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Abstract

This paper analyzes the optimal control of mean field type forward-backward non-zero sum stochastic delay
differential game with Poisson random measure over infinite time horizon. Further, infinite horizon version of
stochastic maximum principle and necessary condition for optimality are established under the transversality
conditions and the assumption of convex control domain. Finally, the Nash equilibrium for optimization problem
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1. Introduction

Game theory arises in the situation in which two or more
agents interact with each other. In particular, stochastic differ-
ential game problems are related to the context of dynamical
system with stochastic nature see [3, 9]. In this manuscript
optimal control of non-zero sum stochastic differential game
problem is discussed. In classical stochastic optimal control
problem, there is a single control u(¢) which corresponds to
the single objective functional to be optimized. Rather, the
stochastic optimal control of non-zero sum differential game
have two controls namely u(¢), u(¢) and corresponding to
two objective functional for each player, where as each player

attempts to control the state of the system so as to achieve
the desired goal. Moreover, optimal control of non-zero sum
stochastic differential game is studied by Chen and Yu in [6],
Deng et al. in [8], Wu and Shu in [21].

Economic and financial models disclose the jump type
behavior see [7]. For instance, Lin et al. discussed the optimal
portfolio selection problem of insurer who faces model un-
certainty in jump-diffusion risk model under game theoretic
approach. Stochastic optimal control of delay differential
game problems are discussed in [18]. In order to combine
delay and jump type behavior through optimal control of
stochastic differential game approach, Pamen studied in [17].
Moreover, forward-backward stochastic differential equation
(FBSDE) have natural occurrence in various fields such as
financial market, optimal pricing, stochastic optimal control
and recursive utility problem [5, 14]. For that, Wang et al.
studied the forward-backward differential game problem with
optimal investment and dividend problem of an insurer under
model uncertainty in [19]. They applied the classical convex
variation and adjoint techniques to derive necessary and suffi-
cient condition for the prescribed system. For more details on
optimal control problem for stochastic differential games of
FBSDE, see Juan et al. in [12] and @ksendal in [16].
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Further, natural system with large number of interacting
particles are modeled by mean-field stochastic differential
game see [4]. Mean field game problems are studied by many
authors. In particular Wu and Liu studied the optimal control
of mean field type zero sum stochastic differential game in
[20]. Moreover, optimal control of mean field type non-zero
sum game problem is studied by Hu et al. in [11]. Despite of
numerous work have been reported on optimal control of mean
field stochastic differential game, there is few of existing work
in infinite horizon. Infinite horizon optimal control problems
arise naturally in economics when dealing with dynamical
models of optimal allocation of resources. Therefore the
present work of this manuscript focused on optimal control of
mean field type stochastic differential game with an infinite
horizon time. For more details related to infinite horizon
optimal control problems see [1, 2, 10, 13, 15] and references
therein.

By the above motivation the authors consider the infinite
horizon mean field type optimal control of non-zero sum
stochastic delay differential game of two players with Poisson
jump processes.

This paper is structured as follows: In Section 2, prelimi-
naries, notations and formulation of the problems is provided.
Section 3 of this paper contains the derivation of sufficient
condition for optimality of the proposed problem under con-
vexity assumption on control domain. Necessary conditions
for optimal control problems are given in Section 4. In Section
5, application of the theoretical study is established by the
optimization problem in financial market.

2. Preliminaries and Problem formulation

In this paper the following non zero sum game of infinite
horizon mean field type optimal control of stochastic delay
differential equation with Poisson jump processes is consid-
ered.

dX(t) = b(t,X(t),u; (¢),u(2))dt
10 (1, X, 1 (1), u2(6)) dW (1)

+/]R G(tax(t)vul(t)7u2(t)a/}/)N(d[7d’Y)v re [0700)
X(t)=x €R;

where, X(t) = X(t) and X(r) = X(t,0);t > 0,0 € Q is a
state processes which is defined on a complete probability
space (Q,.7,P) with right continuous filtration {.% },>( and
Z(0) contains P null sets. Let A(¢)(:=X(t —9)), B(t)(:=
[l se PU1X(r)dr) are pointwise and distributed delay re-
spectively, where p > 0. Expectations E denotes the average
behavior of each players. Let W(¢) = W (¢, ®) be a one dimen-
sional Brownian motion and N (dt,dy) = N(dt,dy) — v(dy)dt
is a compensated Poisson random measure with y € Ry (:=
R — {0}), where Vv is the Lévy measure on the filtered prob-
ability space (Q,%;,P). Moreover, W(-) and N(-) are in-
dependent processes. Let X (1), A(t), B(z), E[X(¢)], E[A(¢)],
E[B(t)] be real valued .%,; adapted processes on [0, ). More-
over, uj(t) = uj(t,®) and up(t) = up(t,®) are strict con-

t €[—6,0], where 6 >0 2.1
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trol variables for Player I and Player II respectively with
E |Sup;cg.00) |lu;(t)|?| < oo, for i = 1,2 holds. Here u;(¢) and
uy (1) are also .%, adapted process taking values in the convex
subsets Uy and U, of R respectively. The coefficients b, ¢
are real valued functions on [0,00) x R x R x R x R xR x
R xU; xU, x &, and G is also a real valued functions on
[0,0) x RXxRXRXRXRXRXRo XU XUy X Q.
Assume that the following two subfiltrations

s,(l) C F, s,@) C %y t€]0,00),

representing the information available to Player 1, Player
II respectively. Let %4 C U; denotes the set of admissible
control processes for Player I with 8,(1)- predictable processes
and %, C U, denotes the set of admissible control processes
for Player II with stm— predictable processes.

Backward equation in the unknown real valued measurable
processes Yi(t),Z;(t), 6;(¢,y) corresponding to the forward
system (2.1) is defined as follows:

AYi() = — g (6, X0, Y1), Zi(0), 661, 1), 01 (1), ua (1)) di
+Zi()dW (1) + /]R 6., 7)N(dt,dy), 1 €[0,0).

(2.2)

Here i = 1,2. g; is a function from [0,00) x R x R x R x R x
RxRxRXRxRxU; x Uy x Q — R, where fR is the set
of all functions from R to R. Another equivalent form of
equation (2.2) is

T
Yi(t) =Y/(T) - / gi(5.X(8),Yi(5), Zi(s). 6i(s.7),
uy(s),uz(s))ds
T T
[ zwawe)+ [ [ e niray),

the processes Y;(t), Zi(t), 6;(¢,7) are solutions of the above
equation, if it satisfies the following condition

E {supeCth(t)—O—./oweCt (Zz(t)+/RO Kz(t,y)v(dy)) dt} < oo,

The corresponding solution X (¢), Yi(¢), Z;(¢), 6;(¢) of system
(2.1), (2.2) exists, if E [ [5”[X (¢)[*dt] < e hold. Let us con-
sider the cost functional corresponding to the system (2.1) and
(2.2) of each player i as follows:

Ji(uy,u2) =E U;Ki (I7X(t)7Yi(l)7Zi(f)79:’(%7’)7“1(f)vuz(l))df}

+ER(Y(0)], 120, 2.3)

where K; is real valued function on [0,00) x R X R xR x R x
RxRXxRXRXRxU; x U, xQ, and h; is also real valued
function on R with the following assumption holds

EUOW{

K (1,X(0), uy (1), ua (1)) ’}dt] < oo,



Infinite horizon mean-field type forward backward stochastic delay differential game with Poisson jump processes —

The Hamiltonian H; : [0,00) x R? x R3 x R x R x R x
U; x Uy x R3 x R — R be defined for the system (2.1)-(2.3)
as follows,

H;(t,X(1), Yi(1), Zi(t), 6i(t,7), ur (1), u2(t), Ai(2),
Zi(t), 2i(t), Zi(t,7))
=Ki(t,X(t),Yi(t), Zi(1), 6:(t,y), w1 (¢), u
+ Ai(t)gi(t,X(1), Y (1), Zi(1), 6i(1, 7),
+ Zi(0)b (1, X (1), u1 (1), u2(2))
+ 2i(1)o(t,X(1),u1 (1), u2(1))

(
+/,@ty (

G(t,X(t),u; (t),u
In order to simplify the notations the above equation can be
written as

2(1))
ui (t),ua(t))

2(1))-

H;(t) =Ki(1) + 4i(t)gi(1) + Zi(1)b(1) + 2i(1)o (1)

+ / LY)V(dY). (2.4)

To establish the optimality condition for the system (2.1) and
(2.2) with associated cost functional (2.3), we need to de-
velop the following adjoint equations of adjoint processes

li(l),gzi(t),gi(l‘),%

;(t,7) by using the Hamiltonian func-
tional.

o Forward stochastic differential equation in A;(7) is,

JH; (1)
oY

=hi(¥;(0))

o Backward stochastic differential equation in Z7(-),

(), #i(-) is,

JdH;(1) AW (1) + &glé)(.t)

i) = FY2 R
1 0

dt+

N(dr,dy)

24:(0) 2.5)

dP;(t) =4 (t)dt + E[4(1))dt + 2i(t)dW (¢)

+/ Z;(t,y)N(dt,dy), (2.6)

where

8H,~ t 8H,~ t+0
M(t)=— ; ()7 ( )
efprdr> ,

1+8 9H;(r)
_ Pt i
(%%

ELA(1) =~ E [aH';(’)} E [M}

2.7)

X JdA

o ([ B[] o).

and E {/ ep’|,@i(t)\2dt} <oo, forallpeR.
Jo

(2.8)

here E {31;};:)}, E {aHia(%Jra)}, E [aggs)} are partial deriva-

tives of H;(r) with respective to E[X (¢)], E[A(¢)], E[B(t)] re-
spectively.
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3. Sufficient Condition for Optimality

In this section, sufficient condition for optimality of the system
(2.1)-(2.3) is established via the existence of Nash equilibrium
pair (41,4,) € 72 X %, such that

u € 2.

u € U.

Ji (ul,ﬁz) <Ji (ﬁ],ﬁz) for all

Jz(ﬁl,uz) SJz(ﬁl,ﬂz) for all

In this problem no player has an incentive to deviate from his
or her chosen strategy after considering an opponent’s choice.
Overall, an individual can receive no incremental benefit from
changing actions and assuming other players remain constant
in their strategies.

In order to prove Nash equilibrium for the proposed prob-
lem (2.1)-(2.3) the following hypotheses are needed:

(A1) Concavity:
The functions x — h;(x) and x — H;(x) are concave, for
t€1[0,00),i=1,2.

(22) Conditional maximum principle:

E [Hi(e,X(1),8i(1). 2:(0), 0001, ). 11 (1), a1,
x2(1), 24(0), 24(0),%41,7) | 7
= amax (K (0. 500, 2i0), 00,7, (1), 1),
$2t), 2i(1), Di(0), (1, ) | 7]

fori=1,2.
(A3) Transversality condition:

lim E [Zi(T) (Y(T) - ,-(T))] <0 and

T—roo

lim E [@i(T) (X(T) —X(T))] >0,

T —o0

fori=1,2.

Theorem 3.1. Ler X(t), ¥i(¢), Zi(t), 6,(t) be solution of the
system (2.1)-(2.3) which are corresponding to the admissi-
ble control (li1,02) € % X Y. Suppose the adjoint pro-
cesses Ai(1), Pi(t), Di(t), Ri(t) which are satisfies the ad-
Jjoint stochastic differential equation (2.5)-(2.8) and the hy-
pothesis (F1)-(H°3) are holds, then (i,i,) is an optimal
control for the system (2.1)-(2.3).

Proof. Proof similar to Theorem 4.1 in [15]. O

4. Necessary Condition for Optimality

In this section necessary condition for optimality of the pro-
posed problem is proved by the following hypotheses:

(s€4) For all tg € [0,00), [ > 0 and all bounded etg)— measur-
able random variable o;(®), the control process f;(¢)
defined by

Bi(t) == Ly 1+¢)(t) i( @), which is belongs to %;,

8%
aet“@ﬂ”ﬂ,
(S
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(A£5) For all u; € % and all bounded f3; € %, there exists
6; > 0 such that the control 2b(1) 2b(1)
t
G(1) == w+sBi1), 1€ [0,00), "W”:{T A+ G4 A0
forall s € (—8,8),i=1,2. 9b(t) " —pa-r) M
(~8.,6) + S [ et e S B
i 2 4 = = b ab(t
(#6) JimE[Z,(T)e4(T)] =0 and Jim £ [A(T)0i(T)| = S [ PR L) P
o X 9A
db 't
Theorem 4.1. Assume that the hypotheses (F4) — (A6) +E { ag)] 567’3(’7’)15[&2/1 (r)]dr} dt
are holds. Let (ﬁl,ffz) € U, X U be the optimal control and p "~ 5
X(t), Yi(t), Zi(t), 6;(t) are corresponding solutions of the +{ g)(;),;zﬁ(t)—i— gzgt)dl(t—é)
system £2'1)'(2§3)' IfA there exist a unique adjoint processes .
Ai(t), Pi(t), Li(t), %;(t) which solves the adjoint stochastic + 9o (1) / e PO of (r)dr + do( )/3 (t)
differential equation (2.5)-(2.6), then the following conditions IB Ji-s duy
are equivalent: +E{agg)}E[Wl()] [9;7;)}}5[%1075)}
(A1) For all bounded By € %, B, € %, we have do(t)
+E{ { } / e Pl=T) [mfl(r)]dr}dw(t)
A pnrspran) () 4 poanesp) () g 9B | Ji-s
ds™! s=0  ds”? s=0 " (9G(r) G(r)
+ X (1) + A A (t—8)
(S2) Forallt € [0,00) we have 8]1{{(0;( ) 2G(
t t
OHy y o A $ 200 [ P ryar+ 29 gy
E aul (X( ) ( )7Z] (t)761(tv’}/)7u1(t)7uz(t)7 P) =9 P “
A 0|20 el +8 | 200 | Eleni-o)
P10, D0, AW0) | 7], =0, o
uyp=uq G t _ . -
and +E{ 7 } s Pl )E[gz%l(r)]dr}N(dt,dy). (4.1)
0H; . . A
| G2 (R0), 20 22(0), B0 1) )10,
L . . 9g1(1) 9g1(t)
P2(1), Da(0),%(1)) | 7] =0 d¢1(t):—{ )+ L A - 8)
Uur=uy
t
Proof. Let us define the following derivative processes, a‘g;gl) / Se*”(“”«%(r)dr—i— a%@ﬁl(t)
JI—
d )
Z xmtsBue ()| o = (1), dgi () g1 (1) _
i 0= +8 [ 280 p o )+ 5| 2200 | s )
& yururtspy _
X (t)|s=0 =24 (1), \E [ailg)} /tse‘P("’)E[gczfl(r)}dr
d =
AP (1) o =i (1 = B), dgi (t dgi (t dgi(t
s + 28000, + 2580y )+ 2810 5,1 b
i u17u2+sﬁ2 _% 75 Y] Z]
752 (t)]s=0 = (t = ),
4 C e FOaw o)+ [y ay), 42
= puytsprun _ —A(l—s
B 0|, —'/t_ae o (s)ds
i uy,ur+sPs _ ! —A(t—s)
dSB (t) S:()i./tw—ﬁe %(S)dS7 d (1 +sPBy,uz) _ *© aKl(t) aKl(t)
Ryl L, =E / (1) + (1 —8)
d uy+sPi,uz ds §= 0 17).¢ 0A
S )] =1 (), i)
d up,ur+sPs T 1 / ep(t r)d()dr
T Ol=0=0200), 8K K1)
i( 1
d u+spy E [ (¢
22 )]0 =w (), { } { 94 } [i( = 9)]
agl
d Uy U218, t r
SR (1)) Lo =ya (), [ BT } VELeA (r))dr
d uish, 3K1() aKl() 9K (1)
201 P 0 )0 =21 (1,1, B0+ =550+ =52 =)
d Uy ,Uz—rs, 8K ’
& gt 1)), =(1.7). " a;ﬁ”%(w)}dwh]<Y1<0>>¢1<0>]. @3

844 'y
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By Hamiltonian in (2.4) we have

Ki(t) =H(t) — A (t)g

A

(1) = 21 (0)b(1)

and
A 09b(t)
_ t —_
oX 10 5x
. dG(t,7)
— | %@ ’
X  Jr, =%
K (1) 9K, (1) K, (1) K, (1) K, (1)
and also for a‘A , alB ,E[ BIX },E[ ak },E[ alg },
agL‘lY), ag}é”, a;(;l(z)’ 3§1ZEI), agbst). Substituting the above
equation in (4.3), Applying the Ito formula to the processes
A1(2)91(¢) on [0,T] and using (2.5), (4.2) then taking limit as
T — oo which implies that

E [1(0)91(0)] = Jim £ [ (7)1(7)]

, 44

3;;(:) P21(t,7) } dt

3H1 (t)
aZl

3g()
on M0+

*/"’ aay ‘”/ vl

+//@1zy ae (dy)dt}

+

dt

Since #; (¥1(0))
=E P,l 0)¢y (0)} , and using (7£°6) the above inequality can

be written as

E [1 (1 (0) (0] = [

= / {3g1

PO [ om0 0+ 200 X0

a0 el e | 200 plenc-o)

_aglgt):l /liaefp(tfr)E[Q{l(r)]dr

0B
agl(t) Wl(t)+ agl(t)

dg1(t)
F17 9z 26,

+/¢
+ [ we

0)91(0)]

() + 289 o 5)

+E

+E

o1(1) + 2 (t,y)}dt

8H1

J’_

aHl

dt+//91178H1t

= 41(0), which implies that £ [1 (£1(0))¢1 (0)]

845/847

Applying the It formula to the processes | (1)< () on
[0,T] and using (2.6), (4.1), then taking limit as 7 — oo im-
plies that

Jim B[ (T)A(T)]

~ [T {0+ G eni-0)
$ 2 [ et ryars 2 gy

oB . 8
+E[‘9§§()}E[Q{ ]+E{ }
| D] [ e ”>E[Qm>] }
+/ o t){ H(t 8HigA+5)
([ a{;f; >efmdr>
_E{agx } IH;( z+5)}

5|
([
+/ 20 { oW )+ 2D e 5)
L2 >/

.
|

P00 ot r)ar+ 5 o)

| et
D] [ el >}dr}dr

E[ (1) [

dG(r)

+/ it { )+ 200 o1 8)
)/l se —p(r— r)d( )d +a&G(1)Bl([)
‘QG()}EW.( 5)

+2 9B
e SLCOR e

[ } ”E[mu]dr}v(dwdr
4.6)

Substitute (4.5), (4.6) and (4.4) in (4.3) and using (J6),

i (u1+sBy,u2) _ /m JH, (1)
R O] _=E| ), ~gu Pl
If 4 jlatsbre) o) =0, then
= OH (1) B
E{ /0 LB (t)dt} —0.

For all bounded 3; € Uy, then this holds in particular for f;
of the form

Bi(t) = a1 (@) 510) (1),

020
s
o272
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()

where ; (@) is bounded and 8,01 - measurable, s > ty5. Then

we get
[ rs+h QH, (t
E / 1 )dtal} —0. 4.7
/s du
Differentiating (4.7) with respect to i at h = 0 gives
[0H
g |20 al} —0. (4.8)
uy

Since the condition (4.8) holds for all s > o and all o) (@) is

bounded and 8,(01)- measurable random variable, we conclude

that
[9H, (19)

m] _
E Tm% =0,

Similar argument for Player II, one can get

[dH;(10)
duy

with the following condition,

i]é”l u2+sP2) (l‘)

ds s=0

This shows that (1) = (.#2). By reversing the above argu-
ment one can prove (.2) = (S1). O

for all 7y € [0,0).

8(2> =0,

10 -

E

for all 7y € [0,0),

=0 for all bounded 3, € U;.

5. Example

In this section the authors presented a optimization problem in
financial market. Consider the two retail investors as players
in stock market. In this problem each player maximizes their
own profit. One player’s profit does not imply that another
player’s loss. So this problem is a two player non cooperative
stochastic differential game. Our aim is to establish the Nash-
equilibrium, that is to find the optimal control for this game
problem.

Let us consider the dynamical system corresponding to
the optimization problem as follows:

dD(t) =(oyD(t) + aD(t — 8) + ez E[D(t)] + 04Cy (1)
+asCa(t))dt + (a6C1 (1) + 7 Ca (1)) dW (1)

+ [, (esCi(0)+ @ Cale) Ndrdy), 120,

D(t)=DyeR, te[-6,0]. 5.1

Here o), j=1,2,...,9 are constants, D(t) € R is a demand
rate and E refers to the average behavior of demand rate.
D(t — 0) € R is the delayed demand rate by & time, where
the goods are received at ¢ time. Cy(t) € % C U, denotes
stock price controlled by the first retailer and C, (¢) € % C Us
denotes the stock price controlled by the second retailer.

Maximizing the cost functional for each retailer is given
below:

Ji=E U: { (@20 ~5)D() ~ (1-5)C1 (1) }dt} <o,
(5.2)

846
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for all ¢ >0, for i = 1,2, where S; denotes the fixed sal-
vage price for retailer i. Then the corresponding backward
stochastic differential equations for the problem (5.1), (5.2)
as follows:

dY;(t) = — (a;Y;(t) + biD(t) + ¢;InC (¢) + d; InCy (¢)) dt

(5.3)

+Zi()dW (¢) + /}R 0., 7)N(dr,dy), (5.4)

where a;, b;, c¢;, d; for i = 1,2 are constants. The Hamiltonian
for the system (5.1)-(5.3) is defined as:

Hi(t) =(Ca(t) = $i)D(1) — (1= 85:)C1 (1) — Ai(1)(aiY; (1)
+b;D(t) +b;InCy(t) +d;InCy (1)) + ;(t) (o1 D(1)
+0pD(t—8)+ 03E[D(t)] + a4Cy (1) + 05Co (1))
+2;(t) (aC1 (t) + 7Ca (1))

+ [ &) (@010 +aCa0) vidndr,  (55)

and assume that H;’s are concave. Using (2.5) and (2.8), the

pair of forward and backward stochastic differential equa-
tions with the adjoint processes A;(t), Zi(t), 2i(t), %i(t) are
written as follows:

dli(t) = —a,‘/l,‘(t)dt (5.6
dZi(t) =[(Si — Ca(t)) + Xi(t)bi — Zi(t) (u + 2 + 03)]

D)W (1) + /]R Z(0)N(dt,d) .7

with

E [/ e”’|%(r)|2dt] <oo forall p € R.
0

In order to find the optimal control Cy (r) and C5(t) the follow-
ing conditions are hold:

T(Ci(1),Co(t)) ZSL?))h(Cl(f)»CAz(f));
D(Ci(1),Co (1)) ZEH(P)Jz(él(t)»Cz(f))~

Differentiating (5.5) with respect to their control variables
which give the first order conditions as follows:

oH, _ . . ak(r) P
901 (1) =5 -1 10 +og (1) + 062 (1)
+ / % (1) agv(dy)di = 0 (5.8)
0
0H, dr Ay (1)
= - +asP(t)+ o7 2, (t
aCQ(f) ( ) CZ([) 2( ) 7 2( )
+ / (1) v (dy)di = 0 (5.9)
0
The solution of the forward equation (5.6) is written as:
Ai(t) = e 4. (5.10)
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Take a definite value of time ¢t = T and from equation (5.10),
Tlim Ai(T) = 0, which satisfies the transversality condition
—Soo

(°3). Similarly, let us take Z%(z), holds the hypothesis
(23). Also by the assumption that the concavity of H;’s,
the hypotheses (.#°1), (.##°2) are holds. Thus the proposed
model in this example satisfies (#¢1) - (.#°3). Then by using
Theorem 3.1 of Section 3, one can conclude that there exist
C(t) and G5 (r) which are the optimal control.

The required optimal control C (¢) and C;(t) for the sys-
tem (5.1)-(5.2) are given by the equations (5.8) and (5.9) as
follows:

NN crA(r)
C Si— 1+ P () + a5 21 () + [g, Z1 (t)ogv(dy)dt’
A _ dzlz(l)

D(1)+as Py (1) + a1 22(1) + [g, Z2(t) a9V (dy)dt’

where the adjoint processes A;(r), Z;(t), 2i(t), %;i(t) for
i =1, 2 are the solutions of the adjoint differential equations
(5.6)-(5.7).

6. Conclusion

In this paper, optimal control of mean field type forward-
backward stochastic delay differential game problem has been
discussed through infinite horizon. In particular, sufficient
and necessary conditions for the optimality are derived by us-
ing transversality condition and convex control domain. The
applicability of the developed theoretical study is illustrated
through an example of optimization problem in financial mar-
ket.
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