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Existence and uniqueness of fractional mixed type
integro-differential equations with
non-instantaneous impulses through sectorial
operator
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Abstract

The key purpose of this paper is to examine the existence and uniqueness of PC-mild solution of fractional order
mixed type integro-differential equations with non-instantaneous impulses in Banach space through sectorial
operator. Based on the Banach contraction principle, we develop the main results. At the end, an example is
offered to explain theoretical outcomes.
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J =0, T] is operational interval. The map A : D(A) C X — X

is a closed linear sectorial operator defined on a Banach space

X, 1Dx0€eX,0=t0=s0<t1 <51 <tr <59 <<t <

Sm < tmy1 = T are fixed numbers, g; € C ((f;,5:] x X;X), f:
[0,T] x X3 — X is a nonlinear function and the functions K;

There are many areas of study in which the question of frac- ~ and K are defined by

tional differential equations has recently arisen as a signifi- . -

cant method for modeling real-world problems. It has great Kix(t) :/ u(t,s,x(s))ds and Kox(t) :/ u(t,s,x(s))ds,
uses in a variety of sciences and diverse fields of study, such 0 0

as mechanics, polymer rheology, frequent variance of ther-
modynamics, blood flow phenomenon, etc. For additional
information, see [1, 2] and the references in it.

1. Introduction

u, i AxX — X, where A= {(x,s): 0 <s <x <7t} are given
functions which satisfies assumptions to be specified later on.
The rest of the paper is organized as follows. In Section 2,
Motivated by [1, 3, 4], in this paper we consider a class of ~ we present the notations, definitions and preliminary results
fractional order mixed type integro-differential systems with ~ needed in the following sections. In Section 3 is concerned



Existence and uniqueness of fractional mixed type integro-differential equations with non-instantaneous impulses

with the existence results of problem (1.1). An example is
given in Section 4 to illustrate the results.

2. Preliminaries

Let us set J = [0,T],Jo = [0,11], J1 = (t1,82] -+ s Jp—1 =
(tm—1,tm]  Jm = (tm,tm+1] and introduce the space PC(J,X) :=
{u:J=>X|ueC(X),k=0,1,2,...,m, and there exist
w(tt)and u(r ), k=1,2,...,m, with u(r, ) =u(n)} . Itis
clear that PC(J,X) is a Banach space with the norm ||u||pc =
sup{||u(r)[| - € J}.

Let us recall the following definition of mild solutions for
fractional evolution equations involving the Caputo fractional
derivative.

Definition 2.1. [5] Caputo’s derivative of order o > 0 with
lower limit a, for a function f : [a,o0) — R is defined as

SDYf(t) = ﬁ /at(f—s)"faflf(") (s)ds = aJ"~* ") (1)

where a > 0,n € N. The Laplace transform of the Caputo
derivative of order o > 0 is given as

n—1
L{th“f(z);/l} —2%7(A) = Y ATk 0); n—1<a<n.
k=0

Definition 2.2. [3] A closed and linear operator A is said to
be sectorial if there are constants ® € R,0 € [%, 71:] ,My >0,
such that the following two conditions are satisfied:

(1) Liow=1heC:a#o |agi—o)| <0} CpA)

(2 IRAA)llLe) < 72554 € Lio,0):

where X is the complex Banach space with norm denoted
1 llx-

Lemma 2.3. [3] Let f satisfies the uniform Holder condi-
tion with exponent 3 € (0,1] and A is a sectorial operator.
Consider the fractional equations of order 0 < o < 1

CDx(t) = Ax(t) +J' 7%f (1), teJ=][a,T],. (2.1)

a >0, x(a) = xq. Then a function x(t) € C([a,T],X) is the so-
lution of the equation (2.1) if it satisfies the following integral
equation

x(t) = Qut — a)xo + / ' Oult — ) f(s)ds

where Qq(t) is solution operator generated by A defined as

Qu(t) = !

= — [ AT (A% —A) " aA

2mi /re ( )

I is a suitable path lying on Y g .

Remark 2.4. If A€ o/%(6p, ), then strongly continuous
[Qa(t)|| < Mpe®. Let Mg :=supy<,<r ||Q06(t)||L(X)' So we

have || Qe (1) x) < M-
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Now, we recall the following important Lemma which is
very useful to prove our main result.

Definition 2.5. A function x € PC(J,X) is said to be a PC-
mild solution of problem (1.1) if it satisfies the following
relation:

Oa(t)x0 + /0 ' Oult — )£ (5,x(s), Kix(s), Kax(s) )ds,
t € 10,11]

gi(t,x(1)),t € (t;,si]

Qu (tt —5i) 8i(si,x(s))

+ / Qalt — ) (s.x(s). Kix(s), Kox(s))ds,

Si

t € (sitiv1]

foralli=1,2,... m.

3. Existence Results

In this section, we present and prove the existence and
uniqueness of the system (1.1) under Banach contraction prin-
ciple fixed point theorem.

From Definition 2.3, we define an operator Y : PC(J,X) —
PC(J,X) as where

(Yx)(7) 3.1)
Out)x0 + /0 ' Oalt —5) (s, x(s), Kix(s), Kox(s))ds,
t €[0,1]
_ gi(t,x(t)),t € (t,si]
Qua (f —5;) 8i(si,x(s:))
—+ /s Qo (t —s)f(s,x(s),K1x(s), Kox(s))ds,
te (S,‘,l,'+|] .
(3.2)

To prove our first existence result we introduce the follow-
ing assumptions:

(H(f)) The function f € C(J x X*;X) and there exist positive
constants Ly, > 0(k = 1,2,3) such that

Hf(t,xl,xz,x3)—f(t,yl,yz,y3)H
<Ly [lxr =y1ll 4L lx2 = yall + Ly llxs — ys]|
for all (x1,x2,x3),(y1,y2,y3) € X and every ¢t € J.

(H(u, u)) The functions u,u : A x X — X are continuous and
there exist constants L, Ly > 0 such that

H [ Tte5.509) e 5(5)Js| < Ll
for all, x,y € X; and
| [ sx6) = 506D | < Ll =1,

for all, x,y € X;
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(H(g)) Fori=1,2,...,m, the functions g; € C([t;,si] x X;X)
and there exists Ly, € C (J,R™) such that

llgi(t,x) — gi(t,y)|| < Lg;|lx— ||

forall x,y € X and t € [t;,si].

Theorem 3.1. Expect that the hypotheses H(f),H (u,u) and
H(g) hold, then problem (1.1) has a unique PC-mild solution
x € X provided

A = max
1<i<m

MQtl [Lfl +Lf2LM —|—Lf3LL7]:| <1.

|:MQL +MQ(11+1

(3.3)

Proof. For any x,y € PC(J,X), by (3.1) and ¢ € [0,1], we
obtain
[Tx(2) = Xy (1)

= ’/0[ Ot —5)f(s,x(s),K1x(s),Kax(s))ds

= [ Qulr = 9)£(6.5(6).Kix(5) Kav(s))ds

< /0 10l — ) 11175, x(5), Kix(s), Kox(s))
— [ (s,3(5), K1y (s), K2y(s)) l]ds

< Mg [ [ + Lkt LiLalle—lrcds
< Moti[Lg, + Ly, L+ Ly Ll | x =yl e

For ¢ € (t;,s;], we have

[Cx(2) = Xy (O)[] < Lg; e =yl pc-

Fort € (s;,t+1], we get
([T (#) = Yy ()]

< |Qu (1= girsx(50) + [ Qalt =911 (5,5(5). Krx(s) Kax(s))ds

= Ol =) i) + | Q= 3)7(5:3(5): Kny(s). Koy (s))ds

—~ t
< Mol li=ylre+ [ [1Qalt =) (5.3(5), Ki(s), Kox(s))
= fs,3(5), Kiy(s), Kay(s)) [ lds
< MoLy,|x = yllpc +Mo(ti1 = s0)[Ly, +LpyLu+ Ly Ll llk—yllpc

< [MoLg, +Mo(ti1 = 5)Ls, +LipLu+LysLal | ¥ =yl

Thus

[Cx = Yyl| < Allx—yllpc-

Therefore, the operator Y is a contraction on PC(J,X) and
there exists a unique mild solution of the system (1.1).
O

si)[Lp, +LpLu+LpLy

I,
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4. Application

In this section, we are going to present an example to validate
the results established in Theorem 3.1. Consider the fractional
partial integro-differential equation of the form

82
‘D%x(t,z) = ﬁul “p(t,x(t,z),
’ T
/ u(t,s,x(&z))ds,/ ﬁ(t,s,x(s,z))ds) ,
0 0
e.(t,z) € ULy (si,tit1] x [0, 7] 4.1
x(t,0) = (t ) =0,re€[0,7T] (4.2)
x(0,z) =x0(z), z € [0, 7] (4.3)
x(t,2) = Gi(t,x(t,z)), t€(t,s],z€0,x],
i=1,2,....N 4.4)
where 0 =ty =50 <t; <1 <ty <Sp<typ1 =T,P €

C([0,7]xR*R) and G; € C((t;,s;] x R,R) foralli=1,2,...,
m.

Let X = L%(]0, xr]). Define an operator A : D(A) C X — X
by Ax =x" with D(A) = {x € X :x" € X,x(0) =x(7) =0}.
It is well known that A is the infinitesimal generator of an
analytic semigroup {7'(¢) : t > 0} in X. Moreover, the subor-
dination principle of solution operator implies that A is the
infinitesimal generator of a solution operator { Q¢ (¢) }+>0 such
that [|Qa (1)l (x) < Qs fort € [0,1].

Set

x(t)z = x(t,2),J' % (1,x(t), Kix(r)

I
)

Kox(t))z

t

=J- “P(txtz u(t,s,x(s,z))

T
/ ult,s,x(s,z))ds
0
gi(I,X(t))Z = Gi(tax(taz))'

Thus with this set-up, equations (4.1)-(4.4) can be written in
the abstract form for the system (1.1).
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