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equations with non-instantaneous impulses through
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Abstract
The main aim of this manuscript is to analyze the existence of PC-mild solution of fractional integro-differential
equations with non-instantaneous impulses through sectorial operator in Banach space. Based on the Banach
contraction principle, we develop the main results. An example is ultimately given for the theoretical results to be
justified.

Keywords
Fractional differential equations, mild solution, non-instantaneous impulses, fixed point theorem.

AMS Subject Classification
34K30, 35R12, 26A33.

1Department of Mathematics, Vel Tech High Tech Dr. Rangarajan Dr. Sakunthala Engineering College, Avadi-600062, Tamil Nadu, India.
*Corresponding author: 1arjunphd07@yahoo.co.in
Article History: Received 03 October 2019; Accepted 26 December 2019 c©2019 MJM.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 858

2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 859

3 Existence Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 859

4 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 861

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 861

1. Introduction

Differential system of arbitrary order has arisen as an
integral asset in portraying numerous physical phenomena
concerning the memory and genetic properties of materials. Its
application can be found in physical science, science, optimal
design, flood stream wonders, financial matters, etc. For
subtleties, perusers are alluded to [1–3, 5, 7, 8] and so forth.

Motivated by [1, 3, 4], in this paper, we consider a class of
fractional order mixed type integro-differential systems with

non-instantaneous impulses of the form
cDα x(t) = Ax(t)+ J1−α [F (t,x(t),G1x(t))

+G(t,x(t),G2x(t))],

t ∈ (si, ti+1] , i = 0,1,2, . . . ,m
x(t) = gi(t,x(t)), t ∈ (ti,si] , i = 1,2, . . . ,m (1.1)
x(0) = x0,

where cDα is the Caputo fractional derivative of order 0<α ≤
1,J1−α is Riemann-Liouville fractional integral operator and
J = [0,T ] is operational interval. The map A : D(A)⊂ X → X
is a closed linear sectorial operator defined on a Banach space
(X ,‖ ·‖),x0 ∈ X ,0 = t0 = s0 < t1 ≤ s1 < t2 ≤ s2 < · · ·< tm ≤
sm < tm+1 = T are fixed numbers, gi ∈C ((ti,si]×X ;X) , F,G :
[0,T ]×X2→ X is a nonlinear function and the functions G1
and G2 are defined by

G1x(t)=
∫ t

0
h(t,s,x(s))ds and G2x(t)=

∫ T

0
h̃(t,s,x(s))ds,

h, h̃ : ∆×X→ X , where ∆ = {(x,s) : 0≤ s≤ x≤ τ} are given
functions which satisfies assumptions to be specified later on.

The rest of the paper is organized as follows. In Section 2,
we present the notations, definitions and preliminary results
needed in the following sections. In Section 3 is concerned
with the existence results of problem (1.1). An example is
given in Section 4 to illustrate the results.
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2. Preliminaries
Let us set J = [0,T ],J0 = [0, t1], J1 = (t1, t2] , . . ., Jm−1 =
(tm−1, tm] , Jm =(tm, tm+1] and introduce the space PC(J,X) :=
{u : J→ X | u ∈C (Jk,X) ,k = 0,1,2, . . . ,m, and there exist
u
(
t+k
)

and u
(
t−k
)
,k = 1,2, . . . ,m, with u

(
t−k
)
= u(tk)

}
. It is

clear that PC(J,X) is a Banach space with the norm ‖u‖PC =
sup{‖u(t)‖ : t ∈ J}.

Let us recall the following definition of mild solutions for
fractional evolution equations involving the Caputo fractional
derivative.

Definition 2.1. [5] Caputo’s derivative of order α > 0 with
lower limit a, for a function f : [a,∞)→ R is defined as

C
a Dα

t f (t) =
1

Γ(n−α)

∫ t

a
(t− s)n−α−1 f (n)(s)ds = aJn−α

t f (n)(t)

where a ≥ 0,n ∈ N. The Laplace transform of the Caputo
derivative of order α > 0 is given as

L
{

C
0 Dα

t f (t);λ

}
= λ

α f̂ (λ )−
n−1

∑
k=0

λ
α−k−1 f k(0); n−1 < α ≤ n.

Definition 2.2. [3] A closed and linear operator A is said to
be sectorial if there are constants ω ∈ R,θ ∈

[
π

2 ,π
]
,MA > 0,

such that the following two conditions are satisfied:

(1) ∑(θ ,ω) = {λ ∈C : λ 6= ω, |arg(λ−ω)|< θ}⊂ ρ(A)

(2) ‖R(λ ,A)‖L(X) ≤ M
|λ−ω| ,λ ∈ ∑(θ ,ω),

where X is the complex Banach space with norm denoted
‖ · ‖X .

Lemma 2.3. [3] Let f satisfies the uniform Holder condi-
tion with exponent β ∈ (0,1] and A is a sectorial operator.
Consider the fractional equations of order 0 < α < 1

C
a Dα

t x(t) = Ax(t)+ J1−α f (t), t ∈ J = [a,T ], (2.1)

a≥ 0, x(a) = x0. Then a function x(t) ∈C([a,T ],X) is the so-
lution of the equation (2.1) if it satisfies the following integral
equation

x(t) = Qα(t−a)x0 +
∫ t

a
Qα(t− s) f (s)ds

where Qα(t) is solution operator generated by A defined as

Qα(t) =
1

2πi

∫
Γ

eλ t
λ

α−1 (λ α I−A)−1 dλ

Γ is a suitable path lying on ∑θ ,ω .

Remark 2.4. If A ∈A α (θ0,ω0), then strongly continuous
‖Qα(t)‖ ≤MAeωt . Let M̃Q := sup0≤t≤T ‖Qα(t)‖L(X). So we

have ‖Qα(t)‖L(X) ≤ M̃Q.

Now, we recall the following important Lemma which is
very useful to prove our main result.

Lemma 2.5. [6] Let 0 < ρ < 1,γ > 0,

S = ρ
n +D1

nρ
n−1

γ +
D2

nρn−2γ2

2!
+ · · ·+ γn

n!
, n ∈ N.

Then, for all constant 0 < ξ < 1 and all real number s > 1,
we get

S≤ O
(

ξ n
√

n

)
+O

(
1
ns

)
= O

(
1
ns

)
, n→+∞.

Definition 2.6. A function x ∈ PC(J,X) is said to be a PC-
mild solution of problem (1.1) if it satisfies the following
relation:

x(t)

=



Qα(t)x0 +
∫ t

0
Qα(t− s)[F(s,x(s),G1x(s))

+G(s,x(s),G2x(s))]ds, t ∈ [0, t1]
gi(t,x(t)), t ∈ (ti,si]
Qα (t− si)gi(si,x(si))

+
∫ t

si

Qα(t− s)[F(s,x(s),G1x(s))

+G(s,x(s),G2x(s))]ds, t ∈ (si, ti+1]

for all i = 1,2, . . . ,m.

3. Existence Results
In this section, we present and prove the existence and

uniqueness of the system (1.1) under general Banach contrac-
tion principle fixed point theorem.

From Definition 2.3, we define an operator ϒ : PC(J,X)→
PC(J,X) as (ϒx)(t) = (ϒ1x)(t)+(ϒ2x)(t), where

(ϒ1x)(t) =


Qα(t)x0, t ∈ [0, t1]
gi(t,x(t)), t ∈ (ti,si]

Qα (t− si)gi(si,x(si)), t ∈ (si, ti+1] ,

(3.1)

and

(ϒ2x)(t)

=



∫ t

0
Qα(t− s)[F(s,x(s),G1x(s))

+G(s,x(s),G2x(s))]ds, t ∈ [0, t1]
0, t ∈ (ti,si]∫ t

si

Qα(t− s)[F(s,x(s),G1x(s))

+G(s,x(s),G2x(s))]ds, t ∈ (si, ti+1] .

(3.2)

To prove our first existence result we introduce the follow-
ing assumptions:

(H (F,G)) The function F,G∈C(J×X2;X) and there exist
positive constants LFk ,LGk ∈ L1 (J,R+)(k = 1,2) such
that

‖F(t,x1,x2)−F(t,y1,y2)‖
≤ LF1(t)‖x1− y1‖+LF2(t)‖x2− y2‖
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and

‖G(t,x1,x2)−G(t,y1,y2)‖
≤ LG1(t)‖x1− y1‖+LG2(t)‖x2− y2‖

for all (x1,y1),(x2,y2) ∈ X and every t ∈ J.

(H(h, h̃)) The functions h, h̃ : ∆×X → X are continuous and
there exist constants Lh,Lh̃ > 0 such that∥∥∥∥∫ t

0
[h(t,s,x(s))−h(t,s,y(s))]ds

∥∥∥∥≤ Lh‖x− y‖,

for all, x,y ∈ X ; and∥∥∥∥∫ T

0
[h̃(t,s,x(s))− h̃(t,s,y(s))]ds

∥∥∥∥≤ Lh̃‖x− y‖,

for all, x,y ∈ X ;

(H(g)) For i = 1,2, . . . ,m, the functions gi ∈C ([ti,si]×X ;X)
and there exists Lgi ∈C (J,R+) such that

‖gi(t,x)−gi(t,y)‖ ≤ Lgi‖x− y‖

for all x,y ∈ X and t ∈ [ti,si].

Theorem 3.1. If hypotheses H(F,G),H(k, k̃) and H(g) hold

and 0≤ Λ < 1
(

Λ = max
{

Lgi ,M̃QLgi

})
, then problem (1.1)

has a unique PC-mild solution x∗ ∈ PC(J,X).

Proof. For any x,y ∈ PC(J,X), by (3.1) we sustain

‖(ϒ1x)(t)− (ϒ1y)(t)‖

≤


0, t ∈ [0, t1]
Λ‖x− y‖PC, t ∈ (ti,si] , i = 1,2, . . . ,m,

Λ‖x− y‖PC, t ∈ (si, ti+1] , i = 1,2, . . . ,m,

(3.3)

which means

‖(ϒ1x)(t)− (ϒ1y)(t)‖ ≤ Λ‖x− y‖PC,

where t ∈ [0, t1]∪ (ti,si]∪ (si, ti+1] , i = 1,2, . . . ,m. Then we
obtain ∥∥(ϒ2

1x
)
(t)−

(
ϒ

2
1y
)
(t)
∥∥≤ Λ

2‖x− y‖PC,

where t ∈ [0, t1]∪ (ti,si]∪ (si, ti+1] , i = 1,2, . . . ,m. It is clear
that, we have

‖(ϒn
1x)(t)− (ϒn

1y)(t)‖ ≤ Λ
n‖x− y‖PC, (3.4)

where t ∈ [0, t1]∪ (ti,si]∪ (si, ti+1] , i = 1,2, . . . ,m.
For any real number 0 < ε < 1, there exists a continuous

function φ(s) such that
∫ T

0
| `(s)− φ(s) | ds < ε, where

`(s)= M̃Q[LF1(s)+LF2(s)Lh+LG1(s)+LG2(s)Lh̃] is a Lebesgue

integrable function. For any t ∈ [0, t1],x,y ∈ PC(J,X) and by
(3.2), we obtain

‖(ϒ2x)(t)− (ϒ2y)(t))‖

≤
∫ t

0
‖Qα(t− s)‖[‖F(s,x(s),G1x(s))

−F(s,y(s),G1y(s))‖+‖G(s,x(s),G2x(s))

−G(s,y(s),G2y(s))‖]ds

≤ M̃Q

∫ t

0
[LF1(s)+LF2(s)Lh +LG1(s)+LG2(s)Lh̃]

‖x(s)− y(s)‖ds

≤
∫ t

0
`(s)ds‖x− y‖PC

≤
(∫ t

0
|`(s)−φ(s)|ds+

∫ t

0
|φ(s)|ds

)
‖x− y‖PC

≤ (ε +λ t)‖x− y‖PC

=

(
D0

1ε
1 +D1

1
(λ t)1

1!

)
‖x− y‖PC,

where max
t∈J
|φ(t)|= λ .

Assume that, for any natural number k, we get

‖(ϒk
2x)(t)− (ϒk

2y)(t))‖

≤
(

D0
kε

k +D1
kε

k−1 (λ t)1

1!
+ · · ·+Dk

kε
k−k (λ t)k

k!

)
‖x− y‖PC.

From the above inequality and the formula Dm
k+1 = Dm

k +

Dm−1
k , we obtain

‖(ϒk+1
2 x)(t)− (ϒk+2

2 y)(t))‖

≤ M̃Q

∫ t

0
[LF1 (s)+LF2 (s)Lh +LG1 (s)+LG2 (s)Lh̃]‖(ϒ

k
2x)(s)− (ϒk

2)y(s)‖ds

=
∫ t

0
`(s)‖(ϒk

2x)(s)− (ϒk
2)y(s)‖ds

≤
(∫ t

0
|`(s)−φ(s)|

(
D0

kε
k +D1

kε
k−1 (λ s)1

1!
+ · · ·+Dk

kε
k−k (λ s)k

k!

)
ds
)

‖x− y‖PC +

(∫ t

0
|φ(s)|

(
D0

kε
k +D1

kε
k−1 (λ s)1

1!
+ · · ·+Dk

kε
k−k (λ s)k

k!

)
ds
)

‖x− y‖PC

≤ ε

(
D0

kε
k +D1

kε
k−1 (λ t)1

1!
+ · · ·+Dk

kε
k−k (λ t)k

k!

)
‖x− y‖PC

+λ

∫ t

0

(
D0

kε
k +D1

kε
k−1 (λ s)1

1!
+ · · ·+Dk

kε
k−k (λ s)k

k!

)
ds‖x− y‖PC

≤
(

D0
k+1ε

k+1 +D1
k+1ε

k (λ t)1

1!
+ · · ·+Dk+1

k+1ε
(k+1)−(k+1) (λ t)k+1

(k+1)!

)
‖x− y‖PC.

By mathematical methods of induction, for any natural
number n, we get

‖ϒn
2x−ϒ

n
2y‖PC

≤
(

D0
nε

n +D1
nε

n−1 ζ 1

1!
+ · · ·+Dn

nε
n−n ζ n

n!

)
‖x− y‖PC,
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where ζ = λT . By Lemma 2.2, we have

‖ϒn
2x−ϒ

n
2y‖PC ≤

[
O
(

ηn
√

n

)
+O

(
1

hµ

)]
‖x− y‖PC

= O
(

1
nµ

)
‖x− y‖PC, (n→+∞),

(3.5)

where 0 < η < 1,µ > 1. It is easy to see that the above
equation (3.5) holds for t ∈ (si, ti+1] , i = 1,2, . . . ,m. By (3.4)
and (3.5), we obtain

‖ϒnx−ϒ
ny‖PC ≤

(
Λ

n +O
(

1
nµ

))
‖x− y‖PC, ∀n > n0.

Thus, for any fixed constant µ > 1, we can find a positive
integer n0 such that, for any n > n0, we get 0 < ∆n + 1

nµ < 1.
Therefore, for any x,y ∈ PC(J,X), we have

‖ϒnx−ϒ
ny‖PC ≤

(
Λ

n +
1

nµ

)
‖x− y‖PC ≤ ‖x− y‖PC, ∀n > n0.

By the general Banach contraction mapping principle, we
get that the operator ϒ has a unique fixed point x∗ ∈ PC(J,X),
which means that problem (1.1) has a unique PC-mild solution.

4. Application

In this section, we are going to present an example to validate
the results established in Theorem 3.1. Consider the fractional
partial integro-differential equation of the form

cDα x(t,z) =
∂ 2x
∂ z2 + J1−α P

(
t,x(t,z),

∫ t

0
h(t,s,x(s,z))ds

)
+ J1−α P̃

(
t,x(t,z),

∫ t

0
h̃(t,s,x(s,z))ds

)
,

a.e.(t,z) ∈ ∪m
i=1 (si, ti+1]× [0,π] (4.1)

x(t,0) = x(t,π) = 0, t ∈ [0,T ] (4.2)

x(0,z) = x0(z), z ∈ [0,π] (4.3)

x(t,z) = Gi(t,x(t,z)), t ∈ (ti,si] , z ∈ [0,π], (4.4)

i = 1,2, . . . ,N, (4.5)

where 0 = t0 = s0 < t1 ≤ s1 · · · < tm ≤ sm < tm+1 = T,P ∈
C
(
[0,T ]×R3,R

)
and Gi ∈C ((ti,si]×R,R) for all i= 1,2, . . . ,

m.
Let X = L2([0,π]). Define an operator A : D(A)⊆ X → X

by Ax = x′′ with D(A) = {x ∈ X : x′′ ∈ X ,x(0) = x(π) = 0} .
It is well known that A is the infinitesimal generator of an
analytic semigroup {T (t) : t ≥ 0} in X . Moreover, the subor-
dination principle of solution operator implies that A is the
infinitesimal generator of a solution operator {Qα(t)}t≥0 such
that ‖Qα(t)‖L(X) ≤ Q̃S for t ∈ [0,1].

Set

x(t)z = x(t,z),J1−α [F (t,x(t),G1x(t))z+G(t,x(t),G2x(t))z]

= J1−α P
(

t,x(t,z),
∫ t

0
h(t,s,x(s,z))ds

)
+ J1−α P̃

(
t,x(t,z),

∫ t

0
h̃(t,s,x(s,z))ds

)
gi(t,x(t))z = Gi(t,x(t,z)).

Thus with this set-up, equations (4.1)-(4.4) can be written in
the abstract form for the system (1.1).
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