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1. Introduction

The notion of fuzzy set was introduced by L.A. Zadeh in the
year 1965. Since than it has been applied in almost all the
branches of science and technology, where set theory and
mathematical logic play an important role. This newly intro-
duced concept opened lot of scope and directions for investiga-
tions in many ways in all the branches for research. Recently
fuzzy set theory has been applied and fuzzy topological spaces
have been studied by Kubiak [10] and Sostak [18] introduced
the notion of (L-)fuzzy topological space as a generalization of
L-topological spaces (originally called (L-)fuzzy topological
spaces by Chang [5] and Goguen [9]). Berge [4] introduced
the concept multimapping F : (X, 1) — (¥, o) where X and Y
are topological spaces. After Chang introduced the concept
of fuzzy topology [5], continuity of multifunctions in fuzzy
topological spaces have been defined and studied by many
authors from different view points (e.g. see [2, 3, 12-14]).
Tsiporkova et. al., [19, 20] introduced the continuity of fuzzy
multivalued mappings in the Chang’s fuzzy topology [5]. On
the other hand, as a generalization of fuzzy topological spaces
Samanta and Mondal [17], introduced the concept of intuition-
istic gradation of openness. In 2005, the term intuitionistic
is ended by Garcia and Rodabaugh [8]. They proved that

the term intuitionistic is unsuitable in mathematics and ap-
plications and they replaced it by double. In this paper, we
introduce and study the concepts of double fuzzy upper and
double fuzzy lower contra-continuous multifunctions. Sev-
eral characterizations and properties of this multifunctions are
established in double fuzzy topological spaces.

2. Preliminaries

Throughout this paper, Let X be a non-empty set, / the unit
interval [0, 1], I = (0,1] and I} = [0,1). The family of all
fuzzy sets on X is denoted by IX. By 0 and 1, we denote the
smallest and the greatest fuzzy sets on X. For a fuzzy set
A € I*,1— A denotes its complement.

Definition 2.1 ([1]). Let F : (X,t) — (Y,0), then F is called
a fuzzy multifunction if, and only if F(x) € LY for each x €
X. The degree of membership of y in F(x) is denoted by
F(x)(y) = Gr(x,y) for any (x,y) € X xY. The domain of F,
denoted by dom(F) and the range of F, denoted by rng(F)
for any x € X and y € Y, are defined by: dom(F)(x) =
V Gr(x,y) and rng(F)(x) = \ Gp(x,y).

yey xeX

Definition 2.2 ([1]). Let F : (X, t) — (Y,0) be a fuzzy multi-
function. Then F is called:

1. normalized if, and only if for each x € X, there exists
yo €Y such that Gr(x,yo) = 1.

2. acrisp if, and only if Gr(x,yo) = 1 for each x € X and
yeY.

Definition 2.3 ([1]). Let F : (X, t) — (Y,0) be a fuzzy multi-
function. Then



1. the lower inverse of u € LY is an L-fuzzy set F'(u) € LX

defined by F'(u)(x) = Vy(GF (x5, y) A ().
ye

2. the upper inverse of L € LY is an L-fuzzy set F*(u) €

L* defined by F*(p)(x) = Ay(va (x,3) V1 (y)).
ye

Definition 2.4 ([1]). Let F: (X, T) —
function. Then

1. F(M) < F(A) if M < Mo

2. Fl(w) < F'(po) and F*() <
3. Fl(ue) < (F"(u))".

4. F'(ue) < (F'(w))".

5. F(F“(u)) < wif F is a crisp.
6. F*(F(A)) > A if F is a crisp.

Definition 2.5 ([1]). Let F: (X,7) — (Y,0) and H: (Y,0) —

(Z,n) be two fuzzy multifunctions. Then the composition H o

F is defined by ((H o F)(x))(2) = V (Gr (x,y) A Gr (3:2)):
ye

(Y,0) be a fuzzy multi-

F'(u2) if i < .

Theorem 2.6 ([1]). Let F : (X,7) — (Y,0) and H: (Y,0) —
(Z,m) be two fuzzy multifunctions. Then we have the following

1. HoF =F(H).

2. (HoF)*=F"(H").

3. (HoF)' =F!(H").
Definition 2.7. A fuzzy point x; in X is a fuzzy set taking value
t € Iy at x and zero elsewhere, x; € A if and only ift < A(x).
Definition 2.8 ([6, 17]). A double fuzzy topology on X is
a pair of maps ©,7* : IX — I, which satisfies the following

properties:

1. ©(A) <1—1*() for each A € I*.

2. (M AL) > T(M)AT(A) and T (M A A) < T5(A) V
™ (Ap) for each A1, Ay € I%.
3. t(VA) = Ath) and (V A) < Vier ™ (A) for
iel iel ier
each A e IX i €T.
The triplet (X,t,7*) is called a double fuzzy topological
space.

Definition 2.9 ([6, 17]). A fuzzy set A is called an (r,s)-fuzzy
open if t(A,r,s) > rand T (A,r,s) <s, A is called an (r,s)-
fuzzy closed if, and only if 1 — A is an (r,s)-fuzzy open set.
Theorem 2.10 ([7, 11]). Let (X, T,7*) be a double fuzzy topo-
logical space. Then double fuzzy closure operator and double
fuzzy interior operator of A € IX are defined by

CT,T* ()’a r,s)

Ifyf*(xvr’s) = \/{H er” <A, t(u) >nt(u) <st,
where r € Iy and s € I such that r+s < 1.

863

Double fuzzy contra-continuous multifunctions — 863/866

Definition 2.11 ([15]). Let F : (X,7,7*) — (Y,0,0%) be a
double fuzzy multifunction and r € Iy, s € I1. Then F is called:

1. double fuzzy upper semi-continuous at a fuzzy point
x; € dom(F) ifx; € F*(u) for each p € I and o(u) >
r, 6*(1) < s, there exists an (r,s)-fuzzy open set A € IX
and x; € A such that A Ndom(F) < F"(u).

2. double fuzzy lower semi-continuous at a fuzzy point x; €
dom(F) if x; € F*(u) for each u € I' and o*(u) >r,
o(u) <s, there exists an (r,s)-fuzzy open set A € I*
and x, € A such that 2. < F'(p).

3. double fuzzy upper (lower) semi-continuous if it is dou-
ble fuzzy upper (lower) semi-continuous at every fuzzy
point x; € dom(F).

Definition 2.12 ([16]). Let F : (X,7,7*) — (Y,0,0%) be a
double fuzzy multifunction and r € Iy, s € I1. Then F is called:

1. double fuzzy upper weakly continuous at a fuzzy point
x; € dom(F) if x; € F*(u) for each u € I with o(u) >
rand o* (1) <s, there exists an (r,s)-fuzzy open set A €
IX and x; € A such that A Ndom(F) < F*(Cg o+ (1,7, 5)).

2. double fuzzy lower weakly continuous at a fuzzy point
x; €dom(F) ifx, € F*(u) foreach u € I', with o (1) >
r and o*(() < s, there exists an (r,s)-fuzzy open set
A € IX and x; € A such that A < F!(Cg o+ (11, 1,5)).

3. double fuzzy upper (lower) weakly continuous if it is
double fuzzy upper (lower,s) weakly continuous at every
x; € dom(F).

3. Double fuzzy contra-continuous
multifunctions

Definition 3.1. A double fuzzy multifunction F : (X,7,7*) —
(Y,0,0%), r € Ly, s € I is said to be

1. double fuzzy upper contra-continuous at a fuzzy point
x; € dom(F) ifx, € F* (1) foreachu € I', o(1—p) >
rand 6*(1 — ) < s, there exists an (r,s)-fuzzy open
set & € IX and x, € A such that 2 Ndom(F) < F"(p).

2. double fuzzy lower contra-continuous at a fuzzy point
x; € dom(F) if x, € F"(u) for each u € I' and o(1—
W) > rand 6*(1— ) <s, there exists an (r,s)-fuzzy
open set A € IX and x, € A such that A < F'(u).

3. double fuzzy upper (lower) contra-continuous if it is
double fuzzy upper (lower) contra-continuous at every
Sfuzzy point x; € dom(F).

Proposition 3.2. If F is normalized, then F : (X,7,7%) —
(Y,0,0%) is a double fuzzy upper contra-continuous multi-

= /\{ﬂ e A<u,t(1-p)>nt(1-p)<s}, function at a fuzzy point x; € dom(F) if, and only if x, € F" (1)

foreach u €I and (1 —p) > r and 6*(1— ) < s, there
exists an A € IX, ©(1) > r, T(1) < s and x, € A such that
A <F'(u).



Theorem 3.3. For a double fuzzy multifunction F : (X, T,7*) —
(Y,0,0%), the following statements are equivalent, where
relyands € I:

1. F is double fuzzy lower contra-continuous.

2. FY(u) is (r,s)-fuzzy open if (1 —pu) > r and o*(1—
H)<s.

3. F*(u) is (r,s)-fuzzy closed if o(u) > r and o* (i) < s.

Proof. (1) & (2): Let x; € dom(F), p eI, o(1—p) > r,
0*(T—u) <sand x, € F/(u). Then there exists an (r,s)-
fuzzy open set A € IX and x, € A such that < F/(u) and
hence x; € It (F'(u),r,s). Therefore, we obtain F!(u) =
It (F!(u),r,s). Thus, F!(u) is (r,s)-fuzzy open. Let x; €
dom(F),pel’,o(1—pu)>rand o*(1—p) <swithx, €
F'(u). Then by (2), F'(u) = A (say) is (r,s)-fuzzy open.
Then there exists an (r,s)-fuzzy open set A € IX and x, € 4
suchthat A < F l(,u). Thus, F is double fuzzy lower contra-
continuous.

(2)e (3):Letucl’,o(1—pu)>rand 6*(1—pu) <s. Then
by (1), F{(T—pu) =1—F*(u) is (r,s)-fuzzy open. Then
F*(u) is (r,s)-fuzzy closed in (X,7,7*). The converse is
clear. O

>
’

Theorem 3.4. Let F : (X,1,7") — (Y,0,0%) be a double
fuzzy multifunction and u € I, then the following are equiva-
lent:

1. F is double fuzzy lower contra-continuous.

2. F(u) is (r,s)-fuzzy open if 6(1 —p) > r and 6*(1 —
p) <s.

3. Fl(u) is (r,s)-fuzzy closed if o(u) > r and o*(u) < s.

Proof. Simillar to the proof of Theorem 3.3. O

Definition 3.5. Let (X, t,7*) be a double fuzzy topological
space. For each A € X, rely and s €1, an operator
Kr o i X x Iy — X is defined as Ky o+ (A,r,s) = A{p: u >
A, t(u) >t (u) <sh.

Lemma 3.6. Let (X,7,7*) be a double fuzzy topological
space. If L € IX, T(u) > rand v (1) <s, then = Ky o+ (A, 1,5).

Proof. Clear. O

Theorem 3.7. Let F : (X,71,7*) — (Y,0,0%) be a double
fuzzy multifunction. If Cz o+ (F'(1,1,5)) > F! (Ko 6+ (1,7, 5))
forany p € I', then F is double fuzzy upper contra-continuous.

Double fuzzy contra-continuous multifunctions — 864/866

Theorem 3.8. Let F : (X,7,7°) — (Y,0,0%) be a double
Sfuzzy multifunction. If Cy o+ (F*(l,1,5)) > F*(Ko,6+ (U, 1,5))
forany u € I, then F is double fuzzy lower contra-continuous.

Proof. Suppose that Cy o« (F*(u,r,s)) > F*(Ks 6+ (1, 1,5)) for
anyu €I’ Letp €I¥, o(p) > rand 6*(p) <s. By Lemma
3.6, we have Cr o« (F"(p,r,5)) < F*(Ks.6+(p,1s)) = F*(p).
This implies that C; + (F*(p,r,s)) = p and hence F*(p) is
(r,s)-fuzzy closed in IX. Thus, by Theorem 3.4, F is double
fuzzy lower contra-continuous. O

The following example shows that the notions double
fuzzy lower contra-continuity and double fuzzy lower semi-
continuity are independent.

Example 3.9. Let X = {x;,x2}, Y = {y1,y2,y3} and a dou-
ble fuzzy multifunction F : (X, ©,7*) — (Y,0,0%) defined by
GF(xlayl)ZE)'la _

Gr(x1,y2) =1,Gr(x1,y3) =0,GF(x2,y1) =0.5,GFp (x2,y2) =
0 and Gp(x2,y3) = 1. Define a double fuzzy topology T,7* :
X — I as follows:

1 ifA=0o0r1 0 ifA=0o0r1
T(A)= % ifA€{0506} t(1)= % if 2 €{0.5,0.6}
0 otherwise 1 otherwise.

Define a double fuzzy topology ©,6™ : IY — 1 as follows:

1 ifA=00rl 1 ifA=0o0rl

3 ifA=05 3 ifA=05
o(A) = c*(A)

1 ifa=04 2 ifa=04

0 otherwise 0  otherwise.

Letr= % and s = % Then the double fuzzy multifunction F :
(X,1,7") — (Y, 0,0%) is double fuzzy lower contra-continuous
but not double fuzzy lower semi-continuous.

Example 3.10. Let X = {x1,x2}, Y = {y1,y2,y3} and F :
X — Y be a double fuzzy nultifunction defined by Gg(x1,y1) =
0.1,Gp(x1,2) =1,Gr(x1,y3) =0,GF (x2,y1) =0.5,GFp (x2,2)
=0 and Gr(xy,y3) = 1.Define a double fuzzy topology 7 :
X = Tand v : 1Y — I as follows:

1 ifA=0o0r1 0 ifA=0o0r1
T(A)= % ifA€{04,05} )= % if 2 € {0.4,0.5}
0 otherwise 1 otherwise.

Define a double fuzzy topology 6 : IX — I and 6* : I' — I as
follows:

1 ifrA=0o0rl 1 ifA=0orl

Proof. Suppose that Cz o« (F!(,7,5)) > F! (Ko o+ (1,1, 5)) for

anyu €. Letp €I, 6(p) > rand 6*(p) < s. By Lemma I ifa=03 I ifAa=035

3.6, we have C; o+ (F!(p,r,5)) < F'(Ks.6+(p,1,5)) = Fl(p). ©(4)= _ ofA)= o

A ! ’ L(p) i L A= 3 A=

This implies that C; +(F'(p,r,s)) = p and hence F'(p) is 3 ifA=04 3 fA=04
(r,5)-closed in (X, 7,7*). Thus, by Theorem 3.3, F is double . .

fuzzy upper contra-continuous. O 0 otherwise 0 otherwise.
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Letr= % and s = % Then the double fuzzy multifunction F :
(X,1,7%) — (Y,0,0%) is double fuzzy lower semi-continuous
but not double fuzzy lower contra-continuous.

Theorem 3.11. Let F: (X,7,7°) = (Y,0,0%)and H : (Y,0
6*) — (Z,1n,n*) be double fuzzy multifunctions. If F is dou-
ble fuzzy lower contra-continuous and H is double fuzzy lower
semi-continuous, then H o F is double fuzzy lower contra-
continuous.

Proof. Let A € I, n(1—2) > r and n *1— ) . Then
from Theorem 3.4 (2), we have (Ho F)!(A) = F/(H ( )) and
F'(H'(A)) is (r,5)-fuzzy open in (X,7,7*) with T(H!(1 —
A)) > rand T (H'(1— 1)) <s. Thus, H o F is double fuzzy
lower contra-continuous. O

Theorem 3.12. Let F: (X,7,7°) = (Y,0,0")and H : (Y,0
6*) = (Z,n,n*) be double fuzzy multifunctions. If F and H
are normalized, F is double fuzzy upper contra-continuous
and H is double fuzzy upper semi-continuous, then Ho F is
double fuzzy upper contra-continuous.

Proof. Simillar to the proof of Theorem 3.11. U

Theorem 3.13. Let {F; : i € I'} be a family of double fuzzy
lower contra-continuous between two double fuzzy topologi-
cal spaces (X,7,7*) and (Y,0,0’). Then \J F; is double fuzzy
iel

lower contra-continuous.

Proof. Letp €l¥, o(1—p) >r, o*(1—p) <s. Since {F;:
i € T} is a family of double fuzzy lower contra-continuous
multifunctions, F/(u) is (r,s)-fuzzy open in (X,,7*). Then
wehave, (U Fi)! (1) =

iel’
Hence | F; is a double fuzzy lower contra-continuous multi-
iel’

function. O
Theorem 3.14. If F| and F, are normalized double fuzzy
upper contra-continuous multifunctions between two double
Sfuzzy topological spaces (X, t,7%) and (Y, 0,0%), then F{ UF,
is a double fuzzy upper contra-continuous multifunction.

Proof. Letu el¥, o(1—u)>r, o*(1—p) <s. Since F
and F> are normalized double fuzzy upper contra-continuous
multifunctions, F{*(u) and F;' () are (r,s)-fuzzy open sets in
(X,7,7%). Since (F1UF)"(u) = F{'(1) V E' (1) is an (r,s)-
fuzzy open set, (Fi UF>)*(u) is (r,s)-fuzzy open in (X, 7,7*).
Hence F; UF, is a double fuzzy upper contra-continuous mul-
tifunction. O

Definition 3.15. A double fuzzy set A in a double fuzzy topo-
logical space (X,t,t*) is called (r,s)-fuzzy compact if every
family {p: T(p) > r,*(p) <s,u € IX}, wherer € I, s € I
covering A has a finite subcover.

Definition 3.16. A double fuzzy set A in a double fuzzy topo-
logical space (X,T,7%) is called (r,s)-fuzzy closed-compact if
every family {p : t(1—u) > r,7*(1—pu) <s,u € IX}, where
r € Iy, s € I) covering A has a finite subcover.
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Theorem 3.17. Let F : (X,7,7*) — (Y,0,0) be a crisp dou-
ble fuzzy upper contra-continuous multifunction. Suppose that
F(x;) is (r,s)-fuzzy closed-compact for each x, € dom(F). If
A is (r,8)-fuzzy compact in (X, T,T%), then F (L) is (r,s)-fuzzy
closed-compact in (Y,0,0%).

Proof. Let A be (r,s)-fuzzy compact set in (X, 7,7*) and

{vi:0(1—9)>ro*(1—y) <s,i €T} be a family cov-
ering of F(A), thatis, F(A) < \ 7. Since A = \ x;, we
iel X €A
have F(A)=F(V x)=V F(x) < \/ ¥;. It follows that
X EA x €A
for each x, € A, F(x) < \ ¥%. Since F(xl) is (r,s)-fuzzy
ier

closed-compact, there exists a finite subset Iy, of I such that

F(x)< V Y =%, Thenwehavex, <F"(F(x;)) <F"(%,)
nely,

andz’ = \/ Xt S \/ FM(F(XI‘)) S Fu(%‘r)' Since G(%&) Z r
Xt EA x €L

and o*(%,) < s, then we have F*(y,) is (r,s)-fuzzy open
n (X,7,7°). Hence {F"(%,): F*(%,) is (r,s)-fuzzy open,
X € A} is a family covering the A. Since 4 is (r,s)-fuzzy
compact, then there exists a finite index set N such that
A< \/ F"(Yx, ). Then we have F(A) < F( \/ F”(j/x[n)) =

V F( “(%,)) < V Y, Hence F(A) s (r, s) fuzzy closed-
neN neN
compact in (Y, 0,0%).. O

Theorem 3.18. Let F : (X,7,7*) — (Y,0,0%) be a double
Sfuzzy multifunction. If F is double fuzzy lower contra-continuous,
then it is double fuzzy lower weakly continuous.

Proof. Let x; € dom(F), p € I, o(u) > r, 6*(u) < s and
x; € F'(p). Since F is double fuzzy lower contra-continuous,
1—Co.o+(1,1,5) is (r,s)-fuzzy open in (X,7,7*) and x, €
F!(Cy6+(1,7,5)). Then there exists an (r,s)-fuzzy open set
A € IX and x, € A such that A < F/(Cy 6+ (U, 1,5)). Hence F
is a double fuzzy lower weakly continuous multifunction. [

Theorem 3.19. Let (X, 7,7*) and (X;,T;, T7) be double fuzzy

topological spaces (i € I). If a double fuzzy multifunction

F:(X,t,7) — II(X;, 7, t)) is double fuzzy lower contra-
icl

L
continuous (where T1(X;, 7, 7)) is the product space), then
iel

P, o F is double fuzzy lower contra-continuous for each i € I,
where P : T1(X;, 7, 7T) — (Xi, T, 7)) is the projection multi-
iel

Sfunction which is defined by P,((x;)) = {x;} for eachi € L.

Proof. Let W, € I, 7;(1— w;,) > rand 7*(1— ;) <'s. Then
(P © F) (tig) = F'(PL (ki) = F"'(tiy X ;I} X;). Since F
LF1

is double fuzzy lower contra-continuous and 7;(1 — t;, x
I X;) > rand (1 —p, x T1X;) <s, F'(iy x I X;) is
i#io i#io i#ip

an (r,s)-fuzzy open set in (X, 7,7*). Then P;o F is a double
fuzzy lower contra-continuous multifunction. 0

Theorem 3.20. Let (X, 7,7*) and (X;,T;, T") be double fuzzy
topological spaces (i € I). If a double fuzzy multifunction

009 nn,,
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F:(X,1,7) = (X, 7, T") is double fuzzy upper contra-
icl

continuous and normalized, then P;o F is a double fuzzy upper
contra-continuous multifunction for each i € I.

Proof. Simillar to the proof of Theorem 3.19. O

Theorem 3.21. Let (X;,7;, 7)), (Yi,0;,07) be double fuzzy
topological spaces and F; : (X;, 7, 7}) — (¥;, 6;, 67) be a dou-
ble fuzzy multifunction for each i € 1. Suppose that

F: H(Xiafiafi*) - ‘I_I(Yi,G,',Gi*)
iel iel

is defined by F((x;)) = H[E(xi). If F is double fuzzy lower
S

contra-continuous, then F; is double fuzzy lower contra-continuous

foreachic I

Proof. Let w; € I'i, 6;(1— ;) > rand 67 (1 — ;) <'s. Then
o;(1— i x I1Y;) >rand 6} (1—; x I1Y;) <s. Since F is
i#] i#]

double fuzzy lower semi-continuous, F'(1; x TI X;) is (r,s)-
i#]
fuzzy open in I1(X;, 7, 7). Consequently, we obtain that
i€l

F!(w;) is (r,s)-fuzzy open in (X;,7;, t7) for all i € I. Thus, F;
is a double fuzzy lower contra-continuous multifunction. [J

Theorem 3.22. Let (X;,7;,7}), (Yi,0;,07) be double fuzzy
topological spaces and F; : (X;, 7, 7}) — (Y;, 0;,67) be a dou-
ble fuzzy multifunction for each i € 1. Suppose that

F: H(Xiafiafi*) - H(Ylvolact*)
iel iel

is defined by F ((x;)) = I"[IE(xi). If F is a double fuzzy upper
S

contra-continuous multifunction, then F; is double fuzzy upper
contra-continuous for each i € I.

Proof. Simillar to the proof of Theorem 3.21. O
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