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1. Introduction

Integral inequalities play a dominant role in the study
quantitative properties of solutions of differential and inte-
gral equations. One of the most famous inequalities of this
type is known as “Gronwall’s inequality”, “Bellman’s inequal-
ity,” or “Gronwall-Bellman’s inequality”’see [1,2,3,8,9,12].
Recently, the celebrated Gronwall inequality and its gener-
alizations play increasingly important roles in the qualita-
tive analysis of differential, integral and integro-differential
equations.These Gronwall -Bellman type inequalities estab-
lished have proved to be useful in the research of boundedness,
uniqueness, and continuous dependence of solutions to differ-
ential and integral equations as well as difference equations.
In the book [4], D. Henry proposed a method to estimate solu-
tions of linear integral inequality with weakly singular kernel.
His inequality plays the same role in the geometric theory of

parabolic partial differential equations (see [4,11]) as the well
known Gronwall inequality in the theory of ordinary differ-
ential equations.Ye et al. [5] proved a generalization of this
type of inequalities and used it to study the dependence of the
solution on the order and the initial condition of a fractional
differential equation.

In this paper, we study a certain class of nonlinear weakly
singular integral inequalities of Wendroff Type which extend
some known weakly singular inequalities for functions in two
variables and can be used in the analysis of various prob-
lems in the theory of certain classes of integral equations and
evolution equations.

2. Preliminaries

Now in this section we give some basic Lemmas which
are used in our subsequent discussions.

In the following, R denotes the set of real numbers, N
denotes the set of integer numbers, R, = [0,c[,a, § > 0,
p>q>0,p>r>0areconstants, D: = (x,y):0<x<T,
0<y<T}=[0,T[x.[0,T[(0<T < o0).

Lemma 2.1. [7] Assume that a>0,p>qg>0and p #0
then

e, P4l

aﬁggk a+
p
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P45

Sforany k> 0. A(x,y) :%kq%’a(x,y) +

Lemma 2.2. (discrete Jensen inequality). Letn € N,
ap,az,...,a, be nonnegative real numbers.Then, for r > 1,

(a1 +a+...an)" <n"'(aj +d5+...a}). {A(x,y> — ¢ (A(x,y)) (3.5)

Lemma 2.3. (see [9, page 329]) Let u(x,y), p(x,y), q(x,y) w(x,y) = 2" 1@ (x,y)e ")

and k(x,y) be nonnegative continuous functions defined for
x,yeRy . If and

u(x,y) < p(x,y) +q(x,y) /()X/Uyk(s,t)u(sat)dsdt
forx,y € Ry, then
Xy
u(x,y) <p(x,y)+q(x,y) </0 /0 k(s,t)p(s,t)dsdt) 1

1
Xy m>1l,n>1,—+—-—=1. (36)
cexp ([ [ Kssnatoinasar) t
0 Jo

Proof. Define a function z(x,y) by

q
» " T(@(B)

T(mo—m+1)T (met—m+1)\ 7
x 2 tm(atB—2)

)

Furthermore, if p(x,y) is nondecreasing, then we have

Y x 1
) < plxyyenp ([ [ atsnts.asar). E
b Lo )= <a>r<ﬁ> )
\ B-1,0,4
3. Main results / / —1)7 g(ul(s,))dsdt,
Theorem 3.1. Let u(x,y), a(x,y), h(x,y) be nonnegative con- (x,y) €D, (3.7)
tinuous functions on D. Let g : Ry — R is a differentiable
increasing function on |0, o[ with continuous non-increasing then
first derivative g' on ]0,00|. If u(x,y) satisfies
uP(x,y) < alx,y) +z(x,y), (3.8)
1
P(x,y) <a(x,y) + =————h(x,
uP(x,y) <a(x,y) r(a)r(ﬁ) (x,y) and
[ i oo |
) < ) y v, ,v) €D, 3.9
<(u(s.1))dsdr, a1 u(x,y) < (alx,y)+z(xy)r . (xy) 3.9)
then
1 3 1
) < [aley) +e P ey)] 62 ) SO
for (x,y) € D, where x/ /x(xfs)o‘_l(y—t)ﬁ_1
0 Jo

P (x,y) =w(x,y) +2"'L"H" (x,y)

v
X (/0 /OA (s,t)w(s,t)dsdt)

n—lrn M
X eXp (2 L /O/OA (s,7) (3.3)

K" (s,1)dsdt), (3.4) Z(xy) < ST(L(B) (x,y / / y—1)f-1
g <pkl’ (a(s,t)+z(s,1)) + quZ) dsdt.

¢ ((als, 1) +2(5,0))F ) ddr.

By virtue of Lemma 2.1,for any k& > 0,

ax.y) =ﬁh<x %

/ y / 1 B Applying the mean value Theorem for the function g, then
for every ¢; > ¢ > 0, there exists ¢ €|ca,c1[ such that
(L a(s,)+ 2 qkﬁ)dsdz , ,
p g(c1) —g(c2) =g (c)(c1 —c2) < g (c2)(c1 —€2), (3.10)

75 X
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then we have
1

2(x,y) < Wh(w)
[ -
x g(zwa<s,z>+ljkz)
+g Zk"p"a(s,t>+p;qk2)
x quppz(s,t)} dsdt
< Wh(x,y)

[ -

X g (qkqﬂpa(s,t) + 24
p

q-p 1

4,5 1
4+ 2k F(a)l"(ﬁ)h(x7y)

p
N ACED e

xg (qkql’pa(s,t) P4 Z>z(s,t)alsdt7
p

k§> dsdt

the above inequality can be rewritten as

q=p 1
P

z(x,y) <alx,y)+ k

x/()y/()x(x

x A(s,t)z(s,t)dsdt, 3.1

where a(x,y) and A(x,y) are defined as in (3.4).
The last inequality can be expressed as

q, ar 1
o Tr(p)

als

z(x,y) <alx,y)

o [ [

X e [ef(‘YH)A(s,t)z(s,t)] dsdt,

—)P-!

(3.12)

we choose suitable indices m, n. Applying the Holder
inequality with indices m,n to (3.11), we get

<o) <o) + T o)
[y px
X /0 /0 (x—s)m@=Dgms (3.13)
x(y—1)"B= )”"dsdt]%
« / / s+ Z" (5. 1) (3.14)
2'(s,1)dsdi]" . (3.15)
76

For the first integral in (3.12), we have the estimate:

/ / 7S m(a—1) mS(y )m(ﬁ—l)emtdsdt
y
_ em(x+y)/ /
0
emx+y) "

0
:m/(gm(a—l)e—s/Cm(ﬁ—we—cd(;dg
m=Tm -
0 0

—mo m

n e ™dodn

mx

Mmty)

(mB—m+1).
Therefore we obtain from (3.12),

q-p 1
“7 Narp)

I'(ma—m+1)

z(x,y) <al(x,y) +%

|

xI'(ma—m—+1)]

g

h(x,y)

em(ery)
m2t+m(a+p-2)

N

1
5,0)7" (s, t)dsdt}
Which gives

z(x,y) <a(x,y)+ Lh(x,y)e"™

g

where L is defined as in (3.5),
By using Lemmas 2.2, we obtain

1
5,0)7" (s,t)dsdt} "
(3.16)

((e—(x+y)z(x7y)) 2n lm(x y) n(x+y)+
+2n71thn(x7y)

x/oy /OXZ”‘(S,:)

x(e*(”’)z(s,t)ydsdt, (3.17)

the inequality (3.14) can be rewritten as

V!(x,y) <wlay) +2" L' (x,y)
/ /A (s,0)V" (s,¢)dsdt, (3.18)
where
v(x,y) = e z(x,y), wlx,y) = 271G (x,y)e ")
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By Lemma 2.3 and the last inequality, we have

Vi(xy) Swlx,y) +2" LI (x,)

() [
X xp (2”1L” /0 /0 A”(w)h"(s,z)dsdz)

(3.21)

(3.20)

w(s,t dsdt)

Using (2.16) and (2.17), we get
2(x,y) < €W (x,y), (3.22)

where W(x,y) is defined as in (3.3), using (3.18),and (3.8),
we obtain (3.2). O

Remark 3.2. In[ 6] ,the author also discussed the inequality
(3.1) given in Theorem 2.1 in the case where the function g

satisfy :
e ¥ (g(u)? <R(1)gle " u?),Yu>0,0<1<T,

and in [12] ,the authors discussed the inequality

u’(x,y) <a(x,y) +

N ACEDLa e

x L(s,t,u(s,t))dsdt,
where
0 <L(s,t,u) —L(s,t,v) <T(u—v).

Corollary 3.3. Assume that the hypotheses of Theorem 2.1
hold.If

1
uP(x,y) <a(x,y)+ Wh(x,y)
S PN DR B
S R ACEDERE)
x arctan(u? (s,t))dsdt , (x,y) € D, (3.23)
then we have
u(x,y) < [a(e.y) +e oty (v.y) €D,
(3.24)
where
Px,y) =w(x,y)+2"" L' (x,y)
Y,
([ [Aeomn)
Yo,
X exp (2”_1L"/0 /0 A (st h"(x,y)> dsdt

77

wixy) = 277'@ (xy)e "
dey) = mrakhen) B ) =P
arctan(qk P a(s 1)+ & > P=dpp Ydsdt

q, ar 1

L==-kpP ———
p T()I(B)

I'(moe—m+1)T(ma—m+1) z
X m2+m(a+p-2)

_ 1
A(s.) _
+ (%k P oa(s, )+

- 2

F;qk%>

Theorem 3.4. Let u(x,y), a(x,y), h(x,y),b(x,y) be nonnega-
tive continuous functions on D.Let g : Ry — R is a differ-
entiable increasing function on 10,00 with continuous non-
increasing first derivative g’ on |0,0[. If u(x,y) satisfies

uP (x,y) ga(x,y)—&—/Oy/()xb(s,t)uq(s,t)dsdt—i—
1
[(e)l'(B)

xn) [ [ =9 -t

g(ui(s,t))dsdt,

+

then we have

u(x,y) < [a(w) o] (x,y)] g (3.25)
where
W) (x,y) =w(x,y) + 2" 'Lk (x, y) (3.26)
Yo,
X </0 /0 A (s,t)w(x7y))
y o
A><exp(2”_1L1/O /OAn(s,t)
K" (x,y))dsdt (3.27)

7 /y/xb(s,t)a(s,t)—F

Qi(x.y) = 3k'7
JriKl’/ / b st dsdtJr

* @r® B) )
X/o /Ox t)ﬁ*l
%qup als,t) + qkﬂ)dsdt
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i) =exp (25 [* [“btsiasan ) ),
A(s,t):g/(%k%a(s,t)—i—%k%) (3.28) v(x,y) //b ) [ (als,0) +v(5,0))+

+_KP} dsd + h(x,y)

1
F(a)F(ﬁ )

1
_ r 1 L(mot—m+1)L(ma—m+1) \ m
Li= %k 3 F(a)r(lﬂ( m2Fm(a+p=2) ) ’ / / — )Pt
1yl (3.29)
ap p—q. 4
X =k 7 a(s,t)+ kr
Proof. Define a function v(x,y) by {g(P (5:1) p )
(t.y) ¥ xb( 9 (s.)dsd 1 M) +g,(%k%a(s,t)+p_qk%)
v(X,y :/ / s,tut(s,t)dsdt + ———— 5 h(x,y
o Jo L(a)I'(B) g, >
Yy X | ] X (71{ P V(S,[)):| dsdt (3.32)
x / / (= )% (y—1)B L g(u (s,1))dsdt P
0 Jo
then
W (x,9) < alxy) +v(xy) . (vy) €D, ) < [ [ o) | 2 (alo) +60)
and p e dsdt
1
u(x,y) < fla(x,y) +z(x,)]7 (3.30) N hxy)
——h(x,y
(Oﬂ)r(ﬁ)
v(x,y) / / b(s,t) { (a(s,t) +v(s, t))%)dsdt / / x—5)* (y—r)f !
ap —q .4
+ h(x,) xg(fk o a(s,t)—i— kP )dsdt
I'(a )F(ﬁ) P
yal( B-1 —i—gkq;p#h(x y)
<) et oD F(a)F(B)
><g{(a(sJ)—&—z(s,t))P}dsdt. (3.31) / / I)B71
Using Lemma 2.1, we obtain that (pk r a(s 1)+ > k”) (s,t)dsdt
'y X
v < [ bt Let
q,4ar
x| =k 7 (a(s,t)+v(s,t)) + 5
[p (alsn) +vis1) —qup'//bst (s.1)dsd
P—q .4 1
+ = KP}dsdt—i—r(a ) +7KP//bstdsdt
Y X
<hley) [ [ =) =P
e * Fr )
X |g(=k P ) +v(s, 1))+ yorx _ _
2 (s +4(5,) [ [
P—q,1 - -
+ kr )} dsdt. g(gqupa(s,t)—l—p qk%)dsdt
p
- 1
Applying the mean value Theorem for the function g, then + 95" ﬁh(x, y) X
for every ¢; > ¢y > 0, there exists ¢ € |cp, ¢ [such that Py . (@)I'(B)
, , [ [ =9ty
glc1) —glea) =g (c)(c1—c2) < g (¥)(c1 —c2), 070

pP—9q

Xg’(%k?a(s,m k? (s, t)dsdt.

then, v(x,y) can be estimated as

78 X
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Then we have
v(x,y) <z(x,y) +

X /Oy /Uxb(s,t)v(s,t)dsdt, (x,y) € D.

Remarking that z(
2.3 (with g(x,y) = $k'7

gk% X
P

(3.33)

) is nondecreasing, applying lemma
) to (2.28) ,we get

p/ /bstdsdt) (x,y) €

v(x,y) <z(x,y)
exp (q
p

Moreover,

Z(x,y) <= kP//bst (s,t)dsdt

(3.34)

1
+ )< ¥)x
<[ [ f>ﬁ‘1
o -
X§CKT als )+ Dy dsdr
1

+K7 <a>r<ﬁ>h(x’y)

/ R

g (;kTa(s,t) + %qk%)

X z(s,t)exp(gk%
p

./; ,/:b(f’ E)dtdE)dsdt,

'!

q

p//bst a(s,t)dsdt

zZ\x,y <=k
( )
—|— Iq//bstdsdt—i—

+ h(x,y)x
F(a)F(B)( )
<[ a9 v-np
0 Jo
><g(gk?a(s,t) kr)dsdt+
p p
q ., 4a-r 1
+-=kr 7x
p F(fx)
q,0r
xXexp| — //bstdsdt
p
x h(x,y) ()C—S)O"‘(y—t)ﬁ*1
0 JO
Xg/(%k% a(s,1)+ p;qk%)z(s,t)dsdt

#
)F(ﬁ)

xy//_s

x g’(;kTa(s,t) +2= ; it )2(s, 1)dsdr

z(x,y) <ai(x, y)+ 45"

_t>ﬁ*l

x A1 (s,t) x z(s,t)dsdt, (3.35)

where 4 (x,y) and T (x,y),A1(x,y) are defined as in (3.23).

The inequality (3.30) is similar to the inequality (3.10).
So following in a similar manner to the proof in Theorem 3.1,
we get that

1
2(x,y) =W (x,y),

where

(3.36)

W) (x,y) =w(x,y) + 2" LR (x, y)

([ [ Asamsn)
X exp <2" lLl/ /A DR stdsdt)

(3.37)

and L,is defined as in (3.24).
Combining (3.23), (2.31) and (3.25), we obtain the desired
result. O

Remark 3.5. if we replace g(u4(s,t) by L(s,t,u(s,t)), then
Theorem 3.4 reduces to[5,Theorem 5] .

Corollary 3.6. Assume that the hypotheses of Theorem 3.4
hold. If

() aley)+ [ [ blsoyu(s,1)dsd
1

" a )F(ﬁ)h(x )

ke

x log (1+ul(s,t))dsdt.

y—r1)B-1
(3.38)
Then

1
P

u(x,y) < {a(x,y) +e”y‘P§ (x,y)} (3.39)

W) (x,y) =w(x,y) +2" " Lok (x,y)

X (/Oy /Oxgn(s,t)w(x,y))
X exp (2"_] L /Oy /Oxgn(s,t)ﬁ\ln(x,y)) dsdt
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J
97 [ [ ssoutss
—I-iKP//bstdsdt

7ﬁ)h( x,y)%

e

x log(1+ fkTa(s,t) +
p

y—r1)P!

pP—q

k?)dsdt

wa(x,y) =215 (x,y)e ")

L =2k ! X
D =— p o
p T()I(B)
i
I'(ma—m+1)T(moa—m+1)\n
x m2+m(a+B-2)
_ 1
A(S7t) = q-p _ 1?
1+ %k Pa(s,t)+ %kﬁ

To(x,y) = exp (qupp /oy /Oxb(s,t)dsdt)> h(x,y).

Theorem 3.7. Assume that the hypotheses of Theorem 3.4
hold. Let g and g> : Ry — R are differentiable increas-
ing functions on ]0 oo| with continuous non-increasing first
derivative gy and g, on |0,c0[.If u(x,y) satisfies

w(vy) <alen)+ [ [ bl (w(s.0) dsd

* T
X/Oy Ox(x_s)a l(y—l‘)ﬁ 1
g2 (u" (s,1))dsdt (3.40)
Then
umw<Puw+fmﬁuwr, (341)

where

W3 (x,y) = w3 (x,y) +2"" Lykt(x,y)

X (/Oy /OXAn(s’t)w(x,y))
x exp(2" " /Oy /OXZ"(s,t)

W' (x,y))dsdt

@)= [ [ bl

g1 (qkql’pa(s,t) +2- qkf’) dsdt
p p

1
)h(x,y)><
// (=)@ (y—1)f~!
rorp r
X ga(—k 7 a(s,t)+ P05 dsdr
(p (1) + » )

F'(ma—m+1)T (mo—m+1) z
x m2+m(a+p-2)
_|_

21\3()67}7)

_ Yy X
=exp (qkqﬁp / / b(s,1)
P 0 JO
x g (qkql’pa(s,t) + ng) dsdt) h(x,y).

p p
Proof. The proof would run parallel to that of Theorem 3.4.
We omit the details. O
Remark 3.8. If gi(x) =x, r = g, then Theorem 3.7, reduces

to Theorem 3.4.

4. Applications

In this section, we shall illustrate how our main results
can be applied to study the boundedness and uniqueness of
the solution to certain fractional-integral equations.

Example 4.1. Let us consider the following fractional -

integral equation :
ROTA
+ e x
L(e)T(B) Jo Jo

X G(s,t,z(s,t))dsdt

2 (x,y)

=l(x,y)

for (x,y) € D, where I(x,y) and G(x,y) € C(D xR, R).
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Suppose that
[y < alxy),
Glxy,u)l < M(x,y)g(lul?),
M(x,y) < h(xy) 4.2)

where the functions, a(x,y), h(x,y) p,q and g are as in The-
orem 3.1, M is nonnegative continuous function on D and
nondecresing. If u(x,y),(x,y) € D , is any solution of (4.1),
then by plugging (4.2) in (4.1) and applying Theorem 3.1,
we obtain a bound on the solutions u(x,y) of (4.1).

Proposition 4.2. Assume that the functions G in (4.1) satis-
fies the condition

(G(s,1,2)| — G(s,1,2) < M(s,0)g(|z —2), (4.3)

where g is defined as in Theorem 3.1 such that g(0) = 0 and
M is defined as in Example 4.1.Then (4.1) has at most one
solution.

Proof. Let zj(x,y) and z2(x,y) be two solutions of (4.1), then

1
z1(x,y) =a(x,y) + WX

W ACEDE e

x G(s,t,z1(s,1))dsdt, 4.4)

and

1
axy) =alxy)+ T(e)r(B)

S W ACEDERENLaE

x G(s,t,22(s,1))dsdt, 4.5)

From (4.4) and (4.5), we have
|Z1(X,y) _ZZ('xvy)| S

! i =1y, \Bi—
SW O/O(X_s) Hy—n)p!

X [G(s,t,21(s,1)) — G(s,t,22(s,1)] dsdt, (4.6)

which implies
|Z1(xay) _ZZ('xay)| S

h(x,y) yorx -1/ -
< W/O/O(X*S) 'y t)ﬁ !

xg(|z1(s,1) —z2(s,1)|)dsdt . 4.7
According to Theorem 3.1 (p = g = 1), we obtain that
|z(z,5) —z(t,s)| <0, which implies z; (x,y) = z2(x,y) for

(x,y) € D. O
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