0,1] .
(5) f c

t is a m0-system, for all t ∈ [0,1] for t ∈ [0,1].
(6) ft is 0-prime ideal of R, for t ∈ [0,1].

Proof. (1)⇒(2): By Theorem 2.4,(2) holds.
(2)⇒(3): Suppose 1− f (a)> t and 1− f (b)> t. Then
f (a) < 1− t and f (a) < 1− t. Thus a1−t∈ f and b1−t∈ f .
By(2) a1−t ·1 ·b1−t 6⊆ f . Then, there is y ∈ R such that
f (ayb) < 1− t. Thus, 1− f (ayb) > t. Therefore, 1− f is
weakly fuzzy m0-system.
(3)⇒(4): Now, x,y ∈ (1− f )t implies 1− f (x)> t and
1− f (y)> t. By(3), (1− f )(xry)> t for some r ∈ R, implies
xry ∈ (1− f )t . Thus, (1− f )t is m0-system.
(4)⇒(5): Now,

(1− f )t = {x|1− f (x)> t}
= {x| f (x)< 1− t}
= f c

1−t .

Thus, by (4) f c
t is m0-system

(5)⇒(6): By Lemma 2.1, (6) holds.
(6)⇒(1) : If there are ideals A and B such that tχA · tχB ⊆
f , then by Lemma 2.5, A ·B ⊆ ft . Thus A ⊆ ft or B ⊆ ft
imply tχA ⊆ f or tχB ⊆ f . Thus, f is a weakly 0-prime fuzzy
ideal.

Theorem 3.3. The fuzzy ideal f is 0-prime fuzzy ideal if and
only if tχA · sχB ⊆ f implies tχA ⊆ f or sχB ⊆ f for the ideals
A and B in R and for t,s ∈ [0,1].

Proof. Suppose that f is 0-prime fuzzy ideal. For any ideals
A and B in R, by Theorem 2.2, tχA, sχB are fuzzy ideals. Then,
tχA · sχB ⊆ f implies tχA ⊆ f or sχB ⊆ f .

Conversely, if there are fuzzy ideals g and h such that
g · h ⊆ f with h 6⊆ f , then there exists y ∈ R such that s =
h(y) > f (y). For any xt ∈ g, tχ(x) · sχ(y) ⊆ g · h ⊆ f . Thus
xt ∈ f for all xt ∈ g. Thus g ⊆ f . Therefore, f is 0-prime
fuzzy ideal.

Remark 3.4. (i) Every 0-prime fuzzy ideal is weakly 0-prime
fuzzy ideal.
(ii) But, weakly 0-prime fuzzy ideal need not be 0-prime fuzzy
ideal by the Example as in [10].

4. Various 1-prime fuzzy ideals

Definition 4.1. The fuzzy ideal f of R is called a weakly
1-prime fuzzy ideal of R if tχA · tχB ⊆ f implies tχA ⊆ f or
tχB ⊆ f for any k- ideals A and for any ideals B in R and
t ∈ [0,1].

Definition 4.2. The fuzzy set f is said to be weakly fuzzy
m1-system if for any t ∈ [0,1) and a,b ∈ R, f (a)> t, f (b)>
t implies that there exists a1 ∈ (a) and b1 ∈ (b) such that
f (a1b1)> t.

Theorem 4.3. The following statements are equivalent for a
fuzzy ideals f .
(1) f is a weakly 1-prime fuzzy ideal.
(2) (at) · (bt)⊆ f implies at ∈ f or bt ∈ f , for t ∈ [0,1]
(3) 1− f is weakly fuzzy m1-system of R.
(4) (1− f )t is a m1-system, for t ∈ [0,1].
(5) f c

t is a m1-system, for t ∈ [0,1] .
(6) ft is 1-prime ideal, for t ∈ [0,1] .

Proof. (1)⇒(2): By Lemma 2.3 and 2.6, (2) holds.
(2)⇒(3): If 1− f (a) > t and 1− f (b) > t, then a1−t∈ f and
b1−t∈ f . By (2), (a1−t) · (b1−t) 6⊆ f .Thus, there is a1 ∈ (a),
b1 ∈ (b) such that 1− f (a1b1) > t. Hence, 1− f is weakly
fuzzy m1-system.
(3)⇒(4): Now, a,b ∈ (1− f )t implies a1b1 ∈ (1− f )t for
a1 ∈ (a), b1 ∈ (b). Thus, (1− f )t is m1-system.
(4)⇒(5): Now, f c

t = (1− f )1−t implies that (5) holds.
(5)⇒(6): The result follows from by Lemma 2.1.
(6)⇒(1): If there exist k-ideal A and ideal B such that tχA ·
tχB ⊆ f , then by Lemma 2.5, A ·B⊆ ft . Thus by (6) A⊆ ft
or B⊆ ft imply tχA ⊆ f or tχB ⊆ f . Therefore, f is a weakly
1-prime fuzzy ideal.

Theorem 4.4. The following statements are equivalent for a
fuzzy ideals f .
(1) f is a 1-prime fuzzy ideal.
(2) tχA · sχB ⊆ f implies tχA ⊆ f or sχB ⊆ f for any k-ideal
A for any ideal B in R and for t,s ∈ [0,1].
(3) (at) · (bs)⊆ f implies at ∈ f or bs ∈ f , for t,s ∈ [0,1].
(4) 1− f is a fuzzy m1-system of R.

Proof. (1)⇒(2): For any k-ideal A and for any ideal B in R,
such that tχA · sχB ⊆ f , by Lemma 2.6 tχA ⊆ f or sχB ⊆ f .
(2)⇒(3): Now, (at) · (bs)⊆ f , then by Lemma 2.3& 2.6 and
Theorem 2.2, tχ(a) · sχ(b) ⊆ f . Thus, at ∈ f or bs ∈ f .
(3)⇒(4): Suppose 1− f (a) > t and 1− f (b) > s. Then
a1−t∈ f and b1−s∈ f imply (1− t)χ(a) · (1− s)χ(b) 6⊆ f . Thus

there exists a1 ∈ (a), b1 ∈ (b) with a1b1 ∈ (a) · (b) such that
f (a1b1) < (1− t)∧ (1− s). Therefore 1− f (a1b1) > t ∨ s.
Hence, 1− f is a fuzzy m1-system.
(4)⇒(1):If there are k-ideal A and an ideal B such that tχA ·
sχB ⊆ f with tχA 6⊆ f and sχA 6⊆ f ,then at∈ f and bs∈ f for
a∈A and b∈B.Then (1− f )(a)> 1−t and (1− f )(b)> 1−s
implies f (a1b1)< t ∧ s for a1 ∈ (a) and b1 ∈ (b) which con-
tradicts tχA · sχB ⊆ f . Thus, f is 1-prime fuzzy ideal.

Theorem 4.5. [12] The fuzzy ideal f of R is 1-prime fuzzy
ideal if and only if
(i) | Im f |= {1, t}
(ii) f1 is 1-prime ideal.
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Remark 4.6. (i) Every 1-prime fuzzy ideal is weakly 1-prime
fuzzy ideal by Theorem 4.3 and 4.5.
(ii) But, weakly 1-prime fuzzy ideal fails to be a 1-prime fuzzy
ideal by the Example 4.7.
(iii) Every weakly 0-prime fuzzy ideal is a weakly 1-prime
fuzzy ideal.
(iv) But, weakly 1-prime fuzzy ideal fails to be a weakly 0-
prime fuzzy ideal by the Example 4.7.
(v) Every 0-prime fuzzy ideal is 1-prime fuzzy ideal.
(vi) But, 1-prime fuzzy ideal fails to be 0-prime fuzzy ideal by
the Example 4.7.

Example 4.7. Consider the semiring B(7,4) =
{0,1,2,3,4,5,6} as in [1].

+ 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 1 2 3 4 5 6 4
2 2 3 4 5 6 4 5
3 3 4 5 6 4 5 6
4 4 5 6 4 5 6 4
5 5 6 4 5 6 4 5
6 6 4 5 6 4 5 6

· 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 5 4 6
3 0 3 6 6 6 6 6
4 0 4 5 6 4 5 6
5 0 5 4 6 5 4 6
6 0 6 6 6 6 6 6

Now,we defined

f (x) =


0.9 if x = 0
0.8 if x ∈ {3,6}
0.5 if x ∈ {4,5}
0.3 otherwise

g(x) =

{
0.3 if x ∈ {1,2}
1 otherwise

Clearly, f is weakly 1-prime fuzzy ideal. By Theorem 4.5 f is
not a 1-prime fuzzy ideal. Now ,{0,3,4,5,6} is 1-prime ideal
but not 0-prime ideal. Then by Theorem 3.2, f is not weakly
0-prime fuzzy ideal.

By Theorem 4.5, g is 1-prime fuzzy ideal but
not a 0-prime fuzzy ideal.

5. Various 2-prime fuzzy ideals
Definition 5.1. The fuzzy ideal f of R is called a weakly
2-prime fuzzy ideal of R if tχA · tχB ⊆ f implies tχA ⊆ f
or tχB ⊆ f for the k- ideals A and B in R and t ∈ [0,1].

Definition 5.2. The fuzzy set f is said to be weakly fuzzy
m2-system if for any t ∈ [0,1) and a,b ∈ R, f (a)> t, f (b)>
t implies that there exists a2 ∈ (a) and b2 ∈ (b) such that
f (a2b2)> t.

Theorem 5.3. The following statements are equivalent for a
fuzzy ideals f .
(1) f is a weakly 2-prime fuzzy ideal.
(2) (at) · (bt)⊆ f implies at ∈ f or bt ∈ f for t ∈ [0,1]
(3) 1− f is a weakly fuzzy m2-system of R.
(4) (1− f )t is a m2-system, for t ∈ [0,1] .
(5) f c

t is a m2-system, for t ∈ [0,1] .
(6) ft is a 2-prime ideal, for t ∈ [0,1] .

Proof. (1)⇒(2): By Lemma 2.3 and 2.6, (2) holds.
(2)⇒(3): Now, 1− f (a)> t and 1− f (b)> t implies a1−t∈ f
and b1−t∈ f . By (2) (a1−t) · (b1−t) 6⊆ f . Thus, a1 ∈ (a), b1 ∈
(b) such that f (a1b1) < 1− t. Therefore, 1− f (a1b1) > t.
Hence, 1− f is weakly fuzzy m2-system.
(3)⇒(4):Now, a,b∈ (1− f )t implies a1b1 ∈ (1− f )t for a1 ∈
(a), b1 ∈ (b). Thus, (1− f )t is m2-system.
(4)⇒(5): Now, f c

t = (1− f )1−t implies that (5) holds.
(5)⇒(6): By Lemma 2.1, (6) holds.
(6)⇒(1): If there are k-ideals A and B such that tχA · tχB ⊆ f ,
then by Lemma 2.5, A ·B⊆ ft . Thus by (6) A⊆ ft or B⊆ ft
imply tχA ⊆ f or tχB ⊆ f . Thus, f is a weakly 2-prime fuzzy
ideal.

Theorem 5.4. The following statements are equivalent for a
fuzzy ideals f .
(1) f is a 2-prime fuzzy ideal.
(2) tχA · sχB ⊆ f implies tχA ⊆ f or sχB ⊆ f for the k-ideals
A and B in R and for t,s ∈ [0,1].
(3) (at) · (bs)⊆ f implies at ∈ f or bs ∈ f , for t,s ∈ [0,1].
(4) 1− f is a fuzzy m2-system of R.

Proof. (1)⇒(2): For the k-ideals A and B in R, such that
tχA · sχB ⊆ f , then by Lemma 2.6, tχA ⊆ f or sχB ⊆ f .
(2)⇒(3): Now, (at) · (bs) ⊆ f , then by Lemma 2.3 and 2.6,
tχ(a) · sχ(b) ⊆ f . Thus, at ∈ f or bs ∈ f .
(3)⇒(4): Now, 1− f (a)> t and 1− f (b)> s imply a1−t∈ f
and b1−s∈ f . By (3),(1− t)χ(a) · (1− s)χ(b) 6⊆ f . Then, there

exists a2 ∈ (a), b2 ∈ (b) with a2b2 ∈ (a) · (b) such that
f (a2b2)< (1− t)∧ (1− s). Thus, 1− f (a2b2)> t ∨ s.
Therefore, 1− f is a fuzzy m2-system.
(4)⇒(1): If there exist fuzzy k-ideals g and h of R such that
g ·h⊆ f with g 6⊆ f and h 6⊆ f ,then there exists a,b ∈ R such
that s = g(a) > f (a) and t = h(b) > f (b).Thus as∈ f and
bt∈ f .Then (as) · (bt) 6⊆ f which contradicts g ·h⊆ f .Thus f
is 2-prime fuzzy ideal.

Remark 5.5. (i) Every 2-prime fuzzy ideal is weakly 2-prime
fuzzy ideal by Theorem 5.3.
(ii) But, weakly 2-prime fuzzy ideal fails to be a 2-prime fuzzy
ideal by the Example 5.6.
(iii) Every weakly 0-prime fuzzy ideal is a weakly 2-prime
fuzzy ideal.
(iv) But, weakly 2-prime fuzzy ideal fails to be a weakly
0-prime fuzzy ideal by the Example 5.6.
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Example 5.6. Consider the semiring B(7,4) =
{0,1,2,3,4,5,6} as in Example 4.7 .Now,we defined

f (x) =


1 if x = 0
0.8 if x = 4
0.4 otherwise

Clearly, f is weakly 2-prime fuzzy ideal but not a 2-prime
fuzzy ideal and weakly 0-prime fuzzy ideal.
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