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On bipolar fuzzy rough continuous functions
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Abstract

The concept of bipolar fuzzy sets is an extension of fuzzy sets. Our aim is to define bipolar fuzzy rough topology
by means of the lower and upper approximations on bipolar fuzzy sets, bipolar fuzzy rough image, bipolar fuzzy
rough inverse image, bipolar fuzzy rough subspace and bipolar fuzzy rough continuous functions between these
topologies. We construct some functions which are bipolar fuzzy rough continuous and further prove pasting

lemma for bipolar fuzzy rough continuous mappings.
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1. Introduction

Pawlak [11, 12] proposed the theory of rough sets. Keyun
Qin and Pei [7] successfully compared fuzzy rough set models
and fuzzy topologies on a finite universe. Mathew and John
[3] established and developed topological structures on rough
sets. Rough topology in terms of rough sets was introduced
by Lellis Thivagar et al. [8]. In [4, 5, 10], the concept of fuzzy
rough sets were studied by replacing crisp binary relations
with fuzzy relations on the universe.

The concept of bipolar fuzzy sets was introduced by Zhang
[13] and Muthuraj [9]. Anita shanthi et al.[2] proposed the
notion of fuzzy rough continuous functions. They further in-
troduced the concepts of Bipolar fuzzy rough set and bipolar
fuzzy rough topology [1].

In this paper we aim to define bipolar fuzzy rough con-
tinuous function, construct some functions which are bipolar
fuzzy rough continuous and further prove pasting lemma for
bipolar fuzzy rough continuous mappings.

2. Bipolar fuzzy rough continuous
function

In this section we define bipolar fuzzy rough image, bipo-
lar fuzzy rough inverse image, bipolar fuzzy rough subspace,
bipolar fuzzy rough continuous functions and also prove past-
ing lemma for bipolar fuzzy rough continuous mappings.

Definition 2.1. Ler (U,BFR(A),t) and (U*,BFR(B),
two bipolar fuzzy rough topological spaces.
BFR(A) = (BFR(A),BFR(A)) € T and
BFR(B) = (BFR(B),BFR(B)) € 1
If f~ :BFR"(A) — BFR"(B),
fr :BFRP(A) — BFRP(B)

~:BFR"(A) — BFR"(B),

)

T) be

¢" : BFR"(A) — BFR" (B), then a bipolar fuzzy rough
mapping h= ((f,f7),(g”,¢")) : BFR(A) — BFR(B)
is defined as follows:
Vv if [ #0
h(BFR(A))(y) = ¢ /1)
0, otherwise

h(BFR(A)) is called bipolar fuzzy rough image of the
bipolar fuzzy rough set BFR(A).

Example22 Let (U = {xhxz,)@} BFR(A),7) and

(U* ={y1,y2,y3},BFR(B), 7 ) be two bipolar fuzzy rough
topological spaces. {~,f1,g”,g" are mappings defined as

((F. ) ). (7.8 () =y



Consider U = {x1,x2,x3},
A={x1/(~0.6,0.4),x,/(—0.2,0.3),x3/(—0.4,0.5)} and

X1 X2 X3
X1 (-1,1) (—0.6,0.64)  (—0.6,0.54)
BFR =x, ((—0.6,0.64) (=1,1) (—0.62,0.54)>
x3 \ (—0.6,0.54) (—0.62,0.54) (-1,1)

The negative lower approximations are
Krprr(a)(x1) = —0.4,

UrBrr(a)(x2) = —0.4,

Krprr(a)(x3) = —0.4,
BFR"(A)={x1/—0.4,x,/ —0.4,x3/ — 0.4}
The positive lower approximations are
Krre(a)(x1) = 0.36,

Krre(a)(x2) = 0.3,

Krre(a)(x3) = 0.46,

BFRP(A) = {x1/0.36,x,/0.3,x3/0.46}

The negative upper approximations are
Hpgre (a)(x1) = —0.6,

Hpprr 4y (x2) = —0.6,

Hpprr 4y (x3) = —0.6,

BFR'(A) = {x;/ —0.6,x2/ —0.6,x3/ — 0.6}
The positive upper approximations are
Hpprr(a)(¥1) = 0 5

My prr (a) (¥2) =
Hppgr(a)(X3) =
BFR'(A) = {x /o 5 ,%2/0.5,x3/0.5},

Hence, T = {{x1/(—1,1),x/(—0.6,0.64),
x3/(—0.6,0.54)}, {x1/(0,0),x2/(0,0),x3/(0,0)}
{x1/(—0.4,0.36),x,/(—0.4,0.3),x3/(—0.4,0.46) },
{x1/(-0.6,0.5),x2/(—0.6,0.5),x3/(—0.6,0.5)} }.
BFR(A) = {{x1/(—0.4,0.36),x,/(—0.4,0.3),
x3/(—0.4,0.46)},{x1/(—0.6,0.5),x2/(—0.6,0.5),

x3/(—0.6,0.5)}}.
Now

S (BFRY(A))(y1)= Vye(sr)1 1) Hprr(a)(¥)
= Vxexs Hprr(a)(¥)

= HUBFR(A) (x3)
=—-04.

J™(BFR™(A))(y2)= V(s )1 (02) Hprr(a)(¥)
— 0.4

[~ (BFR"(A))(y3)= Ve (sy-1(03) Hprria) (%)

= Vaelx.mo} HBFR(A)(X)

= Uprr(a)(X1) V Uprr(a)(*2)

=—-04.
Similarly, the other values are calculated.
Thus, h(BFR(A)) = {{y1/(—0.4.0.36),y2/(—0.4,0.3),
v3/(—0.4,0.46)},{y1/(—0.6,0.5),y2/(—0.6,0.5),
v3/(—0.6,0.5)}} is the bipolar fuzzy rough image of the
bipolar fuzzy rough set BFR(A).

Definition 2.3. Let (U,BFR(A),t) and (U*,BFR(B),7)
be two bipolar fuzzy rough topological spaces.
=((f",f"),(g,g"): BFR(A) — BFR(B) where
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f~: BFR'(A) — BFR"(B),
f*:BFR(A) = BFR"(B),
¢~ :BFR'(A) — BFR'(B),

g¢* : BFR"(A) — BFR" (B) are bipolar fuzzy rough mappings.
Then for a bipolar fuzzy rough set BFR(B) € T, ™' (BFR(B))
is a bipolar fuzzy rough set in T obtained as follows:
h~'(BFR(B))(x) = BFR(B)(h(x)). h"\(BFR(B)) is called
the bipolar fuzzy rough inverse image of the bipolar fuzzy
rough set BFR(B).

Example 2.4. Let (U = {x1,x2,x3},BFR(A), ) be defined
as in Example 2.2 and (U* = {y1,y2,y3},BFR(B), 7 ) be two
bipolar fuzzy rough topological spaces. U* = {y1,y2,y3},
B={y1/(-0.2,0.6),y2/(—0.3,0.4),y3/(—0.5,0.4)} and
N Y2 y3
i (-1,1)  (=0.3,0.6) (—0.3,0.4)
BFR=1y, ((0.3,0.6) (-1,1) (0.7,0.4))

y3 \(=03,04) (=0.7,04) (=1,1)
BFR(B) ={{y1/(—0.5,0.4),y,/(—0.3,0.4),y3/(—0.3,0.4)},
{y1/(=0.3,0.6),y2/(—0.3,0.6),y3/(—0.3,0.4)} }
Let f~,fT,g7,g" be functions defined as,
h(xi) = ((f~,f")(xi),(87,8")(xi)) = yi,i =1,2,3. Now,
(f7)"'(BFR"(B))(x1) = BFR"(B)f (x1)
= BFR"(B) y1 = —0.5.
Similarly, the other values are calculated.
h~Y(BFR(B)) = {{x1/(—0.5,0.4),x2/(—0.3,0.4),
x3/(—0.3,0.4)},{x1/(—0.3,0.6),x,/(—0.3,0.6),x3
/(—0.3,0.4)}}.

Definition 2.5. Let (U,BFR(A),7) and (U*,BFR(B),T ) be
bipolar  fuzzy rough ) topological  spaces,  where
t = {U,9p,BFR(A)},t = {U*,¢,BFR(B)} and

h=((f".f").(s ")) : BFR(A) — BFR(B)
where f~ : BFR"(A) — BFR"(B),
f*:BFRP(A) — BFRP(B),

~:BFR"(A) — BFR"(B),
g¢" : BFR"(A) — BFR” (B) are bipolar fuzzy rough mappings.
Then h is said to be bipolar fuzzy rough continuous if the
inverse image under h of any BFR(B) € T isa bipolar fuzzy
rough set BFR(A) € T
i.e. ' (BFR(B)) € t, whenever BFR(B) € 1 .

Example 2.6. Let (U = {X17X27X3} BFR(A),7) and

(U* ={y1,y2,y3},BFR(B),T ") be two bipolar fuzzy rough
topologlcal spaces. Consider U = {x,x3,x3},
the bipolar fuzzy subset A of U defined as
A ={x1/(-0.15,0.14),x,/(—0.12,0.17),x3/(—0.19,0.15) }
and the bipolar fuzzy relation BFR defined on U x U as
X1 X2 X3
X1 ( (-1,1) (—0.19,0.3) (0.19,0.23))
BFR=x, | (=0.19,03)  (=1,1)  (-0.2,0.23)
x3 \(=0.19,0.23) (=0.2,023)  (—1,1)
1

v = {{xi/(~ 0.19,0.23)},
{xl/(070)7x2/(070)7x3/(0 O)}
[x1/(=0.19,0.14), %, /(~0.15,0.
{xl/(*0.19,0.17),)62/(*0.19,O.
BFR(A) = {{xl/(—0.1970.14 , X
x3/(~0.19,0.15)}, {x; /(—0.19,0.

(
,1),x2/(—0.19,0.3),x3/(—
),x3/(—0.19,0.15)}
);x /( 0.19,0.17)}}.
(—0.15,0.17),
7),%2/(—0.19,0.17),

—
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x3/(—=0.19,0.17)}}. Leth((f~,f%),(g,8")) : BFR(A) — BFR(B),
Consider U* = {y1,y2,y3}, where f~ : BFR"(A) — BFR"(B), f " : BFRP(A) — BFR?(B),
B ={y1/(=0.8,0.76),y,/(—0.75,0.68),y3/(—0.6,0.61)} ¢ :BFR'(A) — BFR'(B),g" : BFR'(A) — BFR’(B) are
( yl 1 D (o 7y§ 08) (=0 7y; 07 bipolar fuzzy rough mappings. Then the following statements
BFR :Q (~0.75,08)  (—1,1)  (=03,0.7) are equivalent: , .
v \(=0.75,07) (=03,07) (L1 (i) The bipolar fuzzy rough function h(f,g) : BFR(A) — BFR(B)
, is bipolar fuzzy rough continuous.

T ={{n/(-1,1),52/(-0.75,0.8),y3/(-0.75,0.7) }, (ii) The inverse image of every bipolar fuzzy rough closed set
{1/(0,0), yz/(O 0),y3/(0,0)}, is bipolar fuzzy rough closed.
{31/(-0.6,0.61),y2/(—0.6,0.61),y3/(—0.7,0.61)}, (iii) For each bipolar fuzzy rough point neighborhood of
{1/(-0.75, 0-76)7)72/(—067 0.76),y3/(—0.75,0.7) } }. h(xBFR(A)) under h is a bipolar fuzzy rough neighborhood
BFR(B) = {{y1/(-0.6,0.61),y,/(—0.6,0.61), of XBFR(A).
y3/(=0.7,0.61)},{y1/(—0.75,0.76),y>/(—0.6,0.76), (iv) For each bipolar fuzzy rough point xBFR(A) in BFR(A)
y3/(=0.75,0.7) }}. and each bipolar fuzzy rough neighborhood BFR(B) of
fft.87,¢" are functions defined as, ' h(xBFR(A)), there is a bipolar fuzzy rough neighborhood
h(xi) = ((f. /M) (), (g7,87)(x)) = (%), i=1,2,3. BFR(C) of xBFR(A) such that h(BFR(C)) C BFR(B).

Now, (v) hBFR(A) C h(BFR(A)).
(f ") '(BFR"(B))(x1) = BFR"(B) " (x1) Proof. ()= (ii). Let h(f,g) : BFR(A) — BFR(B) be bipolar

= BFR"(B)(y1/4) = —0.15.
Similarly, the other values are calculated.
h~Y(BFR(B)) = {{x1/(—0.15,0.15),x,/(—0.15,0.15),

fuzzy rough continuous and BFR(B) € 7. Then h~' (BFR(B))
€T.BFR(B) et

x3/(—0.175,0.15)}, {x1 /(—0.18,0.19), x,/(—0.15,0.19), = [BFR(B)|“ is bipolar fuzzy rough closed in (U,BFR(B), T ).
x3/(—0.18,0.175)} ). Again i~ '[BFR(B)‘] = [h~'(BFR(B))|° and h being bipolar
Hence. h _ (f~.f).(g",g")) : BFR(A) — BFR(B) is fuzzy rough continuous, A~ (BFR(B)) is bipolar fuzzy rough

openin (U,BFR(A), 7). Hence [h~'BFR(B)]€ is bipolar fuzzy
rough closed in (U,BFR(A), 7). i.e.h"'BFR(B)¢ is bipolar
Definition 2.7. Let (U,BFR(A),T) be a bipolar fuzzy rough  fuzzy rough closed in (U,BFR(A), 7).

topological space and BF R( s) C BFR(A). Then the bipolar  (ii)= (iii). Let BFR(C) be a bipolar fuzzy rough neighbor-
fuzzy rough topology Tgpg(s,) = {BFR(B;) \BFR(O)|BFR(O) hood of h(xBFR(A)). Then there is a bipolar fuzzy rough

bipolar fuzzy rough contznuous.

€ 1} is called blpolarfuzzy rough subspace topology and open set BFR(B) € 7 such that h(xBFR(A)) C BFR(B) C
(BFR(Bs), Tgrr(s,)) is called bipolar fuzzy rough subspace of ~ BFR(C).
(U,BFR(A), 7). Now xBFR(A) € h~!(h(xBFR(A))) C h~! (BFR(B))

, C h~!(BFR(C)).

Example 2.8. Consider, U = {xj,x3,x3}, = o o
A={x1/(=0.07,0.1),x:/(—0.28,0.24),x3/(0.28,0.36)} & *BFR(A) € h™ (BFR(B)) C ™ (BFR(C)),
and where A~ (BFR(B)) is bipolar fuzzy rough open in

X1 x x3 (U,BFR(A),T).
— x1 ( (0771, 01)94) (7(0.71., 01-)94) %78;83 (iii))= (iv). Let xBFR(A) € BFR(A) and BFR(B) be bipolar
72 (—07,08) (-08.08)  (-11) fuzzy rough neighborhoods of 1(xBFR(A)). Then i~ (BFR(B))

is a bipolar fuzzy rough neighborhood of xBFR(A). Thus
BFR(A) = { 1/(—0.28,0.1),x,/(—0.2,0.1),x3/(—0.2,0.2)},  there exists a bipolar fuzzy rough open set BFR(C) in BFR(A)

{x1/(-0.7,0.36),x,/(—0.7,0.36),x3/(—0.7,0.36) } such that,
Consider, U = {x1,x2.%3}. xBFR(A) € BFR(C) C ™' (BFR(B)).BFR(C) C h™'(BFR(B))
n xz s i.e, h(BFR(C)) C BFR(B).
x| (-1,1) (—0.69,0.44) (—0.69,0.35) (iv)= (v). Since h(BFR(A)) is bipolar fuzzy rough closed in
BFR =x <(0~6970~44) (=1,1) (0~81:0~35)) BFR(B), h~'((h(BFR(A))) is bipolar fuzzy rough closed in
x3 \ (—0.69,0.35) (~0.81,0.35)  (—1,1)
BFR(A), Thus h='((h(BFR(A))) = h~1((h(BFR(A))).
BFR(By) = {x1/(—0.31,0.1),x,/(—0.23,0.21), Now, BFR(A) C h_l(h(BFR(A))) C h_l((h(BFR(A))),
x3/(—0.23,0.32) },{x1/(—0.69,0.32),x2/(—0.69,0.32), as h(BFR(A)) C h(BFR(A)).
A gc’%ﬁ&) . BFR(A) C i ((WBFR(AY)) = | ((W(BFR(AY)
= {U,¢,BFR(B,),BFR(B,),} is the bipolar fu = BFR(A) C h~ ((h(BFR(A)))
:gzigh subsp{ace(Pof(U 1(9FI)€(A),T(). M s sy = BFR(A) Ch™ ((h(BFR(Az))

/ — WBFR(A) C h(h~'(h(BFR(A)))) C hBFR(A).
Theorem 2.9. Let (U,BFR(A),7) and (U*,BFR(B),7 ) be i.e,h(BFR(A)) C h(BFR(A)).
two bipolar fuzzy rough topological spaces. (v)= (). Let [BFR(B)] be bipolar fuzzy rough closed in

“M,,
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BFR(B) and let BFR(A) € h™'(BFR(B)).

By assumption i[h~1(BFR(B))] C h|h~}(BFR(B))].
i.e, h[h~\(BFR(B))] C BFR(B) = BFR(B)

= [h~'(BFR(B))| C [n"'(BFR(B))] C [h~
~ [\ (BFR(B))] = [ "(BFR(B))]
Therefore, 4~ [BFR(B)] is bipolar fuzzy rough closed in
BFR(A) whenever [BFR(B)]° is bipolar fuzzy rough closed
in BFR(B). Let BFR(C) be bipolar fuzzy rough open set of
BFR(B).

= [BFR(C)]¢ is bipolar fuzzy rough closed in BFR(B).

= h~![BFR(C)]¢ is bipolar fuzzy rough closed in BFR(A).
= h~!(BFR(C)) is bipolar fuzzy rough open in BFR(A),
whenever BFR(C)is bipolar fuzzy rough open in BFR(B).
Therefore 4 is bipolar fuzzy rough continuous. U

'(BFR(B))]

Theorem 2.10. Let (U, BFR(A),7) and (U* ,BFR(B),7 ) be
two bipolar fuzzy rough topological spaces. If h: BFR(A) —
BFR(B) maps all of BFR(A) into a single bipolar fuzzy rough
point(constant) xBFR(B) of BFR(B). Then h is bipolar fuzzy
rough continuous.

Proof. Let h: BFR(A) — BFR(B) be bipolar fuzzy rough
mapping such that f(xBFR(A)) =xBFR(B) for every xBFR(A)
€ BFR(A). Consider BFR(B) a bipolar fuzzy rough open set
in BFR(A).

1 (BFR(B)) = {q;, if xBFR(B) ¢ BFR(B)

U, if xBFR(B) € BFR(B).
Then U and ¢ are bipolar fuzzy rough open in BFR(A).
Therefore f~'(BFR(B)) is bipolar fuzzy rough open in
BFR(A), whenever BFR(C) is bipolar fuzzy rough open in
BFR(B). Therefore any constant function is bipolar fuzzy
rough continuous. O

Theorem 2.11. Let (U,BFR(A), ) be a bipolar fuzzy rough
topological space. If BFR(By) is a bipolar fuzzy rough sub-
space of BEFR(A), the inclusion function i : BFR(B;) — BFR(A)
is bipolar fuzzy rough continuous.

Proof. Let BFR(B
and i : BFR(Bs) — BFR(A). Since BFR(B;)is a bipolar fuzzy
rough subspace of BFR(A), for any bipolar fuzzy rough open
set BER(V) of BFR(A),i~'(BFR(V)) = BFR(V) N BFR(By)
is bipolar fuzzy rough open in bipolar fuzzy rough subspace
topology of BFR(By). i '(BFR(V)) is bipolar fuzzy rough
open in BFR(B;), whenever BFR(V) is bipolar fuzzy rough
open in BFR(A). Therefore, every inclusion map is bipolar
fuzzy rough continuous. O

Theorem 2.12. Let (U,BFR(A),7), (U*,BFR(B),T ) and
(U™,BFR(C), ”L'”) be bipolar fuzzy rough topological spaces.
If h: BFR(A) — BFR(B) and j: BFR(B) — BFR(C) are
bipolar fuzzy rough continuous, then the map joh: BFR(A) —
BFR(C) is bipolar fuzzy rough continuous.

132
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Proof. Let BFR(D) be bipolar fuzzy rough open in BFR(C).
As j is bipolar fuzzy rough continuous, j~!(BFR(D)) is bipo-
lar fuzzy rough open in BFR(B). As h is bipolar fuzzy rough
continuous,

h='(j=Y(BFR(D))) = (joh)~""(BFR(D)) is bipolar fuzzy
rough open in BFR(A), whenever BFR(D) is bipolar fuzzy
rough open in BFR(C). Therefore, composition of two bipo-
lar fuzzy rough continuous functions is bipolar fuzzy rough
continuous. O

Theorem 2.13. Let (U, BFR(A),7) and (U*,BFR(B), 7 ) be
bipolar fuzzy rough topological spaces. If h: BFR(A) —
BFR(B) is bipolar fuzzy rough continuous and if BFR(By) is a
subspace of BFR(A), then the restricted function h/BFR(By) :
BFR(Bs) — BFR(B) is bipolar fuzzy rough continuous.

Proof. Leti: BFR(Bs) — BFR(A) be the inclusion map of
BFR(By) into BFR(A). i being the inclusion map is bipolar
fuzzy rough continuous. Given h : BFR(A) — BFR(B) is
bipolar fuzzy rough continuous. Therefore it follows that
hoi: BFR(B;) — BFR(B) is bipolar fuzzy rough contin-
uous. Hence h/BFR(B;) : BFR(Bs;) — BFR(B) is bipolar
fuzzy rough continuous. 0

Theorem 2.14. Let (U, BFR(A),t) and (U*,BFR(B), 7 ) be
bipolar fuzzy rough topological spaces. If h: BFR(A) —
BFR(B) is bipolar fuzzy rough continuous and BFR(By) is a
bipolar fuzzy rough subspace of BER(B) containing the im-
age set h(BFR(A)), then the function j: BFR(A) — BFR(B;)
obtained by restricting the range of h, is bipolar fuzzy rough
continuous. If BFR(C) has BFR(B) as a subspace, then the
function k : BFR(A) — BFR(C) obtained by expanding the
range of h is bipolar fuzzy rough continuous.

Proof. Let h: BFR(A) — BFR(B) be bipolar fuzzy rough
continuous. If A(BFR(A)) C BFR(B;) C BFR(B), we show
that the function j : BFR(A) — BFR(By) obtained from £ is
bipolar fuzzy rough continuous. Let BFR(F) be bipolar fuzzy
rough open in Tprg(p,)
BFR(F) = BFR(B;) NBFR(E), for some bipolar fuzzy rough
open set BFR(E) of (U*,BFR(B),7 ). Since h~' (BFR(E)) is
bipolar fuzzy rough open in (U, BFR(A), ), h~'(BFR(E)) =
i~ (BFR(F)). Because BFR(By) contains the entire image
set h(BFR(A)). j~'(BFR(F)) is bipolar fuzzy rough open
in (U,BFR(A),7) whenever BFR(F) is bipolar fuzzy rough
open in BFR(B;). Therefore j: BFR(A) — BFR(B;) is bipo-
lar fuzzy rough continuous. & : BFR(A) — BFR(B) is bipolar
fuzzy rough continuous and the inclusion map i : BFR(B) —
BFR(C) being the composition of two bipolar fuzzy rough
continuous functions is bipolar fuzzy rough continuous. [

Theorem 2.15. (Pasting lemma)

Let (U,BFR(A),T) and (U*,BFR(B),7) be bipolar fuzzy
rough topological spaces. If f: BFR(A) — BFR(C) and
g : BFR(B) — BFR(C) are bipolar fuzzy rough continuous
mappings, then f and g combine to give a bipolar fuzzy rough

009 nn,,
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continuous function h: (BFR(A),BFR(B)) — BFR(C), de-
fined by setting

h(BFR(A),BFR(B))(y)=
f(BFR(A))(y) if BFR(C) = f(BFR(A))
8(BFR(B))(y) if BFR(C) = g(BFR(B)).

Proof. Consider BFR(C) a bipolar fuzzy rough open set in
7. Then h~'(BFR(C)) = f~'(BFR(C))Ug ' (BFR(C)). f :
BFR(A) — BFR(C) is bipolar fuzzy rough continuous and
BFR(C) is bipolar fuzzy rough open in 7 . But BFR(A) is
bipolar fuzzy rough open in 7. Therefore f~'(BFR(C)) is
bipolar fuzzy rough open in 7. g : BFR(B) — BFR(C) is bipo-
lar fuzzy rough continuous and BF R(C) is bipolar fuzzy rough
open in 7. But BFR(B) is bipolar fuzzy rough open in 7.
Therefore g~!(BFR(C)) is bipolar fuzzy rough open in 7.
Therefore h~! (BFR(C)) = f~'(BFR(C))Ug~ ' (BFR(C)) is
bipolar fuzzy rough open in 7, whenever BFR(C) is bipolar
fuzzy rough open in 7 . Therefore i : (BFR(A),BFR(B)) —
BFR(C) is bipolar fuzzy rough continuous. O

Example 2.16. Let (U = {x1,xg,x3},BFR(A),BFR(B),r)

and (U* = {y1,y2,y3},BFR(C), 7
rough topological spaces.
Consider U = {x1,x2,x3},

A= {x1/(=0.3,0.5),x,/(—0.15,0.25),x3/(—0.25,0.21)}

") be two bipolar fuzzy

X1 X2 X3
X (-1,1)  (=0.35,0.6) (—0.35,0.21)

BFR=x, | (—035,06)  (=1,1)  (—04,021)
x3 \(=0.35,021) (—04,021)  (—1,1)

BFR(A) = {{x1/(—0.25,0.4),x,/(—0.3,0.25),
x3/(~0.3,0.21)}, {x1/(~0.35,0.5),x2/(~0.35,0.5),
x3/(—0.35,0.21)}}.

Consider U = {x1,x2,x3},

B={x/(—-0.2,0.4),x,/(—0.3,0.3),x3(—0.6,0.6) }
and
x| X2 x3
(-1,1)  (=0.5,0.7)

X1 ( (—0.5,0.6))
BFR=x, | (-05,07) (=1,1) (—0.6,0.6)
x; \(=05,06) (—0.6,06) (—1,1)
BFR(B) = {{x1/(-0.5,0.4),x/(—0.4,0.3),
x3(—0.3,0.4)},{x1/(—0.5,0.6),x,/(—0.5,0.6),
x3/(—0.5,0.6)}}.
Consider U* = {y1,y2,y3},
C ; {)’1/(_02>04>7)’2/(_03a05)7Y3/(—04706)}
an

1 Y2 3

(—0.4,0.65) (0.4,0.5))
(=0.15,0.5)

(7171)
(_111)

(—0.15,0.5)
BFR(C) ={{»1/(—0.4,0.4),y,/(—0.4,0.4),y3(—0.3,0.3)},
)

{yl/( 04; 7)’2/( 0405)7}]3/(703705)}}
Leth™ = ((f",g),ht = ((f*,g") be functions defined as,

(
) = (f g ) ) = (2,
W () = (f*,87) () = (&

i (-L1)
BFR=y, | (~0.4,0.65)
¥3 \ (=04,0.5)

),i=1,2,3.
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Now, (f~)~"(BFR"(C))(x1) = BFR"(C)f~ (x1)
— BFR'(C)(y1 — 1/2) = —0.7
(f7)""(BFR*(C))(x2) = BFR"(C)f~ (x2)
= BFR'(C)(y2 — 1/2) = —0.7

3)

(/)" (BFR'(C))(xs) = BFR(C)~(xs)
=BFR"(C)(y3—1/2) = —0.65.
Similarly, the other values are calculated.
(k)1 ()1 (BFR(C))
= {{x1/(-0.7,0.7),x,/(—0.7,0.7),x3 /(—0.65,0.65) },
{x1/(=0.7,0.75),x2/(—0.7,0.75),x3 / (—0.65,0.75) } }
Let f~ = (p770-7),f+ = (p+70+) and
where p~ : BFR"(A) — BFR"(C),p" : BFR"(A) — BFR" (C)
and

~: BFR"(A) — BFR"(C),c*
functions defined as, Ly

—l—

f ) = (p,07) () = (—

FH ) (2
Now,
(p~) " (BFR'(C))(n1) = BFR'(C)p~ (x1)
=BFR"(C)(—1—2y;/2)=-0.1
(p7) ! (BFR'(C))(x2) = BFR"(C)p~ (x2)
=BFR"(C)(—1—2y,/2) = —0.1
(p~)"'(BFR'(C))(x3) = BFR"(C)p™ (x3)
=BFR"(C)(—1—2y3/2) = —0.2.
Similarly, the other values are calculated.
((f)~" (FH) " )(BFR(C))
= {{x1/(-0.1,0.1),x,/(—0.1,0.1),x3/(—0.2,0.2) },
fx1/(=0.1,0),x2/(~0.1,0),x3/(~0.2,0)}}
Next g =(a,B7),g" = (at,B") and where

: BFR"(B) — BFR"(C),
a+ BFR"(B) — BFR"(C) and
B_ : BFR"(B) — BFR"(C),B" : BFR"(B) — BFR’(C) be
functions defined as,

: BFR"(A) — BFR"(C) be

),
),i=1,2,3.

— (p*.0t(x) =

g (x)=(a",p7)(x)= ),

g (x) = (at,BH)(x) = (y’H),z 1,2,3. Now,
(™) Y(BFR"(C))(x1) = BFB"(C) “(x)
=BFR"(C)(y1 —1/2) =—-0.7

(o) "' (BFR"(C))(x2) = BFR"(C)at™ (x2)
=BFR"(C)(y2—1/2) = —0.7

(o) "' (BFR"(C))(x3) = BFR"(C)or™ (x3)

=BFR"(C)(y3 —1/2) = —0.65.

((¢) " (g"))(BFR(C))

= {{x1/(—0.7,0.7),x2/(—0.7,0.7),x3 /(—0.65,0.65)},
{x1/(—0.7,0.75),x2/(—0.7,0.75),x3/(—0.65,0.75) } }.
()N () HBFR(C)U((g7) ", (g7)'BFR(C)
= {{x1/(=0.7,0.7),x,/(=0.7,0.7),x3/(—0.65,0.65) },
{x1/(=0.7,0.75),x2/(—0.7,0.75),x3/(—0.65,0.75) } }.
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