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Isolated sighed dominating function of graphs
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Abstract

An isolated signed dominating function(ISDF) of a graph G is a signed dominating function(SDF) f: V(G) —
{—1,+1} such that f(N[w]) = +1 for at least one vertex of w € V(G). An isolated signed domination number of G,
denoted by ¥;(G), is the minimum weight of an ISDF of G. In this paper, we study some properties of ISDF and
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1. Introduction

Throughout this paper, we consider only finite, simple
and undirected graphs. The set of vertices and edges of a
graph G(p,q) will be denoted by V(G) and E(G) respectively,
p=|V(G)| and g = |E(G)|. For graph theoretic terminology,
we follow [7].

For v € V(G), the open neighborhood of v is Ng(v) =
{u e V(G) : uv € E(G)} and the closed neighborhood of v is
Ng[v] = {v} UN(v). The degree of v is degg(v) = |[Ng(v)|.
The minimum and maximum degree of G is defined by §(G) =

in {d d A(G) = d tively. A
vg;l(ré){ eg(v)} and A(G) vg%){ eg(v)} respectively.

vertex of degree one is called a pendent vertex. A vertex
which is adjacent to a pendent vertex is called a stem.

A function f : V(G) — {0, 1} is called a dominating func-
tion if for every vertex v € V(G), f(N[v]) > 1 [8].

Various domination functions has been defined from the
definition of dominating function by replacing the co-domain
{0, 1} as one of the sets {—1,0,1}, {—1,+1} and etc. One of
such example is signed dominating function [3, 4].

In 1995, J.E.Dunbar et al. [4] defined signed dominating
function. A function f: V(G) — {—1,+1} is a signed domi-

nating function of G, if for every vertex v € V(G), f(N[v]) > 1.
The signed domination number, denoted by %(G), is the min-
imum weight of a signed dominating function on G [4]. The
signed dominating function has been studied by several au-
thors including [1, 2, 5, 6, 9, 11].

A subset S of vertices of a graph G is a dominating set
of G if every vertex in V(G) — S has a neighbor in S. The
minimum cardinality of a dominating set of G is called the
domination number and is denoted by y(G).

In 2016, Hameed and Balamurugan [10] introduced the
concept of isolate domination in graphs. A dominating set S
of a graph G is said to be an isolate dominating set, if < S >
has at least one isolated vertex [10]. An isolate dominating
set S is said to be minimal if no proper subset of S is an isolate
dominating set. The minimum and maximum cardinality of
a minimal isolate dominating set of G are called the isolate
domination number %)(G) and the upper isolate domination
number 'y (G) respectively.

By using the definition of signed dominating function
and isolate domination, we introduced the concept of isolated
signed dominating function. An isolated signed dominat-
ing function (ISDF) of a graph G is a function f: V(G) —
{=1,+1} suchthat ¥ f(u)> 1 for every vertex v € V(G)

ueN|v|
and for at least one vertex of w € V(G), f(N[w]) = +1. The
weight of f, denoted by w(f) is the sum of the values f(v)
for all v € V(G). An isolated signed domination number of G,
denoted by ¥;5(G), is the minimum weight of an ISDF of G.
In this paper, we study some properties of ISDF and we give



isolated signed domination number of disconnected graphs,
cycles and paths.

2. Main Results
Lemma 2.1. If a graph G admits ISDF, then ¥;(G) <

Proof. Since every ISDF is a SDF, we have 7,(G) <

%is(G).
%is(G).
O

Theorem 2.2. Let n > 2 be an integer and let G be a dis-
connected graph with n components G1,Ga,...,G, such that
the first r(> 1) components G1,Ga,...,G, admit ISDF. Then
n
%s(G) = min {#;}, where t; = 1is(Gi)+ ¥ %(G)).
tsisr j=T i

Proof. With out loss of generality, we assume that

= 112112 {;}. Let f| be an minimum ISDF of G| and f;
be a minimum SDF of G; for each i with 2 < i <n. Then
f:V(G) = {—1,+1} defined by f(x) = fi(x), x € V(G)), is

n
an ISDF of G with weight ¥,(G1)+ ¥, %(G;) and so ¥;5(G) <
i=2

¥is(G1) + Z %(Gi) = 1.

Letgbea mlmmum ISDF of G. Then there exists an integer j
such that g|G_/ is a minimum ISDF of G; for some j with 1 <
J <r. Alsoforeach i with | <i<n(i# j) glc, is a minimum
SDF of G;. Therefore w(g) > is(G;) + Z %(Gi)=t;>1

i=1i#]

and hence ¥;(G) = min {#}. O

1<i<r

Corollary 2.3. Let H be any graph which does not admit
ISDF. Then G = HUrK;(r > 1) admits ISDF with ¥(G) =
r+%(H)

Proof. By taking G; =2 K for 1 <i<rand G,4+1 2 H in
Theorem 2.2, we can prove the result. O

Lemma 2.4. Any odd regular graph does not admit ISDF.

Proof. Since |N]v]| is even, f(N[v]) # 1 forany SDF f:V —
{-1,+1}. O

Lemma 2.5. Let f be an ISDF of G and let S CV . Then
£(8) = IS|(mod 2).

Proof. Let ST = {v|f(v) =1,v € S} and S~ = {V|f(v)

—1,v € S}. Then [ST|+|S7| = |S] and [ST|—|S™| = f(S).
Therefore f(S) = |S| —2[S7|. O
Lemma 2.6. Let G be a graph of order n. Then 29(G) —n <
%s(G)-

Proof. Let f be aminimum ISDF of G. Let V' ={u € V(G):

fwy=+1tand V- ={veV(G): f(v)=—-1}. If V™ =9,

then the proof is clear.

If v € V™ since f(N[v]) > 1, then v has at least two neighbor
in V. Therefore V* is a 2-dominating set for G and |V | >
}/2( ). Since ¥;5(G) = |VT|— |V~ |and n = |V |+|V |, then
Yis(G) = 2|VT| — n and finally we have ¥;(G) > 2%(G) —
n. O
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Theorem 2.7. For any graph G with maximum degree A and
2+(6—A)n
A+0+2 -

minimum degree 8, we have Ys(G) >

Proof. Let f be a minimum isolated signed domination func-

tion of G. Then |V 7| + V- |=nand |VT|— V7| = ¥%(G).

We have [V = ”H/”( and |V~ | == Yg(c).

By definition of ISDF of G, atleast one vertex v € V(G), we

have f(N[v]) =1. Then Y. (d(v)+1)f(v) > 1. Therefore
veV(G)

L (@dW))fv)+ ¥ @W)f(v)+%(G) = 1. So A[VT|—

vevt vev-—
8IV=|+%(G) > 1, thus (@A _ (5l(@)3 4y (G) > 1,
we have %,(G) > 25040, .

Theorem 2.8. For given integer k > 1, there exists a graph G
such that ¥%(G) = v5(G) = k.

Proof. Let G = Cs;, be a cycle of order 3k such that V(G) =
{al,az,. .. ,a3k} and E(G) = {a,'a,'+1 1 <i<3k-— 1}
U{asra; }. Let f be a SDF of G. Since N[a;| = {a;_1,a;,ai+1}
and f(N[a;]) > 1, any three consecutive vertices must have
at least two +1 signs. Thus f(V(G)) > k. Define a function
f:V(G)—={-1,+1} by

Fla) = -1 wheni=300>1
Y 41 otherwise .

From the above labeling it is easy to observe that f is SDF
and w(f) = k. Thus ¥,(G) < k. The graph G admits ISDF and
¥:s(G) = k (already proved in Theorem 2.18). O

Theorem 2.9. Let G be a connected graph of order n > 2 in
which every vertex is a pendent vertex or stem(we call such
graphs as category 1 graph). Then G does not admit ISDF.

Proof. Suppose there exists a SDF of G, say 'f’. Letu €
V(G).

Case 1: If u is pendent vertex, then f(u)
£(lu)) <.

Case 2: If u is a stem, then u is adjacent with some pendent
vertex, say w. By Case 1, f(w) = +1. If f(u) = —1, then
f(N[w]) =0. Thus f(u) = +1.

Hence f is a constant function with constant +1. Since G is
connected graph of order greater than or equal to 2, f(N[v]) >
2 for v € V(G). Thus there exist no vertex v of G such that
F(N[v]) =1, a contradiction. O

= 41 (otherwise

Corollary 2.10. Let H be any graph and G = H o Ky, then G
does not admit ISDF.

Proof. Since every vertex of G is a stem or pendent, the proof
follows from Theorem 2.9. 0

Lemma 2.11. If G = mK| UB, where B is an union of some
graphs from category 1 (m > 1 and B may be empty), then
Yis(G) = n.



Proof. Let f be an ISDF of G and u € V(G).

Case 1: If u € V(mK;), then u is an isolated vertex ans so
flu) =+1.

Case 2: If u € V(B) then f(u) = +1(as discussed in Theo-
rem 2.9).

Thus w(f) =n and so %;(G) > n. But always ¥;(G) < n and
0 %;5(G) = n. O

Lemma 2.12. Suppose G admits ISDF and ¥;s(G) = n. Then
G = mK| UB, where B is an union of some graphs from cate-
gory I (m > 1 and B may be empty).

Proof. Let f be an ISDF of G. Since ¥,(G) =n, f(v) = +1
for every v € V(G).

Suppose there exists no isolated vertex in G, then f(N[v]) > 2
for every v € V(G), a contradiction to f is an ISDF. Thus G
must have an isolated vertex, say w. Then f(N[w]) = 1.

Let H be any connected component of G such that |V (H)| > 2.
Suppose H ¢ category 1, then there exists a vertex v € V(H)
such that v is neither pendent nor stem. Then by relabeling
the vertices of V(H) by f(v) = —1 and f(w) =1 for every
w(#v) € V(H), we can get a SDF of H such that f(V(H)) <
|[V(H)|. Then by Theorem 2.2, %(G) < n, a contradiction.
Thus H € category 1. O

From Lemma 2.11 and Lemma 2.12, we have the follow-
ing theorem.

Theorem 2.13. Let G be any graph. Then ¥;(G) = n if and
only if G = mK| UB, where B is an union of some graphs from
category 1 (m > 1 and B may be empty).

Remark 2.14. Let G be a graph of order n which admits
ISDF. Then %(G) #n— 1.

Proof. Let f be a minimum ISDF of G. Suppose f(u) = +1
for all u € V(G), then %4(G) = n. Suppose f(u) = —1 for
some u € V(G), then ¥;5(G) <n—2. O

Lemma 2.15. Let G be a connected graph of order n > 3
obtained from P, or C, by adding so many pendent vertices
except one vertex of degree two(say u), then ¥;s(G) = n—2.

Proof. Note that except the vertex u all the vertices are either
pendent or stem. As discussed in the proof of Theorem 2.9,
we must have f(v) = +1 for all v(# u) € V(G) and for any
ISDF f of G. Thus ¥,(G) > n—2.

Define a function g : V(G) — {—1,+1} by g(u) = —1 and
g(v) = +1 for all v(# u). Since deg(u) =2, f(N[u]) = 1.
Also f(N[v]) > 1 for all v(# u). Thus ¥;5(G) <n—2. O

Example 2.16. The converse part of the above lemma is
not true. Consider the following graph G. Let V(G) = {u; :
1 <i < 11}(as given in Figure 1). As discussed in Theo-
rem 2.9, f(u;) = +1 for all i # 2 and for any ISDF f. Suppose
f(u) =+1, then f is constant function with constant +1 and
so f(N[v]) > 2 for every v € V(G). Thus f(u) = —1 and so
w(f) =n—2. Thus ¥%;5(G) =n—2.
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Figure 1: G

A Mob M, (n > 1) is a tree which is obtained from Py, a
path on 4 vertices by adding n pendant edges with one end of

Py.
ug
G
3 vj\@ :

Figure 2: M, Uy

Lemma 2.17. Let G = M, be a connected graph of order
n > 1 which admits ISDF, then ¥;s(G) =n+2.

Proof. Let V(G) = {vi,va,v3,v4,u; : 1 <i<n}. Note that
except the vertex v3 all the vertices G are either pendent or
stem. As discussed in the proof of Theorem 2.9, we must have
f(u) =+1 for all u(# v3) € V(G) and for any ISDF f of G.
Thus ¥%,(G) > n—2.

Define a function g : V(G) — {—1,+1} by g(v3) = —1 and
g(u) = +1 for all u(# v3). Since deg(v3) =2, f(N[v3]) = 1.
Also f(N[u]) > 1 for all u(# v3). Thus %,(G) <n+2. O

Lemma 2.18. Let n > 3 be an integer. Then the cycle C,
admits ISDF with ISDN

(1) %s(C,) = k when n = 3k.

(2) ¥s(Cy) =k+ 1 whenn =3k + 1.

(3) %s(Cy) = k+2 when n =3k +2.

Proof. Let n > 3 be an integer. Let V(C,) = {a;/1 <i <n}
and E(C,) = {a;ai+1/1 <i<n—1}U{aya;}. Let f be an
ISDF. Since N{a;] = {ai_1,ai,ai+1} and f(N[a]) > 1, any
three consecutive vertices must have at least two +1 signs.
— ()

Case 1: Suppose n = 3k. Then by (1), f(V(G)) > k.

Case 2: Suppose n = 3k+ 1. Suppose f(asrt1) = —1. Then
by (1), we get f({asr1,a1,a2}) > 1, f({az,a4,as}) > 1,

Ly
0,7 42
50827

v

AW



f{as,ar,a8}) > 1, ..., f({azp—1),a3—2,a3-1}) > 1. Sup-
pose f(asr) = —1 then f({ask,asp+1,a1}) < —1, a contradic-
tion to (1). Thus f(a3) = —1 and so f(V(G)) > k+ 1.
Similarly, we can get f(V(G)) > k+ 1 when f(as;+1) = +1.
Case 3: Suppose n = 3k+2. By (1) both f(as1) and
f(azr12) are not simultaneously equal to —1.

Suppose f(azrr1) = +1 and f(azy2) = +1, then by (1) we
can get f(V(G)) > k+2.

Suppose f(ax+2) = —1. Then by (1), we get f({as;2,a1,a2}
)= 1, f({as,as,as}) > 1, f({ag,a7,as}) > 1,..., f({azp—1)
asi-2,a3-1}) > 1. Suppose f(az) = —1 or f(azi1) =
—1 then f({ask),a3x+1,a3k4+2}) < —1, a contradiction to (1).
Thus f(asx) = —1 and so f(V(G)) > k+2. Similarly, we can
get f(V(G)) > k+2 when f(asg+2) = +1. Define a function
f:v(C) —{-1,+1} by

Fla) = —1 wheni=30,0> 1

Y+l otherwise .

Define From the above labeling it is easy to observe that f is
ISDF. Also ’)/,'S(Cj;k) <k, 'Yis(CSkJrl) <k+1and %s(c3k+2) <
k+2. O

Lemma 2.19. Letn > 6 and k > 2 be an integers. Then the
path P, admits ISDF with ISDN

(1) ¥is(Py) = k+2 when n = 3k.

(2) Yis(By) =4+ (k— 1) when n =3k + 1.

(3) Vis(Py) =24k when n = 3k +2.

Proof. Letn > 6 be an integers. Let V(P,) = {a;/1 <i<n}
and E(P,) = {ajai+1/1 <i<n—1}.

Claim 1: If f(a;) = +1, then f(a2) = +1.

Suppose f(az) = —1, then f(N[a;]) <0, a contradiction to f
is ISDF.

Similarly, we can prove that f(a,—1) = +1, then f(a,) = +1.
Let f be an ISDF. Since N[a;] = {a;_1,ai,a;+1} for 2 <i <
n—1and f(N[a;]) > 1, any three consecutive vertices must
have at least two +1 signs. — (1)

Case 1: Suppose n = 3k. Then by Claim 1, we get f(a;) =
f(as) = flas 1) = flase) = +1. Suppose f(ay) = —1 for
some i = 1,2,...,k. Choose j be the largest integer there
exists i, f(a3j) = —1for 1 < j <k—1. Since f(Nlas;]) > 1,
we have f(a3j1) = f(azj12) = +1. By the definition of j,
flasji3) =+1. Now f({a1,a2,a3}) > 1, f({as,as,as}) > 1,
o f{azj—2,a3j-1,03}) > 1, f({azjt1,a3j42,a3(541)}) >
3. f(asgnr1:a341)12:032) 1) 2 1 - f{aze—2, sk,
as;}) > 1. Thus f(V(G)) > j+3+ (k—j—1) and hence
f(V(G)) > k+2.

Case 2: Suppose n = 3k+ 1. Then by Claim 1, we get
flar) = f(az2) = f(as) = f(asks1) = +1. Suppose f(az;) =
—1 for some i = 1,2,...,k. Choose j be the largest inte-
ger there exists i, f(azj) = —1 for 1 < j <k—1. Since
f(Nlasj]) > 1, we have f(a3j+1) = f(azj42) = +1. By the
definition of j, f(azj+3) = +1. Now f({ai,a2,a3}) > 1,
fW{as,as,a6}) 2 1,..., f({azj-2,a3j-1,a3}) > 1,
F{asj1,a3j42,a3(:1)}) = 3, f({@3(j41)11,93(41) 425
az(jyn ) = 1, ..., f({ase-1, a0, a3641 1) = 1. Thus £(V(G)) >

10
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j+3+(k+1—j—1)andhence f(V(G)) > k+3.
Define a function f: V(B,) — {—1,+1} by

f(a-):{ —1 wheni=30,1</(<k—1,

! +1 otherwise .

From the above labeling it is easy to observe that f is ISDF.
Also Yis(Py) < k42 and ¥(Psgr1) > k4 3.

Case 3: suppose n = 3k+2 for k > 2. Then by Claim 1,
we get f(a1) = f(a2) = f(ask+1) = f(az+2) = +1 and by
(1), we get f(V(G)) > k+2. Define a function f : V(B,) —
{—1,+1} by

-1
+1

i=30,1<(<k
otherwise .

f(ai):{

From the above labeling it is easy to observe that f is
ISDF. Also Yis(PSquZ) <k+2.
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